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PREFACE. 


npHiR memoir “On the Sub-Mechanics of the Universe ” was 
municatod to tlie Royal Society on February d, 1002, for publi 
in the Philosophical Transaction #; it was read in abstract before the b 
on February Id. It was under criticism by the referees of the Royal b 
some live months. I was then informed by the Secretaries that 
been accepted for publication in full. At the same time the Seer 
asked me if 1 should be willing, on account of the size and clu 
of the memoir, which seemed to demand a separate volume, to eons 
what appeared to he an opportunity of making a substantial red 
in what would otherwise be the expense. The Cambridge University 
had already published two volumes of my Scientific Papers and were 1 
to share in the cost of publishing this as a separate volume to 
with the other two, special copies being distributed by the Royal b 
as in the case of the Philosophical Transactions . To this prop 
readily agreed. 

OSBORNE REYNOLD 


January 23, 1003. 
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SECTION I 


INTRODUCTION. 

1. By this research it is shown that there is one, and only 
conceivable purely mechanical system capable of accounting for all 
physical evidence, as we know it, in the Universe. 

The system is neither more nor less than an arrangement, of indel 
extent, of uniform spherical grains generally in normal piling so close 
the grains cannot change their neighbours, although continually in reL 
motion with each other; the grains being of changeless shape and size; 
constituting, to a first approximation, an elastic medium with six ax 
elasticity symmetrically placed. 

The diameter of a grain, in C.G.s. units, is 

5*534 x 10“ 18 = a. 

The mean relative velocities of the grains are 

6-777 x 10 = a". 

The mean path of the grains is 

8-612 x 10~ 2a = \. 

These three quantities completely define the state of the media 
spaces where the piling is normal; they also define the mean densr 
the medium as compared with the density of water as 

10 4 = 22 a. 

The mean pressure in the medium, equal in all directions, is 

1*172 xl0 14 =p. 
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The rate of propagation of the normal wave is 
7*161 xl() Ifl = 2*387 x r. 

The rate of degradation of the transverse waves, i.e. 
resulting from the angular redistribution of the energy, or 

5*603 x 10~ lfi - t t 

or such as would require fifty-six million years to reduce the 
the wave in the ratio l/e‘% or to one-eighth; thus accounting 
considerations, for the blackness of the sky on a clear dark n 
degradation of the normal wave, i.e . the dissipation resulting 
redistribution of energy, is such that the initial energy wo 
to one-eighth in the (3*923 x 10“ e )th part of a second, or 
traversed 2200 metres; and thus would account by mechanica 
for the absence of any physical evidence of normal wave 
evidence as might be obtained within some metres of tin 
wave; as in the case of Rbntgen rays. 

2. In spaces in which there are local inequalities in the 
local centres, owing to the absence or presence of a numb' 
deficiency or excess of the number necessary to render the 
such local inequalities are permanent; and are attended 1 
outweard displacements and strains, as the case may be, extend 
throughout the medium, causing dilatation equal everywher< 
but of opposite sign, i.e. dilatation equal to the volume of 
presence or absence of which cause the inequality. 

When the arrangement of the grains about the centres is t 
of grains in normal piling on which grains in the strained uoi 
the nucleus in normal piling cannot gear with the grains outi 
normal piling; so that there is a singular surface of misf 
nucleus and the grains in strained normal piling. 

Such singular surfaces are surfaces of weakness and raa; 
freedom or surfaces of limited stability with the neighbour 

These singular surfaces, when their limited stability is ov 
to maintain their motion through the medium, by a process 
in any direction; the number of grains entering the surface 
being exactly the same as the number leaving on the othc 
when the inequalities are the result of the absence of grains 
to the molecules of matter. 
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motion, whatever may be the motion of the singular surface : but the str 
normal piling, which surrounds the singular surface and moves by p 
gation with the singular surface, being of less density than the mean de 
of the medium, represents a displacement of the negative mass o: 
inequality, i.e. of the grains absent. And in whatever direction the sin 
surface is propagated the motion of the medium outside is such as repre 
equal and opposite momentum; as when a bubble is rising in water. 

In exactly the same way, for inequalities resulting from an excc 
grains, the momentum resulting from the displacement of the me 
would be positive. 

The principal stresses in the medium outside the singular surfa 
a negative inequality are to a first approximation two equal tang< 
pressures equal in all directions; 

lh = iP> 

and a normal pressure Pv = r>P> 

the mean of these pressures being everywhere the mean pressure o 
medium p equal in all directions. 

Efforts, proportional to the inverse square of the distance, to cause 
negative inequalities at finite distances to approach are the result of 
components of the dilatation (taken to a first approximation only) 1 
are caused by the variation of those components of the inward strain ^ 
cause curvature in the normal piling of the medium. The other compo 
of the strain being parallel, distortions which satisfy the conditi< 
geometrical similarity do not affect the effort. If the grains were 
finitely small there would be no effort. Thus the diameter of a grr 
the parameter of the effort; and multiplying this diameter by the curv 
of the medium and again by the mean pressure of the medium the pr 
measures the intensity of the effort. 

The dilatation diminishes as the centres of the negative ineqiu 
approach, and work is done by the pressure in the medium, outsidi 
singular surfaces, to bring the negative inequalities together. 

The efforts to cause the negative inequalities to approach corres 
exactly, to gravitation, if matter represents negative mass. 
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the effort to cause between t he earh and a nm: *4 i.j /.*f. 

surface (— I) in (.Ik? product of these quanf dm. iikr 1 1::|^ -1 lu i■*. 4, - 

jpr x 10 1 x :}7r x ;Vti7 \ fi'370d * 10 MM In , 

The inversion is thus complelr. Mailer r-> an ah .-ue,- -4 ma .. 
effort to bring tlus negative inequalities log* rh- 1 r d - >.n > .-n 

to recede. And si nee (he notions ,-uv lie.. «4 p«u?u> p*. m- ' h> 
attraction involved ; tin* ellbrfs being I hr iv-ulf »4 ?m 4 •’ •iimii; 

the pressure, inwards. 

3 . If instead of the negative inequahfn a- tu *m- hi ? .uo 
inequalities fire positive, the edhrH nuiitl b« iv*. c *4. room* n. 
the positive inequalities, find (lie analy*<e< w»m!d In- ?h*- 1!; .. . ... , j**- 

curvature would be negative. And if m uup-if.ee u ...?« r .• 

positive inequalities exist, tin* fuel that ih,-\ rep. 1 * , U -'k , *p, 

tend to He.iil.tur through spuee Ingetiier \\vU rlu , *p..v 

of incMjualities either positive ur n»*gaiii<* tnn an u: h ?a.: r-. 
as compared to the. total volume <»!’ tbr medium, j/.*. . .*?:• 

positive inequalities might have mi a Ihniing >4 m b ; > ^ 

than that of the negative inequaliiir•. nhu-b ,u> » n , i 
gravitation; and thus we have an evplanarmn .4 rh, i t ■ .4 t : , 
positive inequalities, even ifstieh rxo.f. 

4. .Besides the positive and legafsu in* qu th* > ?» , ).. . 

inequality which may be easily e.,mvn,d. ami flu. ^ .« ?u,, 
portanco—whatever may be (be run r, n j . 

number of grains may be ivmoud (mm M m 

uniform medium, to mmfher pnMimu Tim-. 
equality, as between two inequalities. Mllr , M , %s!sil . un .|7p"' (i ‘.\ ; ‘j‘ 
the number of grains in exn-s* in the m,. |„ Ui ., , „ s , u. -u 
number deficient in the nflmr. 

Ihe complex iueqnalities differ lumianu u* tlh b-m , , 

inequalities, iimsmueli as the former mw.ke ,7, 7 ' 

mass while the hitter have no elide! , u the 3J , m .... u.7 \V 7 
m the medium; and in respect »f involving ab-J.g, q, t 

the complex itunpialities eurreNp, m d with rj.-riu.-iiv 
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ami negative inequalities ami aipvin by the parameter r Q . TL 
pressed wlirii tin 1 positive and negative ineipialities are at finite 
apart by 



II beiin' essentially negative and the dimensions of the effort ( 
mil '■ whieli express an effort to the displacement of mass. 

The complex inequality which corresponds to the separate 
positive and negative inequalities is one displacement, not tv 
fact admits of no question and nii^ht have, been recognised Ion; 
if not been for the general assumption that positive eleefrioi 
positive electricity, the fae.f beiuLf that the. apparent repulsion of fh 
electricities is flu* result of their respective efforts to approach 
spec.five negative inequalities. I>y the assumption it became a 
possible to express the potential I", and the electricity (/as rational i 
when, as if now appears, the potential l r a,nil the electricity 

sportively -*(•- c'-)' ^ and ( c v )-', which are both irrational. The 1 

beiiq*’ the rational quantify 

cr 

r 


which, diderenl.ia.fed with respect to the distance, is 


6* 

r y 


tt, 


ami the inec.hanica.1 explanation of thesis is, 



and for the effort to revert, we have. 


V 



It 


Then for the electrostatic unit we. have, since r l, and li 
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grains absent in. each inequality as are displaced in the complex inequ 
the distances being the same, 

12 x 10 1B , 

so that the effort of attraction between two inequalities, the grains a 
about each of which is the same as the grains displaced in institutin 
complex inequality, is eighty-one thousand billions less than that oi 
electric effort. 

5. Cohesion between the singular surfaces of the negative inequa 
results from the terms which were not taken into account in the first apj 
mation which correspond to gravitation. These secondary terms in 
the inverse distance to the sixth power, and therefore have a very 
range, and so correspond to efforts of cohesion of the singular surfao 
well as surface tensions having no effect unless the singular surface 
molecules, are within a distance very small compared with the dial 
of the singular surface. 

6. Transverse undulations in the medium, corresponding to the v 
of light, are instituted by the disruptive reversion of the complex 
equalities. The recoil sets up a vibration which is exhausted in initi; 
light. 

7. Thus far the sketch of the results has included only those for v 
there exists sufficient evidence to admit of definite quantitative ana 
Nevertheless these quantitative results show that the granular mec 
as already defined, accounts by purely mechanical considerations fo] 
evidence, and affords the only purely mechanical explanation possible 
then the substructure of the universe is mechanical, all the evidence 
already adduced, is such as may be accounted for by an extension o 
analysis, and this is found to be the case. 

The results of the further analysis afford proof:— 

Of the existence of coincidence between the periods of vibrath 
the molecules and the periods of the waves; 

that dissocin.ti On nf nruTmminrviAlnmilao 
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that refraction is caused by tiho vibration of inequalities ha 1 
.same periods as tho waves; 

that, dispersion results from tho greater number of eoiuoiclt 
the waves get shorter ; 

that the polarization by rofloobion is caused only by that eoi 
of the transverse motion in the medium which is in the 
iueidenee and results from the. passage of tho light from 
without, or with few, inequalities, through a surface into 
in which there are more, inequalities; 
that the metallic reflection results from the relative smalhiej- 
dimensions of the molecules compared with tho length 
wave and tho closeness of their piling whim the waves pj 
a space without inequalities across the surface beyond w 
inequalities are in closest order ; 
that the aberration of light results from the absence of any ap| 
resistance to the motion of the medium when passing 
matter. 

8. It may be somewhat out of the usual course to describe th 
of a research before any account has been given of tins method 1 
these results have been obtained; but in this ease tile foregoing 
of the. purely mechanical explanation of the physical evidence in the 
by the granular medium has seemed the only introduction possi 
even so it is not with any idea that this introduction can afford ; 
liminary insight as to the methods by which these, results ha 
obtained. 

(Vrtain steps, as it now appears, were taken for objects qui 
from any idea that they would be steps towards tiles mechanical 
of the problem of the uni verso. 

The first of these stops was taken with the object of finding a me 
explanation of the sudden change in the. rate of How of the gas in 
of a boiler when tlu» velocity reached a certain limit -perhaps th 
be bettor described as a step towards a step*. 

The second step was the discovery of the thermal transph 
gas together with the analytical proof of the dimensional prop 
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And it was only on taking the !’< mu 11* 4 rp, n.uoeh, the -aut 
action of Hand, which revealed dihuamy a.-* tin- ndm- pi..p, n 
granular media*, which directed attention to the j*»* M i „* IM . 

explanation of gravitation. In .spite of tin* apparent {»e ( -.i|«tht \, all 
to effect the necessary analysis failed at the tune. 

There wan however a fifth step; the effecting *4 the ana!* {*, 
fluids, and the determination of Ua* mlcnon 1 ', wlueli fed ? M tit,- 
of the possibility of the anuhiieal separatum * 4 ' ||„* g^omd met 
fluid into mean varying motion, displacing loom. lUnm, and ul ; ii Ur 
and this suggested the possibility that she medium h 

granular, the grains being in relative mnSsnu ami at »h>- fJI< 

•subject to varying mean uniftm. And tin* ha* pim*d i>» |„. , 
At the same time it became evident that i? «; r * i,. |«. ,„j« ^ 

any method short of the general npiati»ir* *4 » , v m JH 

from the very first principle*; and H n* hmu «ts\? f j tl . 

mechanical account of the phyMnd evidemv hae «4«? d 


U /*/*#/, *l/tf«/• iNSii, 
t ifayut S*h\ t'hit. f ene ■>. 



SKtJTION IL 


Til JO ION IORAIj FILIATIONS OF MOTION OF AN Y JONT 

9. Axiom I. Any change whatsoever in the quantity of any until;; 
a closed surface can <mly bn effected in one or oilier of Iwo distinct w 

(1) il may be elfee.led by the production or destruction of ih< 
within Ihe surface, or 

(2) by the passage of Ihe. entity across Ihe surface. 

To express Ibis general axiom in symbols I put;— y for Ihe < 
required to occupy unit volume, as an indefinitely small clement of 
&S f , at any point within the surface is occupied. Q is thus the densit 
entity at the point, and however it may vary from point to point is 
valued function of the position of the point: 

— JJjQtlsvdt/dz is put for the quantity within a apace H \ 
by the surface, a at the instant considered, 

2 („Q8N') is the quantity enclosed at a previous instant. 

2 ( }I Q8H) is tin*. quantity which has been produced within n dm 
interval, and 

2 (rQBrf) ia the. quantity which has crossed tin* surface inwards 
tin*, interval. 

Then 2 (Q8tf )« 2 („Q8H) + 2 (/J8N) + 2 (JJSJS) 

is a complete expression for the Axiom. 

Using 8 [ | to express any change, ellectcd in (.lie time 8l this 
written 

812 (Q Stf)| - 812 {„QBtij\ + 812 (JiBH)] . 
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produced or destroyed, any production or destruction of a particular fc 
the entity at a particular place and instant of time involves the destr 
or production, at the same place and time, of an equal quantity of the 
entity in some other form or mode. 

To express this in symbols let Q refer to the general entity w 
distinction of form or mode and Q X) Q 2 > &c. respectively refer to the s 
particular forms or modes of the entity. 

Then since 

S[2 ( P « l *S)] = -8[2( p Q i 8af + &c.)]. 

which is a general expression for the law of conservation, and is the g 
equation of continuity in terms of the several distinct actions of exc 
between the different modes of the entity. 

11 . Transformation of the Equations of Motion and continuity 
steady surface. 

Equations (1) and (2) hold however large or small the space S ai 
interval U may be and whatever may be the motion of the surface 5 enc 
the space S ; for the 8 covers the 2 ( ). 

If however the surface 6* be steady or fixed in space the 8 may be cc 
by the 2 ( ) and the equations written 

Z[HQ8S)] = $[Z( P QSS)] + Z[S( C Q88)] . 

2[8GQi8S)]--2[*(pQ.M + r)]. 

Since these equations hold for indefinitely small spaces and indefi 
small intervals of time in the limit, when da', dy } dz and dt are se\ 
zero:— 

2 (QS$) = Qdxdydz .. 

and S [8 (Q&S)] = (Q) dt-dxdydz . 

In cases where Q is not a continuous function of t the meaning of 
differential coefficients as that in the right member of equation (6) b 
unintelligible without further definition, and it seems desirable here to 
out, once for all, in what sense they are used in this paper. 










THK GENERAL EQUATIONS OF MOTION OF ANY ENTITY. 


13] 

Where <p has positive values on one side of the surface and nc 
values on the other, then putting Q t for the continuously varying vt 
Q where <j> is negative and Q.j for Q where <f> is positive, Q is at all 
expressed l>y the limiting value of the function 

I + e Ut i' > 

when v is infinite*'. 

Kor any finite value of n F is a continuous function of the varial 
art*, also the derivatives of F\ ami substituting/* for Q, the limiting 
when n is infinite, of any functions derived from F by any mathot 
process art* taken as the values of the function expressed by the same 1 
matical process pe.rforuled cm Q*|\ 

13. Having regard to 1.1 in foregoing definition of the inlorpretal 
In* put upon the' im*aning of the differential coellicioutH in cases of ( 
tinuily, the. expressions obtained by equations (5) and ((i) for the n 
c.onve.etion into and production in such indefinitely small spaces n 
treated ns continuous functions of the coordinates. 

Thus taking u % c, w for tho eoniponent velocities of the. entity, to 
Q refers, passing a point ?/, c, relative to tin*, surface of the clem 
space dnulyth at rest or in steady motion, since n t v, w are single*, val 
each point at any instant of time tin* convection into the space 
interval dt is expressed by 

dt divdi/dz - *-• dt h Iq (vQ) I ^ (vc(|)| dxdydz y 

or at u point the rate, of change by convection is l ..... 

d id (itQ) d(vQ) d (v/iy)) 

dr^^\dx 1 dy V dz j 

* Khi'lrh'iUj and Matjartium, Maxwull, 8 H. 

i* KU'ctrivihj and (Mtitjuctixm, Maxwell § H. 


<IQ, 
<IF <it 

' dt 

n (V, 

<At> r n,/ ‘ ,1,1, 

dt ' | 

1 Y»* 

(H 

{ M>y 

dt 

itliiiUn mii 

. 

m.ii 1 i 

dF 
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whence substituting in equations (1) and (2) lor the indefinite!; 
clement dxdydz and the indefinitely small interval of limn dt 
become:— 

dt 49 dxdydz = dt g (Ji) - -4. {ll .Q) - 4. (vQ) - l j : («.«)} d.rdyd :.... 

dt ~ ( p Q t ) dxdydz = - dt I &c. )| c . 

or at a point the rate of change, is 

. 

Sn-.l. 

Equation (10) expresses the rale, of change in the density (J nl n p 
terms of the densities of the actions of production and runverl-i.ui 
point. While equation (l I) expresses the. relalion which holds hrUvr 
densities of the several aetions of exchange between the different 
of Q. 

14 . Moving Surface. 

In the equations (5) to (I 1) the surfaces o{ tin* element of spuee 
dxdydz) are steady, and in equations (Ji) ami (4) the chided surlur 
which the summation is taken is also steady—the fi being covered by i 

If, however, the motion of every point of the surface be taken into a 
it is possible to sum the results of equations (7), (H}, (P) { »ver the 
enclosed by a surface in any manner of continuum motion. 

Putting u, v, w for the component velocities of the stufare at Mm 
x > V> *> then tlie component motions of the entity represented by Q *« 
to the surface at this point are respectively 

u - u, v — a, w - vi», 

and although u, a, vn are only defined at the surface, since Mu* imUmn «, 

MnvfllPft i« TT ... . i . t 








TWO (HONIOKAI, EQUATIONS OF MOTION OF ANY ENTITY. 


Tim insUnlanoous rnl.o of j>roclm*l.ion wil.hin 1.1m surfaco in not. altorod by 
l.lm (‘ouliuuous motion of (»li(* surfuoo. Tlmmforo aquation (1) boomnoH 

[fJll U« - '<) Q] -I' ( f t/ [O' “ ») Q] I j_ [(«; - vn) gjJ...(13), 

and in(.rgrat.injLf oqnation (lO)ovor tlm surfaro, 1.1 it* mlo of change in tlm space 
instantaneously t*nc*lnst*<l ns by a Jived surface. in 

v ... v | t fs !| 


J r (uQ) + J (oQ) ■!■ J (wQ) ■ div.dydz . (14); 


whence Hulisl.il.ui.inj; in equation (1*1) for 

* {w f u (,«)} 

from equation (1*1*), 

;'is, v , W )i-s(.w^) 

I [[[{,t (1l(J} ''l, (vQ) [ ' dz ( '"’ g) } <l:rdj/,h . ( ‘ n) ’ 


<1 d d d \ n 

n 1 n j 1 M . 1 ,. b ir ^ 


or an it may bo written 


|V (VJW) |,v 4 n iU l 


fdn dn dm 
1 « 1 '■ ,h 






SECTION III. 


THE GENERAL EQUATIONS OF MOTION, IN A I’t’UHJ 
MECHANICAL-MEDIUM, OF MASS, MOMENTUM AND KNK 

15. These equations are obtained by taking (J in equat ions (I ) to 
refer successively to the density of mass, the density of the compel 
ft particular direction, of the momentum, and the density of the euerg 

The forms of the equations so obtained, ns well ns the rirettuisla 
which they are applicable, depend on the definition given, respectively, 
three entities. 

If this definition is limited, strictly, to that afforded by tin- Inns of 
as distinct from any physical or kitmmafieal properties of nutltrr, tin- eqi 
will bo the most general possible and applicable to all merhanienl si 
In which case by introducing separately and step by step farther del 
ol the entities the effect of each such definition on the Ibrni of die rqt 
and of the expressions for the resulting actions, to he obtained by into} 
of the equations, will be apparent ; so that the individual elb-Hs of the : 
particular physical properties of matter may be analysed. White on 1|„ 
hand if the definition is, in the first instance, such us Ibut mi win 
equations of motion for fluids and elastic, solids have been fniindi 
equations so obtained will be. essentially the same. And, ulllmiq 
significance of the several expressions in the equations as tela! mg to 
mutation, convection and production will be more clearly brought on 
will afford no opportunity of analysing the several effects icsulliui 
particular physical definition. 

In this investigation the object sought, in tin. first instance, has 1, 
render the equations the most general possible. Only introducing rest 
definition whore the effect, of such dolinition, on the form of the ever, 
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The Ht *ust* in which mechanical-medium is here, used is nob that in i 
the term * medium 1 or ‘medium of space. ’ is generally used in media 
philosophy, nor yet that for which “mattor” is used. For although 
which is recognised as matter is the only entity included in the equable 
motion whieh has the property of oreupying position in space, it is 
necessary in order to uceuimt for experience to attribute to matter pro}) 
extending through spaces whieh are not occupied by matter, and to ree< 
siudt extension with the absence of any mechanical properties as belong! 
space itself it lias been recognised that there exists in space some 
entity, besides mill ter, which 1ms the property of occupying position a 
recognised in mechanical philsophy as the medium of space or the ethei 

To tin* ether are attribute! such mechanical properties, whatsoever 
may be, as arc necessary to account for tin* observed properties of matter 1 
arc not ddiueil by implication in the laws of motion, as well as to uc 
for all the properties extending outside the. space occupied by the m 
This amounts to an admission that these physical or extended property 
not inherent in the matter nor yet in the ether, or in other words that 
are not the properties of the entity which occupies position in space, hi 
the consequence of the mechanical actions and of the arrangement i 
mechanical system of the Universe, 

If then everything that occupies position in space, is included by delii 
in the mechanical •medium, experience affords no reason for attrilmti 
Hindi medium inherent properties other than those required by the la 
motion and the law of conservation of energy, and ho defined, I he medi 
here designated a I'ltrt'ttf-MrvJutnicttl-IltetHitni, 

17. The properties of a piuvhf liwchtnilcal-iiuuthtw necessitated b 

laws of mot ion are 

{1 ) The property of occupying definite position in space; 

(2) The continuity or continuance in space and time ; 

(2) The properly of definite capneily for momentum, La. d< 

mass; 

(•t) The property of receiving and communicating momenta 
accordance with the laws of conservation of momentum and energy. 

u:,. im. ......... r .. ......I ..r ... 
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18. The equations of continuity of mass. 


Putting p 

for the capacity for momentum or muss in the indefinitely small hjisi 
and substituting p for Q in equation (2) the equation for enuservat 
mass becomos 

8[2( y p8iS')]»0 ...(I 

and by equations (1) and (17) the equation of motion of muss becomes 
S[S(pSS)] = S[ZU P m] ...( 


Whence for the indefinitely small element of space dxdydz and the 
finitely small interval of time dt it follows by equations (7) that 


dp dpu dpv ^ dpw 
dt’ r ~dx T dy dz 


0 


d 


which is the general equation for density of muss or medium at a point. 


19. Position of mass, 

Taking x, y, z as de.fining the position of the indefinitely small « 
space Ss, and putting pm, py, pz sueeessively for Q in equation (2). the 
tions for the conservation of tho position of the mass become rcqs-etivclj 

2 [8 { P (px) Ss}]« 0, 2 [8 l P (P2/)^|]®0, ^[8 j/pj) if#]]™ 

The equations for the rate of change of position of the maun w 
space over whioh the summation extends, become by equations (J 
( 20 ) 

8 [2 (p*&)]. 8 [S Upm) Bs\ 1, &«., Ac,.(S 

Since x, y, z are not functions of the time, it fellows by equation 
if x, y, z define the position of the centre of gravity of the mass it 
steady space over which tho summation is taken, that 

* ///<-«(£+£+£)*** 

dt fjfpdmdydz 

For in a fixed space. 


<: 
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Fur ft space moving with the mass by (15) 

+ - ■ fa <P“‘) + j) (f"> + ‘J A Own)] *■' 

whence since as is not a function of t, 

S (^p ^ Ss'j« X (pwS«), &(*.., &c. 


20. Before proceeding to the consideration of momentum fu 
it will he found convenient to express certain general mathematiea 
between the various expressions which enter into the equations for 
into which p miters as a, linear factor. 

When Q is put for pq, where q is a factor which 1ms only om 
each instant for each point in mass, hut which value for the poii 
is a function of the time, them the derivatives of discontinuous 
having the meaning ascribed in Art. 12, 

( l(pQ) „d(pp) L n <l{j>q) 

dt 7 dt P (It . 

And since by e(|imLion (17) 

(it 

d( v Q) __ d( P (/) 
dt P di 



Mho tU Kn (i P a- o dq \ 

A db 1 dt Vp db ’ 

a,ul ; 5 " \L {fm/) + dy ipV<l) + dz {pW<,) ] 

*" q +&o -} ■ p { u £ f &c> ; > 
whence Huhtmeting and having regard to equation (19) 

;TT-|M +S 4 ) 

therefore by equation (H) V . 

d ( pQ) x n \d<l , „ d<l & ) 
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and putting q x and q 2 respectively for q in equations (2(>) and sn 
in the right member of the equations (27), 


dQ 

d CQ) _ 

[ dQ» 

d am . 

,, / X*- 1 


dt 

— 7ft~ <Jl 

[dt ~ 

d.r ) 1 

l ( // 

,// Jl 


d(„Q) <{(„(&) 

~~dT ,{ ~7u + h dt 


21. In the equations (2a) (o (2S) p is subject (»> (-lit* mi 
conservation of mass, equations (17) and (IE). If instead of p \\ 
as an abstraction of the density we obtain a corresponding but nm: 
theorem, by putting 

dp" __ idp'it dp"v dp" iv | dip") 

dt ~~ \d* 1 dt/ 1 tls | 1 dt . 

where the last term on the rigid* expresses an arbitrnrv denMl-v • 

( P_ pQ) _ „ d, (,//) </(,,/>") 

dt /J dt, 1 7 dt . 


dQ dp" 
dt dt 


i " 

I- p 


d>, 

dt 


d(,Q) /t 
"(ft " 1 

/dp"a v 

(' (hr. 

) >'(" 

<!<l . 
d.r 1 ' 

Equating by (23 A, 24a, 

25 a), 



dQ _ d (,,Q) 


,<> (d<l 

i „‘ fl / 

(it dt, 

~ 1 dt 1 

1 [dt 


d(„Q) 

.,. d f,t>") 

M/ , 

„ d 't 

dt ' 

7 dt 1 

'' [dt 1 

"d.r 


And putting ([ — (pq., and «, Q, | mu . 


n 


dfQ,)\ 

- <h*b 

d ( ,,p") 


f dtj. 

dtj, \ 

f /i 

Uz 

dt ) 

' (It 

1 '/•/> 

[dt 1 

"dr KV ') 

<7„ 1 


d(,Q,)\ 


dd v p") 

1 // 

i d, h , 

rA/, „ \ 

/« I 

v cZi 

dt )' 

~ <h<h 

dt 1 

1 { i'P 


1 ' Vv -J 


dO d(J)) j>\ 


i 









23] OKNKllAL IMITATIONS OK MOTION IN A lMIUNLY-MKOliANlOAL-MKr 
22. Momentum.. 

The. definition of momentum afforded or required by the laws <i 
is, that the momentum in a.ny particular direction is the product of 
multiplied by the rate of displacement, in the particular direr,tio 
mass in which il» resides. Since ad. each instant mass has posi 
rapacity for momentum, and the rate of the displacement at t.li 
has magnitude and direction, momentum lias position., mta/uit 
direction. 

r ra.l<ini* as before a, v t w to represent the component veloc.itii 
mass passing a point at any insl.ii.nt, and p for tint density of the 
tin 1 same instant, the densities of the respective components of m 
•are respectively 

/!/.,, r= pu, M y ~ pv, il/v — p'HK 
Substituting M# for Q in equation (1) it becomes 

8\Z(M,M)\ S\Z( p M ;i m} foe.., foe..... 

Hy equation (2) substituting ,,/l/., : for 

R|2( J/JMI -8|S ( P Q,W d- foe.) |, foe., foe.. 

where -- cS [( t ,Q M .,&S | for.)| expresses tin* rate of destruction of n 
in direction ,r, in all other modes than that represented by I\l x $S \ 
spare of S. 

23. (Umdnction of momentum hi/ the mechanical ■ medium. 

As i, Ol/j-oN) represents the sum of all the momentum in d 
within the space N, there is dillieulty in realising how momentum in 
:r ran he protlttced or destroyed in any other mode. If, as in thb 
P$S is defined its including the total capacity for momentum with 
definitely small space, 8>S\ the production or destruction ol moil 
direction ,r in any other moth* than /l/,.R>\', at a point within the. 
requires that momentum should have entered the space without In 
conveyed by the motion of the mass across the surrounding sf 
dillieulty thus presented naturally raises the question as to win 
production or destruction is necessarily implied in the laws ol moti< 
whether the entire exchanges of momentum cannot he accounted 
result of convections by the moving mass { 
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crossing a surface in a negative direction, iu«- exactly tlm v.«»«- get 
significance as an eijual stream »f positive moment mu *■*••*• -mg fl 
surface in a positive direction. The result h-un; t!.. 1 

streams of positive momentum in the l"-*itive dii.ei,..,, .„<•! . 
momentum in the. negative direction at ..pud rates, win!. lie- 
momenta of the masses in the two stream-, taken t-geth. . union t! 

in zero, 

In snch streams of momentum tlm action at a ml tee »•>. though 
kincmatical, that of iwhamte of momentum U twe.-u -.par,-* 

opposite sides of the surface, such exchange {»<*••. din.; at > <1. tim 
which rate, lias a definite internet,) at each point .-I tie -.uiti.e, , 

direction of the momentum r.iehinujml »< tl« i/usrt . -■/ f/n- 

mass at each point. The condition that notion and tea. u..i« .»».• . p 


opposite is thus completely nullified 

f hat v 

* !m 

dU 1**4 

! * *Ss 

H 3-s !h* 

one of exchange of momentum, hut if 

3 

1 U 1 

! 

• *1 r %* h 

1 4tl . • 

* *4 jt)n 

momentum about every axis. Honor, 

W 111 

■Sr 

1 If 

IimIIImI.I1 

1 »■* 

»n<!if j.<in 

medium admit of such opposite nficmii* **! 

f 111 

Mm. uhuii m 

dlft 

»■!» nf 4ii 

through tin* same space in tin* intrU: 

a! m| I nm\ ^r\%. 


■i >4 SM>«1 

in any direction across any Mirla«v 

may 


rtf, 

'r! » »t « 

hll«- 

'tlif 

momentum is zero. 







In thin way, in tin* kinetic theory. 

the 

'»! 8'i 


til J’il.fM- 


au%- mU'-st 

completely accounted for, m the r«'**•*!! 

*4 

l!»*« 

r* 1 

l 

*4 iiiktfj 

convoyed by tlm molecules uniMiig-Ht 
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not account for the maintenance *»f tie 

de 

tlnltuU" 

Si *4 1 . *■ J 

• - 1 1: 
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and such exchange as appears hy e. put mu »1 :t« 4 !«*' ;'M • - . *ti Ilf v » | 

the result of kinetic ronvrrthm hy m**utig hn% §. gma, - 

action between the uinlmih**, Initu- kim-t?,* %i %>. 

that c forces‘ exist hctwnm fh«« niuh'ruF**. u|*<-n «i?h»>» 4r*hs 

c i aoh other, either as the result *4 nujui^ »ii«*«.**-* m sh* g. »,i iM ». 

through intervening space, 

From these and like ttiissiilrruiiHii'i si 
the transmission of momentum from *•«■*- p-Min-ns *4 <.* , 

tmrwiirvil.nfl fin* mi f lu* It ..1* . « 
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unless \vu accept action at a distance, and thereby preclude all 
definition and explanation, it is necessary that the purely-med 
medium, in addition to the properties of occupying position, and 
capacity foi momentum, should have the property of transmitting 
ducting momentum through the space it occupies otherwise than 
convection consequent upon the motion of the mass ; and, to completely 
the condition that the direction in which the exchange is effected 
direction ol the momentum exchanged, it is necessary that the dirot 
conduction should everywhere be the same, as, or tile opposite to, 
the momentum conducted——that the conduction should be by streai 
or imaginary streams, ol real or imaginary momentum in the same d 
iis that of the momentum, just as in the case of convection, except 
ihe latter ease the streams and tin*, momentum are real; so that if 
refer to tin* direction in which h is measured, which is that of such a 
ol which p is the. intensity, positive or negative, of the rate of o> 
across a surface normal to //, the intensities of the rates of exohi 
momentum, in direction //, across the surfaces ijz t zx } x.j/ are respi 
pi, pm, pn t and the intensities of the rates of exchange of the compel! 
momentum, in the direction of y, z, respectively, are 

across t/z pft, pint, pin , 

zx pud, pm'\ pmn } 

xi/ pnl , pntn % pn\ 

This property of eomlucting momentum (on which all meehaniea 
depends), necessitated by the laws of motion as inherent in a 
mechanical-medium, must bo continuous in time and space if the r 
is continuous in time and space. As possessed by the medium, th 
the property differs from the property of strength or that of resist,in 
possessed in various degrees by matter in respect to the limits 
strength, which limits depend on the physical condition of the mal 
have no existence in the medium. 'Phis difference ils retrards limits. li 
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momentum conducted, aa distinct from that conveyed, in a [m 1 vl 3 nmr.i 1 
medium. Thus 


Vxx> Pi/xj Vzx) P.vji Vmn Pw> P'K> Piu* 
the expressions, used by Rankine for l.lic*. component intensifies of fin* 
in which the exchange of momentum is in the direction indicated l 
second suffix and is across the surface perpendicular to the diivrlion iml 
by the first suffix, maybe defined to express tin*, intensities of tin* v;\ 
conduction of the components of momentum in which the momentum 
the direction indicated by the second suflix and is conducted in the dir 
indicated by the first suffix. 


Whence, at any instant, the rates of conduction of the eompoiu 
momentum from the outside into the indefinitely small steady eh 
dxdyds an; respectively expressed by the lefl, members of tlm’rmi 

(30 a), 


_ | dpx. r . 
1 <(* 

_ W-V.m 

{ die 



dpiu- d.p :x ,) 

'hi dz 1 

dpiui . dp-A 
d'l dz j 

dPv~ , dp,,\ 
tly dz j 


• dxd-j/d: 
■ (Lvdi/dz 
dxdjfd : 


Fy> F g being merely contractions for the 


JSfdj't/j/d 
Ffdirdtjdz 
f f [(Lrdj/d j 


/ 


(MO 


expressions ill tile left UU-tu 


24. Since, in order to satisfy tint condition that action and rear!in 
C(jual, accumulation of momentum in the modi* in which if is muduel 
impossible, the expressions lbr l,In- rate of emidiml.i.m ... mm-; j, 


space, d.vdydz must, also express (,!„• ral.es aI. whirl, momentum in tin- 
m which it is conducted, is produced in the mass in |.|,r .sp ;l( ,. 
clement and destroyed within the element. VVheure it f„||,,ws ilrtl F 
respectively represent the rates at which the densities of t|„. Vt J, 
components of momentum, in other mode than that of , 1 /,, aI v d. 'l 
within the element, and as these are the only rates at wide!. 

within the element is destroyed. F x , &e. define the values of , u. , * 

equations (30), ami the equations of continuity of tin- dmJiles „ 
respective components of momentum in a purely .mechanical m-diur 
come by equation ('Ll) 
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medium ox pressed in terms ol general symbols expressing the separate 
oi the distinct actions of conduction and convection. 

Substituting for F x equations (30 A) and d(JI^/dt from (7) w 
fl u ‘ bill d(d.a.il(‘d expressions for the equations of l,ho densities of id 1 
ponenfs of niomonUim at a point 

tlAIx ( d , . d , d ) 

dt ~~ | { fo. ^ + l m ") + Jij + l> lUi ) T + 

The (‘([nations (32) and (33) are tin*, (‘([nations of conservation 
m(‘ntnm in a purelynueehanical-medium, at a point, in which flit? (irsl 
in tlu*. brackets on idles right of (33) oxprt‘ss (,1ns ratos of change 1 
duotion, and tins second tins rates ol* change by convection. 

The integrals oi’ tins right members of thnsn equations translbr 
surface integrals, and thus they express tins condition that tins olu 
momentum within any spare ,S' is solely the result of the pas:* 
momentum across the. surface of /S'. 

25 . The eonsenudiou of the position, of momentum. 

If appears from the previous article (hat the condition of couse 
of momentum requires that action and reaction should bo equal and oj 
but this is all; so far p ux% &c, may la* independent of each ofh 
there, is no indication that exchange must fake place in the dirot 
the. momentum exchanged. This is however expressed by the equal 
conservation of the position of momentum. 

Taking ,-r, //, z and pu, he. as referring to a fixed point. Then mull 
each of tin* equations (33) by a\ //, s, successively, we have. 

dM, id t x , ] , , 

dl t/»xr I l>"") I- &«., . 

or transforming, since ,r, //, z are not functions of/, 

d (d ) ^ 

‘,u (w) ~ V" ~ i >m —{(/,„ * < + t ,,m )+ &< “j 

dL - pun ■ y„ y ep.v.v \ ■■/»*«■)-i-&i!.|. 

1 (-/>") “ -/>««» . \'L ~ ( V.™ + l»"<) 
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ponents of momentum within $, while those of puu , &c. represent the 
of displacement of momentum by connection within S. 

Hence what these equations express is that the whole rate of dis 
meat of momentum in S, less the internal rate of displacement, is ee 
the rate of displacement of the momentum across the surface. 

This, it appears, follows directly from the condition that actio 
reaction are equal— i.e. the equations of motion—and implies no re 
between the components of conduction. Such conditions however 
from the further condition that the direction of exchange is the direcl 
the momentum exchanged. 

26. Conservation of moments of momentum. 

Subtracting equation (35) for ypio from that for ypv, 

J t (ZPV ~ yp™) ~ (Pzy ~Pyz) 

= - ^ \ s Oh 7 / + uv ) - y (v*z + uw )J + &c.(: 

whence in order that the rate of change in the moment of momentum 
the axis of x may be expressed by a surface integral we have the cone 
as previously obtained (Art. 23), 

Pz^Pvz, and similarly, that p xz = p zx and p ux = p XJf .(3( 

27. Boundary Surfaces . 

I he conditions at the bounding surfaces of spaces continuously occ 
by the medium may be of two kinds, according to whether the si 
divides the medium from unoccupied space, or separates two conti: 
portions of the medium which are in contact at the surface. 

Faking r , s, t for distances measured from a point in the surface in 
tions at right angles to each other, that in which r is measured being n 
to the surface and l r) m r , n r> l S3 m s , n S) l t) m ti n t for the direction cosh 
r > ^ t respectively, then since p^p yx> &c., &c., 

Prr = PaJr + Pyy^h? + p zz iif + 2 p yz m r n r + 2 p zx n r l r + 2 p X]) l r m r V 

P** = p~^Pyy m s~ +p zz ns + 2 p yz m s n 8 + 2 p zx n s l H + 2 p xy l s m s 
Vtt ^PtJt+Pnfn? ■+■ Pzz n t + 2p yz m t n t + 2 p zx n t l t + 2 \p xy l t m t 
Pst —pxxkh +PyyVhm t + p z ph‘^t -f P vz ('»hn t + n s m t ) 





2iS'j ({ION KRA U EQUATIONS OK MOTION IN A I'l I KKI/Y-MKUIIAN rOAL-MKIM 


Where the surface separates the lmulium from unoccupied sp 
stresses p n . &c., iii’o all zero at. the surface, Imti when*, the, surface (livii 
portions of the medium in oonl.ac.ti, then the intensity of the (lux ao 
surface at a point is the intensity of the rate at which such momoi 
received by the one portion and lost by the other across the surface 
point, and by the foregoing notation p rvi p nn j) rl respectively ox pi 
intensities of the rai.es of (lux across the surface of tile com poll 
momentum in the direction in which r, s, L arc respectively m< 
These raters aiv the limiting values at the surface of the res peel, p 
poueiits of (lux within the. medium on either si<Io of the surface 
directions in which r t .v, / arc measured, a.nd are thus the limiting v; 
tlu* surface, of the expressions on the right side of the equations (l). 

28. Kncn/t/. 

Although the half of i.I k* vis-oiiut. (that is ha.ll' the rate of the < 
meat of the. momentum, or half the product of the momentum mi 
by the rate of displacement of the mass) now called kinetic energy, 1 
been recognised as the general measure of the mechanical-effect of n 
cal-action through span*, the recognition of energy jis a physical eii 
resulted from the discovery of (.he reversibility of actions In 
mechanical-action produces physical effects, and of the. linear relatim 
exist, between the physical measures of the physical effects so produ 
the kinetic energy which has been expended in producing them. 

The discovery of these relations ami the reversibility of the 
having led to tin* recognition of the existence in the Universe, of 
entities which could be. changed to and from the mechanical entity 
energy, these physical entities,although not otherwise mechanically d 
have become recognised iis modes of the general physical entity < 
kinetic* energy is one mode and the only mode which is subject 
mechanical definition; and hence followed the recognition of the. law 
nervation of energy. 

'Puking &c. to have the siguilieance ascribed to them in Art 
intensities of the components of mechanical action that is the in 
of the components of the (lux of momentum, by conduction, fi 
negative to the positive side across a surface of which the. directioi 
normal is defined by /* m , a --are respectively expressed by 
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Multiplying these time-measures respectively by a, v> the com 
velocities of the mass at the point, we obtain 

* u (Pad* + Vu* Vl + FiX n )> &( ‘-> * ( '*« 

which arc the corresponding space-measures ol the respective eoiupou 
the intensity of mechanical action at the point, 

Adding these and multiplying by $s, the 1 , element ol a closed surln 
integral over the surface is expressed by 

| J[( l, P*» s + W*U + W P^) + (‘'I’m: + 1>pya + lit I ("/'-'•<■ r P-!/ 1 "7»«> 1 

which is the space-measure of the mechanical action of the mass outs 
closed surface on that within. 

This (if there are no purely physical exchanges) is by tin* law of 
vation of energy equal to the rale of change of energy in all its 
within the surface—that is if there is no change, by convection acr 
surface, which will be the case if the surface is everywhere moving w 
mass. 

The changes of energy may be partly in kinetic* energy lUn I l ,H 
other physical modes, according to tlio expression which \» obluii 
transforming the equations of momentum (22) by equation (2b); mull 
respectively by u } v , w, integrating ov(*r 1.1m surface and adding, the o< 
becomes,when transformed by equation (In), taking U //, &e., and ns: 
the actions continuous in space and time, 


' 1 d j 

2 cl t J 

JJ { p (a u 4- -« u + w a )J dxdj/dz 



du da dn x 

pxx dx + Pvx dii + Pzx dz 


-ISh 

dv dv dv 

+ + Pvu <Iy +P «>tlz 

)- dxdt/dz 


dw dw dw 

+r“7G +r «d :l + l ‘°d-.\ 

/ 


| ("/h* i '7i u'lhJl J 

J I Jin ,1 -mu fc fu aS! 
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energy in other or physical modes within the. surface as resulting from th 
mechanical action on the .surface. 


29. In a purely-mechanical-medium (ineluding everything that hr 
position in space and possessing no physical properties other than are nuptirc 
by the linns of motion) the kinutie-onergy must indude all the energy in th 
space over which the integration extends, hence as applic.nl to such nuuliui 
the second term on the left of equation (IhS) must be zero, however large < 
small the space over which the integration extends. Whence puttin 
2A,’;~ p(u" | <;’"••}" w*) and transforming equation (ihS) hy etpiation (15), tl: 
equation of energy for a fixed space becomes 


■ j j | ( ttpts I I'J -I- /«/»« I 11 s ) I 

I •(///>„.,■ 1 '7V;/ I "W I »M) Ht-+ {»!>.X I 'VV//-I- «7 J -v I ii’14)ii 1 (IS ... (-Hi)). 

Whence since l.liis Imlils whatsoever may l>c l.lic size of Mm space c.i 
rinsed, we have fur tlm rate of change of I,lie densil.y of energy al, a poii 
hy differentiating Mie left, member of eipiiiMon (d!)) with respect, l.u 1,1 
limits 


v 


dti 

dt 


8,S’ 


die 

dt 


d,i 


( "l‘x.r I '7'j-i/ I "’/V.d 


d («/V I '7Vi/ l ‘"7V> ( /(("/>« d '7VI-«7'. 


<l(n/'J) d(vti) 
d.v dy 


d ( iid'J > 
«/j ‘ 


.(-1.0). 


30. In order t.o simplify Urn expressions TV may ho put. for Mm rat,o 
which density of the energy, in whatsoever mode, is produced hy 1,1 
mechanical action al, any lixed point in space, and N iC , N lh ,A' Z for tl 
densities of the energies which have Imeii produced hy 1,1m. components 
tlm direct ions in which ./•, //, ; are measured respectively, hu that, 



N 

■ A'x 1 

-v, t .V, 



| 


Then 

•IN, 

dt 

! <’ 
[d.c 

(I'P-rr) ! 

f/ 

1 

v <i , ' 

'/M’l h { ll 'Pit)\ 

■ , foe,, &(%] 

..(41), 

and 

dN 

d A', 

<//V„ 

dN, 




dt 

dt 

* ,« ' 

dt 




v i' /lV 

S.sj 






K..(42 


1 f/'n; 1 

1 //'//,.. 1/•!•(»/V 

I- vp mt i iep^)m \'{ap;x. 1 *7 hu+ w P#)n 1 ^ /S j 



Whence suhstibitfimr in eimnlion (+0) it, hcconms 
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which may be obtained from (1) and (2) together with the condition 
is continuous—and is the equation for the density of energy—in t 
general symbols expressing the densities of the distinct actions of con 
and convection at a point. 


31. The condition of a purely-iuechanical-inedium . 

Equations (40) and (43) are the equations of continuity of enei 
purely-mechanical-medium in which the relation between the stres 
strains is continuously, that the second term in the left member of e 
(38) is everywhere and continuously zero. Transposing the expressio: 
the integral in the second term in the left member of equation (38) t 
and equating to zero we have 



Then, for convenience, expressing equation (44) as dR/dt — 0, e 
(44) defines the action in the medium as being purely kinematieal. 

From the definition of p . xx , &c., &c. as components of intensity oi 
of momentum it follows geometrically that the value of the ox] 
which forms the left member of equation (44) is independent of the d: 
in which the axes are taken. Hence, if i> j, k, arc measured in the dii 
of the principal axes either of the rates of distortion or of the stres: 
point p and u } v, w are the components of the velocity in these dir 
respectively, transforming to these axes we have by equation (44) 
either;— 

4* ( ^j “ or pjk — T &e., &e.. 

(tjc U>j 

da dv dw 

•'“d, + ®5 + !, “ 4“ 0 . 


From these three conditions it appears that no energy is transfer 
distorting the medium. And we have as the three possible conditio 
purely-mechanieal-mcdium 


pu = Pjj = pkk = d 5 which is the condition of empty space 

1 du dv dw _ i 

Ihi — pjj ~lhk J and J + -g- -I- ^ = 0 ; perfect fluid. 


du dv dw div dv du dw dv dti 

+ dj + 4 = 0: ° r ddj + dz = dz + dx = dx + dy = °’ l ,crfccb n « 
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Kinetic energy has direction at every point, although not a vcctoi 
tin* (‘.([nations obtainud by multiplying equations (33), respectively, by <u 
are, respectively, tho ('([nations of energy in the directions of ai, y, z. 

For an element in a (dosed surface within tho mass 


! f u 11 /(P'O dxdydz - I'll (/)„ hi + ?v IH 'I- Pt* dxdyd. 


du 


du 


du* 


dy 1 r ™dz 


' dy ( - V:irl ' ) !L { ‘ lh *" ) } <liV{l U dz — < 4 


foe. 

In these (‘([nations tho members on the right represent work, r 
directions ,r, ?/, z } respectively, doin' on tin 1 surface within which 1.1 
tegration (extends. And as these efforts are all in the direction of 
or z y respectively, tiny involves no change from one dirt'etion to anol 


I > 11 1, the second terms on file left of ea.cll of the equations rep! 
production of energy in the directions ./•, //, z respectively, at l.hc* ex 
of I.ht' energy in 11 u* other directions. 


it is thus shown by condition (-14) which is that tho sum of 
terms, from tin? three equations, is zero (.had., putting It,, &e., &e. f< 
(hmsil.ies of tlu‘ rates of angular dispersions at a point, from tho direi 
,r, //, : respect!vely, flies* 1 are 


dll, 

dt, 


{ du 


?»jw 


du- 

dll 



A.C., Ac.. 


It is to hi* noticed that in a medium such that n t v, redo not re. pi 
thi' veh)citi(*s of points in mass, It, doi's not represent angular dispi 
only, unless etpiafions (•!•!•) are satislied; and if not so satislii'd dll x jdf. 1 
represent the work done against the apparently physical actions i 
medium, as well as the angular dispersion. 


The analytical separation of this action is obtained by transform in 
general equation, which becomes 


till 

dt 


1 


/ ,du dr 

dw 

,, ( /».r>■ 1 /».,./ 

1 l>,- 


dt 

I | (du 

ill- ' 

fii a 

du<\ j 

■2 i 1 '"' vhj 


1 ^ U ■ 

,lx)' 
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/du dr 

dw\ 

f pxt 1 Pint 
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V 11 

th ) 



/>.«• I p.,« i p.v\ d// 
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jl'J 
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dr\ 
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From the member on the right of equation (47) it at o 
that the two first terms express angular dispersion only, while 
two terms express distortional motions only, which, by the cot: 
are zero. 


33. The continuity of the position of energy . 

Kinetic energy has position; and hence, putting x y y } z f< 
at which the density of energy is E , by equation (1) 

S [2 \ExSS}] = S [X \c(Ex) &S}] + S [2 \ p {Ex) SS}], &c, &- 

in which x, y, z are not functions of time. And if x , y, z are 
centre of energy, u t w for the component velocities of the s 
equations (12) to (1G), Art. 14, we have at any instant, 

tc2 {ESS} = 2 [Ex&S\, &c, &c. 

whence, differentiating with respect to time, 


J 2(jESS) {ESS}] + ~ [2 [ExSS}l &e., &c. 


Then, by equation (15), these equations become 

_ v r(tZi? dEu dEv dEw) to l. 
di 2 ^ ~ * 2 L| dt + ~dx + ~dy + ~dT) SS j 

-Tf dE d(Exu) d (Exo) d (Banff)] ,, 

+2 r dt + -dr- + ^r + 

=s fc - *> + *m ++hB 

( \dt dx dy dz / 

+ 2 (EuBS\ &c„ &c. 

Whence, for a fixed surface, since u = v = w = 0, 

* *!<*-*>£«} . . 

dt ~ 2 (MS) 9 &c * 5 &c . 

For a surface moving everywhere with the mass so tha 
equation (51) becomes 

cB 2{(* - x) d dt ( V E) SZ?} + 2&c. ( &c. 


&C . 3 &C. 


ir2((i’ a: )&s , n = 2bi('.E , i ss\ + ^(EuSS\ 
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34. discontinuity in the medium. 

It is to be noticed that this expressions in equations (37) to (oi 
adapted to the eases in whioh the medium is continuous, so that f< 
complete expression of this actions where this medium is continuous v 
closed surfaces, only, it is necessary to express the (‘.oik lit,ions at the. hou 
surfaces hy using the expressions in equations (37). 

These complete expressions might very properly he introduced a 
stage. Hut as the necessity for the definite use of these does not 
until a much later stage in this research, and ’then arises in a com para- 
simple ease which has already been much studied in some, of its as 
it is convenient to proceed as if the medium were, continuous unti 
stage is reached. See equation (132), Section [X. 



SECTION IV. 


THE EQUATIONS OF CONTINUITY FOE COMPON 
SYSTEMS OF MOTION. 

35. Component systems may he distinguished by definition c 
ponent velocities or their density. 

By a component system of motion distinguished by veloc 
understood a system of motion, howsoever defined, in which tin 
any point is not necessarily the velocity of the mass at that poi 
direction or magnitude. 

Taking, as before, w, v, w, to express the components of 
velocities of the mass at the point x , y y z and time t y and p for 
of the mass, and u" 3 v", w" as expressing the components, with rc 
same axes, of the velocity of a component system, there exist at 
the residual components 

%' =u — u ", v' = v — v ", w' = w — id" . 

The sums of these components u" H- u\ &c. satisfy the eqi 
Section III., and the following equation, for the resultant system, 
of these systems is subject to any definition, actual or cond 
equation for the resultant system becomes the equation for t 
system. 

It is a very general method in mechanical analysis to separate 
of the mass at each point into two component systems, wheneve 
tions are such that the independence of these systems is obvio 
instaucc, the motion of the mass at each point at any instant is 
as consisting of the motion of the centre of gravity of the wh 
the instant together with another component system which is tin 
the point relative to the motion of the centre of gravity. But sue 
have hitherto been considered as depending on special theorems, 
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It appears, however, that) the manner in which the rates of incre 
the momentum and kinetic energy of the one component system dept 
convection by and transformations from the other may be subjeel 
general analytical expression, even when the definition is arbitrary am 
conditional. 


This is accomplished by equating the expressions for the raters of in 
of &o. at a point moving with the', mass to arbitrary functions ' 
multiplied by p, express the rate's at which density of momentum is 
formed from the system pn! into the system pu" and represent the mil) 
of production of momentum in that; system, so that the*. e<[nations of 1 
of either of the component systems may them be obtained from eipi 
(I) and (2) or (10) and (I I) Section IT. Thcj eepiatious so obtaine 
differ in form from the eepiatious of the resultant systi'm in live parfioi 

(I) The eepiatious for the component system will differ from that 
resultant system from the fact that v'\ v\ w*’ do not represent the 
cause's of convection, wlue’h are'. n t v, 'W: so t hat the rate of .increase e>f 
convection is not 


d 


dx 


(uQ) 




but 


\thtQ dvQ ilinQ) , 
| dx di/ th j 


or 


d 


d 


l ,AM), . ( 


(l 

dl'™' . Alt' 

where 1 the pre-suflix c" indicates convections by u" and v* indicates th 
vec.tions by it? t inwards across the* bounding surfaeu*. of the element. 


(2) A difference in the form of the. equations also results from tl 
that pu"pn*" are» not tin* only mode's in which deusitii's of mono 
in the. directions x t y, z exist at a point in the', medium. r rin* rates of in 
of density in the modes pi" f &r. by conduction, into the sternly elrni 
space*, dxdydz are* not the only increases either than by convection ; since 
are the further possibilities of exchanges of densities of momentum be 
the mode's pit", ami pu\ &c\ exist ing at flic same* point in the same* mai- 


Tluit such abstract exchanges, without mechanical action, must 
from the definition by which the component systems are disfinguishee 
once seen, for to this definition u'\ v \ w" are subject at each point am 
instant. And therefore' the rates of increase of a", v \ a", the dcfiuef 
ponenfs of acceleration of the moving mass, expressed by 


dii 


du" du " 


&U. &(5. 


du" 

(It + M «/,• 

are subject to arbitrary definition independent of the actual aecelerut: 
the mass. And 
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jp n 

Taking y, . &c -> &c - 

as arbitrary expressions for these defined rates of increase ar 
by p we have as the equations of continuity for the components 
pu", &c., &c. by equation (28) Section III. 

. 

and again by the equations for the resultant system 

— (pu"-f pu f ) = ^( c pu"fi- &c... 

Subtracting equation (58) we have for the other system 

. 

It thus iippears that 

P J t ( P u")> &c -> & c -> 

express rates of transformation of density of momentum from 
system pu'to the system pu\ &c. 3 &c., consequent on the geometi 
by which u"> v", w" are defined. 

The arbitrary rates of increase of density of momentum 1 
these transformations may be considered as variations either i 
system of stresses or an arbitrary system of convections to be 
the actual definition. 

(3) The equations of the component systems differ fro 
resultant system on account of the expression for the tra 
energy to and from each of the component systems in conse 
definition to which they are subjected. The densities of each 
of transformation of energy are by equation (28), putting 
respectively, the sums of the products of the densities of t 
ratios of transformation of momentum to the particular comf 
(d p pu /, jdt ) &c.) respectively multiplied by the component veloc 
the same system. 
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From these equations it will be seen, at once, that the sum of the 
formations to the two component systems is not necessarily zero or tlx 
transformation is not wholly between E" and E', 

(4) The equations of energy for the component systems differ in 
from that of the resultant system in consequence of the fact that the s 
the densities of the energies of the component systems, at a point, : 
equal to the density of energy of the resultant system at that ; 
or that: 

^p(u 2 -\-v~ + w 2 ) > 

= [u” 2 + v" 2 + w" 2 + E 2 + v' 2 + w' 2 + 2 (VV + v"v + w"w)) -.(( 

whence p (E — E" — E') = p (yl'v! + v"v -F w"w') > 

Whence it appears that the transformation of energy is not s 
between the systems E n and E\ but also between each of these an 
system (w'V + &c.); so that besides the equations of energy of the comp 
systems there is the equation of energy of the residual system 
considered. 

The density of the rate of transformation to the residual system 
definition equal in value and opposite in sign to the sum of the ra 
transformation to the energies of the component systems 



Another expression for the transformation to the residual sysfo 
obtained by multiplying each of the rates of transformation of comp 
of momentum to the component system, by the corresponding compon 
velocity of the other system and adding, as in equations (28). 

The density of the rate of production into residual energy nx 
obtained in the same way by equation (28); then by equations (10) we < 
expressions for 

and £,(,'«")■ 

(5) In the equation of motion for the resultant system of mofcior 
purely-mechanical-medium, d (, R)/dt , the density of the rate at which e 
is produced in other modes than E } is defined as zero; and henc 
expression for this production disappears from the equation of energ; 
does not however follow as a geometrical consequence that the expve 
for d(R’)/dt and d(R — R')!dt 3 obtained from the equations of moment! 
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values may be, they are pure abstractions resulting from the dei 
the systems of motion, and are therefore transferences of such en 
the one system to the other. Therefore while it is necessary 
these expressions in the equations of energy for the three syste 
convenient to indicate that they express a transference by a pre-si 
cl ( T R')jdt. 

36. Component systems distinguished by distribution of mass . 

Taking, as before, p for the density of the mass at xyzt ai 
any defined density of mass at the same point, there exists the 
mass 

P=P-p" . 

The sum p" -f p satisfies equations (33) Section III. for the 
system, also equations (58) and (60), Section IV., for the componenl 
distinguished by the distribution of velocity, and if p f is subjects 
definition, actual or conditional, the equation for the resultant densil 
the equation for residual density of mass. 

The equations so obtained will differ in form from the equatioi 
resultant mass in one particular. 

The fact that the integrals of p " and p do not, either of them, 
themselves, represent the only mass included in the space over v 
integrals extend, entails a difference in the form of the equations f 
of the resultant system. 

The rate of increase by convection of p n is not necessarily the 
of increase, since there are possibilities of exchanges between the 
p and p" at the same point. 

That such exchanges must result from the definition is at once 
dp"/dt is subject to these exchanges at each point at each instant, ai 
fore the defined rate of increase of the component density p " at 
moving with the mass is subject to arbitrary definition independei 
rate of increase of the actual density. 

Taking as in equations (24 A) Section III. 

d T p"^dp" j dp"u | dp"v dp"w 
clt dt dx dy ^ dz 

as the arbitrary expression for this defined rate of increase, we ' 
equation of continuity for the component density 

dn" d (r! f \ 
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And by the equation for the resultant system 


rfQ/' + pQ d t (p" + p') ^ 

dt dt 


dp' d c p' _ d T p° 

dt dt dt 


,( 0 £ 


Then, since by equation (24), d p ( pu)/dt = pd v n\dt , substituting in equa 
(32), the equation at a point for the resultant system is 


du 


du . du . die __ d p u 


dt 




dz dt 
// 


( 6 ( 


dx dy 

Then multiplying by p” and adding u ~— u to the left men 

and the equivalent ud p p f /dt to the right member, we have for the equa 
of momentum of the defined density: 


dp'u d c (p"u) ,, d p u ( d p p ) 
~Tt - dt - p ~ +u 


dt 

_ dp (p u) 

dt 


dt 




and in precisely the same manner 


dpu d c pu __ , d p (u) __ ^ 


dt 


dt 


dt 


dt 


_ d p (pu) 
dt 


•( 6 * 


37. Component systems of motion distinguished by density and velocity 
Again substituting u" and u successively for u in equations (67) and 


we have the four 

equations 



dp"u" 

d c (p"u) 

_d p ( P "u") 

f f drpU 

..." dcp" _ 

dt 

dt 

dt 

^ dt 

dt 

dp’u" 

d c (p'u") 

. d v (pn") 

f drpU ( 

„d d p" 

dt 

dt 

dt 

~ P dt 

U dt 

dp"u' 

dt 

d e (p'u') 

dt 

1! 

ft d'pU 

~ P dt 

dt 

dp'u! 

dt 

d c (pu') 
dt 

II 

f drpU 

P dt 

. u > dcP 
+ “ dt 


} .(fl£ 


together with corresponding equations for v", w", vw’. 

Adding the last three of equations (69) together, it appears that 
d(ou — oV) dr. (ou— o f/ u") d n (pu — p'u")\ 
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whence putting M x " for p ,r vl\ Mf for pu — p"u” } &c., &c., we have 

dMf d c Mf _ dpMJ' __ „d : /ur „ d T p" \ 
dt dt dt ^ dt U dt 

dM x d e M x _ dpM% _ jp n cLrpU n d^p 

dt dt dt x ^ dt U dt j 

It is to be noticed, however, that these last equations might be o 
by the simple definition of (pu) f '> so that they do not express ail the de 
which results from the separate definition of p'\ u". The import; 
this appears at once on proceeding to derive the corresponding eq 
of energy by multiplying the equations respectively by u" and u, ant 
forming, which process since u", v" have defined values, gives 
results, whereas the mere definition of the product (pu) f/ which lea 
definition of either factor incomplete would not admit of such derivat 


38. Distribution of momentum in a component system. 

The condition imposed by the laws of motion, as the result of exp 
of physical actions,—that action and reaction are equal and opposi 
that the exchanges of momentum take place in the direction 
momentum exchanged,—will not of necessity be fulfilled by an arb 
defined component system. But should this not be so within all £ 
spaces and times, the effects of one component system on the other v 
accord with any physical action; so that for purposes of aualysis the : 
expression for this condition in a component system is of the fu 
portance. 


It has already been shown that the first of the conditions requir 
the integral rate of increase in each component of momentum, in a re 
system, shall be a surface integral, however small may be the limits (Seek 
Art. 24). The same holds for a component system within defined lim 
that we must have, within such limits, 


UMx " )] + ^ t ( 1 ’ M *')}dxdydzdt 


= ////(w +d tj + %*) d ^y dzdt > &<>.. •••< 
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wliir.h is the general condition to be satisfied by the component system / 
if the analysis is confined to physical properties. 

[f this condition is satisfied by the. syste.m p"u \ &o, it follows that J 
is satislied in tin* resultant system the. .sumo condition will be satisfied 
residual system pa — p ,, u , \ 


39. The eomponent (ujuatiow s* of energy of the component sysi 
dislinynishetl htj density aml velocity . 

Multiplying the first of equations (()!)) by v n and translonn 
equations (2S a), Section II L, and pul ting for //' (V')"/^ wc 


xlKpK*) 'WK") „» » d r"'' , n"*<tvp'' w 

ill <ft <ft (ft ' h 2 (ft + l " 

Also multiplying t.lu* third of equations ((lb) by n and trans¬ 
forming f 2tt a) we have 

dp” fix d c ((/* h \ F ) d v ( f> A/, r ) 

eft ~ f// <ft 


f rhen multiplying flu* first by a and the third by n" and 
adding, &e. 

ft(/'A) ft,(/*"A) ft,, (//'AV) drl/'F . 


'A',,) ft,, </>"A>) . ( ItI> " « M « l> t ,|. 

£ rft (ft p 


Again, multiplying t he second by //", itc. 

dp Kx dA(fttJ ) d v C//AV') „ f d r u‘* n"* d r p . 

- ’ M [) j i” . \ i. ‘r we. 


(ft 2 (ft 


Multiplying the fourth by //', &c. 
(If/JC X d t < {p fij) d Jt (p fix) 
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The first of these equations is the equation ol the etu 


p", «"• 


Then adding together the several eorrespondmg ten 
equations following the first, we have 


(l{pli — p'H") d,\pIC~ P h ).... d v (/d'j — l> h 

(It ~ (It ~ dt. 


for the energy of the system ol; momentum pit — p u 




40. Generality of the equations fur the component ni/stt 


As the actions which are respectively expressed by the sen 


equations (68) to (72) (remembering ^ ' T ' 


distinct, these equations are perfectly general and may hi 
analysis of any resultant system of motion existing in a pu 
medium, into any two component systems which an*. t/cometri< 
able. 


The motions in the two systems are not necessarily hide; 
effects of the one on the other are generally expressed i 
Thus it may be that neither of the component systems i 
system, since one system may he subject to displacement t 
and may receive energy from the other system, although tl 
a purcly-meclnuiical-medium. Anil it thus appears that 
a non-conservative system of motion in a purely-meelmme 
is to say, it appears that, so far as one abstract system of mol 
a purely-inechanical-medium may be possessed of physii 
consequence of the simultaneous existence, of another sy 
Thus where the only motion apparent to our senses is that 
system, (the other component system being latent,) alth 
in a purcly-mcchauical-mcdium, the apparent system will 
follow the laws of a conservative system, hut is express 
involving terms expressing the effects of the latent system 
system, which apparent effects depend on certain physical 
medium. Such apparent physical properties however re 
explanation when the complete motion of if, is known’ 
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41. Further extension of the system of analysis. 

So far the complete expression of the. equations of motion has 
confined to the ease of (.wo component systems of motion. Hut, by a pree 
similar method either of l,ho two component systems of motion nm 
further definitions bo again abstracted into two or moro component sys 
of mol.ion which in virtue ol I,hi* definition are geometrically (listing'llis] 
from each other and from the remaining component system. 

If instead of taking u \ u\" to express t.lu* defined components o 

motion alter the abstraction of tin* residual motion, wo take 

it" I u”* I frc., e" f v‘” p frc., w" -}• «/" + fro. 

and for C Q put { . Q | < (J b, b &t\, for r !\F put ,,/!/" | V M"' I- fro M and 
for flu* otlu*r functions, expressions an* obtained for the equations of as 1 
component systems of motion as are distinguishable, by definition. 
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The first of these equations is the equation of the component £ 

p", u". 

Then adding together the several corresponding terms of th 
equations following the first, we have 


d(pE — p"E") _ d c {pE — p'E") = d p (pE - p"E") 
dt dt dt 


for the energy of the system of momentum pu - p"u‘" 


d p (pE— p"E ") 
dt 


= uF% + vFy + wF z — 


d T (p"E") 

dt 


40. Generality of the equations for the component systems. 

As the actions which are respectively expressed by the several terms 

equations (68) to (72) (remembering are niecha 

distinct, these equations are perfectly general and may be applied 
analysis of any resultant system of motion existing in a purely-mecb 
medium, into any two component systems which are geometrically distil 
able. 

The motions in the two systems are not necessarily independent l 
effects of the one on the other are generally expressed in the eqi 
Thus it may be that neither of the component systems is a conse 
system, since one system may be subject to displacement of momen 
and may receive energy from the other system, although they both c 
a purely-mechanical-medium. And it thus appears that there ma 
a non-conservative system of motion in a purely-mechanical-mediur 
is to say, it appears that, so far as one abstract system of motion is cor 
a purely-mechanical-medium may be possessed of physical propel 
consequence of the simultaneous existence of another system of 
Thus where the only motion apparent to our senses is that of a con 
system, (the other component system being latent,) although this 
in a purely-mechanical-medium, the apparent system will not of n 
follow the laws of a conservative system, but is expressed by eq 
involving terms expressing the effects of the latent system on the a 
system, which apparent effects depend on certain physical properties 
medium. Such apparent physical properties however receive met 
explanation when the complete motion of it is known; or, on th 
hand, the experimental determination of these properties may s 
define the latent component motion so as to account, in the equation 
recognised system, for the terms exnressing its effect: as for insta 
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41. Further erte.mitm of the st/rtem of anali/nia. 

So fur tho. complete expression of the. equations of motion has 
confined to tho oaso of two component systems of motion, But by a pve< 
similar method either of tho two component systems of motion mi 
further ilciinitiouK be again abstracted into two or more, component syi 
of motion which in virtue of the definition art' geometrically distinguis 
from each othi'r and from the remaining component system. 

If instead of taking u\ v\ w” to express the defined components i 
motion after the abstraction of the residual motion, we take 

m" I - n M l &c\. /■" V v'“ + &(•., ■«»" + w m + he, 

and for put C Q h 4’ r Q. *f for r h1* put l ,M ,t -I* v hJ tu 4- &e M and 
for the other functions, expressions are obtained for the. equations of as 
component systems of motion us are distinguishable by definition. 


SECTION V. 


THE MEAN AND RELATIVE MOTIONS OF A MEDIUM 

42. Kinematiccd definition of mean motion and relative motion . 

By the mean motion of the medium is here understood an at 
component system of motion of which the mass and the components 
velocity respectively satisfy certain conditions as to distribution;— 

(1) The condition of continuous velocity, that the mean com}: 
velocities are continuous functions of x 3 y } z and t, however disconti 
the mass may be, Art. 12. 

(2) The condition of being mean velocities, that the qua< 
integrals, with respect to the four variables, of the respective densil 
the mean-components of the momentum (the components of the 
velocity multiplied by the density of the mass at each point) takei 
spaces and times, the measures of which exceed certain defined limits 
be the same as the corresponding integrals of respective components 
density of the resultant momentum. 

(3) The condition of momentum in space and time of the comp( 
of momentum of mean-velocities, that the integrals of the moment 
the mean velocities taken over the same limits as in (2) shall be respec 
the same as in the resultant system. 

(4) The condition of relative energy, that the quadruple int 
with respect to the four variables, taken over limits, of the products 
differences of the respective components of the actual, or resultant, and 
velocities, each multiplied by the density of the corresponding compc 
of momentum of mean velocities, as defined in (2) shall be zero. 
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(5) The condition of the momentum of relative-velocity, th 
mean densities of the components of momentum of relative velocity ai 

(6) The condition of distribution in space and time of the mom 
of relative velocity, that, taken over the same limits as the mean v< 
the means of the products of the respective components of the mom 
of the relative velocities multiplied by any one of the measures 
variables are all zero. 

The further condition that must be satisfied by the velocity lei 
abstracting the mean motion in order that this may be relative-veloi 

(7) The condition of position of energy of mean and relative vel 
that the mean values of the products of relative energies, as defined 
multiplied by measures of any one of the variables, shall be zero, or tl 
mean position of the energies of the mean-velocity, together with the 
of relative-velocity, shall be the mean position in time and space of 
of the resultant system. 

By the mean density of mass is here understood an abstract sys 
mass which satisfies certain conditions as to distribution. 

(8) The condition of continuous density, that the mean densii 
continuous function of the variables. 

(9) The condition of mean density, that the quadruple integra 
respect to the four variables of the mean-density taken over sj>ac 
times which exceed certain defined limits shall be the same as the 
sponding integrals of the actual density. 

(10) The condition of distribution of mean-density, that mean p 
in time and space of the mean-mass shall be the same as the mean p 
of the resultant mass. 

By the relative density of the medium is here understood the < 
(positive or negative) which remains in the medium after]the mean-< 
has been abstracted, when this residual density satisfies certain con 
besides those entailed by the abstraction of the mean-density. 

The conditions entailed by the abstraction of the relative densii 

(11) The condition of relative density, that the mean of the i 
density is zero. 
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(IS) The condition of momentum of relative mass, that the p 
of the components of mean velocity multiplied by the relative dei 
mass have no mean values over the defined limits. 

(14) The condition of distribution of momentum of relative 
that the products of the components of mean velocity multiplied 
relative density of mass and again by the measure of any one of the vs 
have no mean values over the defined limits. 

(15) The condition of energy of relative mass, that the prod 
the squares of the components of mean velocity multiplied by the ] 
density have no mean values when taken over limits. 

(16) The condition of position of energy of relative mass, tl 
products of the squares of the components of mean velocity multiplied 
relative density and again by the measure of any one of the variabl 
no mean values. 

By the mean motion of the medium is here understood the pro 
the mean-velocity multiplied by the mean density, which is also the 
of the mean momentum. And by the relative motion of the mec 
understood the density of the resultant momentum less the me* 
mentum. 

In the same way by the density of energy of mean-motion is und 
the product of the square of mean-velocity multiplied by the mean- 
of mass; and by the density of energy of relative motion is understc 
density of energy of resultant motion less the density of energy of 
motion. 

43. The independence of the mean and relative motions. 

It will be observed, that according to the foregoing definitions, 
resultant system which consists of component systems of mean- and r< 
motion, satisfying all the conditions, all the motion which has any 
the mean momentum or in the mean-moments of momentum is, by i 
tion, separated from the relative-motion in such a manner that the 
of each component system is subject to the laws of motion. Acth 
reaction being equal and opposite and the exchanges of momentum 
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44. Component systems of mean- and relative-motion are not a 
metrical necessity of resultant motion. A very general process in Mechai 
Analysis is to consider motion in a mechanical system for a definite inte 
of time as consisting, at each point of space at any instant of time, of c 
ponent velocities which are the mean-component velocities of the whole i 
over the whole time, together with components which are the differe 
between the actual components at the point and instant, and the in 
components. These systems respectively satisfy the conditions as to 
tinuous and mean-velocity (1) and (2). Also the condition of relative-velc 
(5), and that of relative-energy (4), but they do not satisfy the conditior 
to distribution of mean-momentum or any of the other conditions; and h 
are not mean and relative, except for particular classes of motion, in 
sense in which these terms have been defined. 

Such component systems of constant mean-motion in a defined space 
time are a geometrical necessity in any resultant system. And, altlu 
I am not aware that it has been previously noticed, it appears that 
sidering the number of geometrical conditions to be satisfied by the inomou 
of mean-velocity and of relative-velocity ((1), (2), (3), and as a consoqu 
(5) and (6)), and the opportunities of satisfying them, the latter are suffi< 
for the former; so that every resultant system of motion existing in a del 
space and time consists of two component systems which satisfy the 
ditions (1), (2), (3), (4), (5) and (6), although they do not, as a gooinot 
necessity, satisfy all the further conditions required for mean and reh 
motion as here defined. 

45. Theorem A. 

Every resultant system of motion consists of a component system of ? 
motion which satisfies all the conditions of mean-velocity (1, 2, ’}), ana 
condition of relative energy (4), but not , of necessity, that of position ofrel 
energy (7); together with another system which satisfies the condition 
relative velocity (5) and (0), but not of necessity (7), the condition of ddsh 
tion of relative energy. 

Taking the mean-velocity at a point x, y , z at the time t within 
defined limits, to be expressed by 

u" = A--h(x-x) A x + (y - y) A y + (z~z)A z + (t - 1 ) A t , &c., &c.... (7*3 

where the barred symbols refer to the mean-position of the mass within 
limits, whether time or space, thus 
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(1), (2), (5); that 



p (u — u") dxdydzdt = 0, 

xp (u — u") dydxdzdt = 0, &c., &c., &c. 

p (u - u") u" dxdydzdt = 0. 


The last of these conditions will be identically satisfied if 
satisfied. Hence there are only five conditions to be satisfied 
expression for u" there are five arbitrary constants, which are < 
putting 

A JH$(pu) dxdydzdt 

IJJKp) dxdydzdt . 

then integrating the four equations of position and obtaining 
A#, A y , A 2 , A t by elimination from the resulting equations, 
must be real since the A X) &c. enter into the equations in th 
only. The same reasoning applies to the component velocities 
that the first part of the theorem is proved. 

To prove the second part all that is necessary is to observe 
dition (7) requires that 


\xp (u — v!’) u” dxdydzdt -■ 


when it is at once seen that this condition is not satisfied as 
consequence of the definition of u", since the terms involve p] 
variables x(y — y) pA yi &c. } which do not necessarily vanish oi 
so that the second part of the theorem is proved. 


46. Theorem B. 

In a similar manner it appears that every resultant sj 
consists of a component-system of mean-mass which satisfies all 
(8), (9) of mean density , and the conditions of relative density (11 
of relative density (12), also the condition of momentum of relax 
but does not satisfy , of necessity , the condition of distribution 
of relative-mass , or of mean-mass (10), (14), nor the condition 
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the mean position in time and space, not of the mass, but of the tin 
space between limits. Since the mean value of p" between limits is n 
mean value at the centre of gravity or epoch, the conditions to be sa 
are: 


(8), (9), (11) 
JJJJp dxdydzdt 


jJJJdxdydzdt 

( 10 ), ( 12 ) 


= £> + («!- x)D x +(y 1 — y)D y + (z } - i)D 3 + (i, - t)D t 


r r r r 

x(p — p') dxdydzdt = 0, &c., &c., &c. 

J J J J 




which five conditions determine D, D X) D v , D z and D t whatever n 
the distribution of mass, so that putting p — p — p" the condition 
and (12), 


fjjjp' dxdydz -- 0 

JJJ = ^ }c ' t ^ c, | 


are satisfied. 


Again, since the constants A and D in the equations (77 and 83' 
and p" are respectively the values of v!\ p" } at the mean position c 
respectively, and the constants A X} &c. and D x , &c., are the diffe 
coefficients of n" and p \ respectively, the equations may be written 

u" = u N 4 u\ &c., &c.| 
p" — p" + p\ &c., &c.J 


Then multiplying the corresponding members, 


pu = p V' + p V' + pu\ &c., &c .i 

whence it appears, since the integrals of the last three terms on thi 
are by definition of necessity zero, that 


IIII P' u, d x dydzdt = JJJj pu"dxdyd, 


<zdt 


so that condition (13) is of necessity satisfied, which concludes the p 
the first part of the theorem. 


To prove the second part. Multiplying the equation respective! 
&c., then, since the integrals of xpu\ &c. are zero while those of x^p't 
of necessity zero, and the expression of xpu , &c. includes the 
,dn" 


xy 


dx 


, &c., it appears that the product p"u r/ does not of necessity 


the condition of position of mean-momentum for every distribution o: 
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It has thus been proved that in order that a resultant-sys 
may satisfy the condition of consisting of a component sys 
momentum which is a linear function of any one or more o 
together with a component-system of relative-motion which is 
conditions (1) to (15), the relative motion and the relative-ma 
ever may be the mechanical cause, be subject to certa: 
restrictions relative to the dimensions of the limits over wl 
motion is taken. With a view to studying the mechanical 
which cause such restrictions, where they are shown to exist b; 
of systems of mean and relative motion, it becomes important 
as far as possible, the geometry of these restrictions. 


47. General conditions to be satisfied by relative-velocito 


density. 

The general condition to he satisfied by relative-veloc 
addition to the conditions which follow from the definition of 
the integrals of the products of the density of relative com 
pu"u\ multiplied by the measure of any variable, are zero, or 


jjjj x P u " u 'd x dydzdt== 0, &c., &c., &c. 


Hence as u" is a linear function of the variables these coj 
satisfied if pid , multiplied by any variable, and again by the 
power of this variable, all vanish on integration with resp 
variables, so that the general condition is at once seen to be tl 
components of momentum of relative velocity, integrated 
with respect to any two independent variables independent 
in which u" varies, must have no mean value; and in the s* 
w'\ since v ", w" are not necessarily functions of the same o 
order to generally satisfy the conditions pi( , pv', pw musl 
integrated with respect to any two variables. 

Again when the previous condition of relative velocity 
appears that the general condition of position of mean-momei 


j§ 


it u 

xp U 


dxdydzdt = jjjjxpudocdydzdt, &c., & 


requires that the products x*p' } &c. shall vanish when intej 
limits with respect to all four variables. Whence we have fc 
of relative mass—that the integrals of p taken between limi 
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and since u" is a linear function of the variables 


(pu — p'V')u" = p'u A * + /mV'.(9< 

whence the integrals of both the terms on the right vanish by the pre^ 
conditions. 

And further, the conditions 

/ fIf X ^ U ”” ~ ^ z?c *> ^ C ‘ J . 

are satisfied; for by taking u" constant in equation (77), by the definiti 
u" we have one relation between four independent variables, so that i 
are three independent variables with respect to which %*' is constant, 
in exactly the same way there are three independent variables with re: 
to which p" is constant. Therefore w" 2 and p' arc each functions oi 
independent variable only. Plence in the expressions 

tf?pV ' 2 + ocpiiu”, &c., &c., 

since v", w" are not functions of the same variable as m", p'x , &c. must v 
when integrated with respect to any two variables, or n'\ v\ mu 
constant. The factors of p and pu' are each functions of two indepci 
variables only, and hence these terms vanish on integration between 1 
with respect to all four variables by the previous conditions of relative de 
and relative velocity. 

Whence it appears that the general conditions, besides those which f 
from the definitions of mean velocity and mean density, that miu 
satisfied by the momentum of relative motion and by relative dcnsit; 
that these must have no mean values when integrated between limits 
respect to any two independent variables independent of the variable 
respect to which u” varies, &c. And it is only resultant systems in > 
these conditions are satisfied that strictly consist of dynamical systoi 
mean- and relative-motion. 

That these conditions can be strictly satisfied by any system within 
limits seems to be impossible; as for thus it would require that, in a f 
mechanical medium, there should be, in the same space and time, two tr 
moving in opposite directions, such that at each point the density <: 
momentum of the one was equal and opposite that of the other. It is 
ever possible to conceive masses with equal and opposite momenta a 
finite distance from each other, and in such cases the conditions may be 
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48. Continuous states of mean - and relative-motion. 

The abstract systems of relative velocity and relative density as c 
in the previous article must, as a geometrical necessity, be of an alter 
character in respect of some of the variables, such that the respective 
of the positive and negative masses of relative densities, and the p 
and negative momentum of relative velocity, taken over the limits as 
two variables, balance. And as a consequence the distribution o 
relative-masses and relative-velocities, whether regularly periodic, as 
case of waves of light or sound, or such as the so-called motions of ag 
among the molecules of a gas, involves a geometrical scale of distri 
defined by the dimensions of the variables over which the alten 
balance. 

Such scales of relative-density and velocity, clearly, define the i 
limits of the spaces and times over which the resultant system can 
of systems of mean- and relative-motion. But there is no necessity tl 
defined space and time over which the system of mean-motion extends 
be confined to the dimensions of such scales. That is to say the < 
space and time, over which the mean-system may be a linear function 
variables, may be in any degree larger than the minimum necessary i 
satisfaction of the conditions of relative-density and relative-velocit] 
these conditions will be satisfied for the whole space if they are contir 
satisfied in every element of dimensions defined by these conditions. 

49. Under such circumstances the expressions for the mean-: 
admit of another interpretation, one which has already been discusse 
paper on “The Theory of Viscous Fluids*” 

In this expression the mean-velocity at any point x , y, z, t is defi 
the mean taken over an elementary space and time, of dimensions defi 
the scales of the relative-velocity and density, so placed that the 
position of the mass within the element is defined by x, y, z } t 

Then, since by definition the relative-velocity and relative-dens 
defined by integration over the whole space and time, have no mean v 
the element, the mean velocity at x , y, z, t (the mean position of 
obtained by integration over the element will be the same as that 
same point obtained by integration over the whole space and time, as 
first of equations (79); and since, by definition, not only the relative cl 
but also the variations of relative density, with respect to any variabL 
no mean values in the element, the mean-density at the mean p 
x, y, z , t ) obtained by integration over the element as in equations (£ 
be the same as that obtained fas in the second enuation bv intei 
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It thus appears that p'\ v!\ in equations (89) to (91) may he tak 
represent the values of the mean-density and mean-velocity at /r, ?/, z 
defined by integrations with respect to two variables over an clement li 
dimensions defined by the scales of relative-velocity and rolativode 
so placed that the mean position of the density in space and time 
x, y 3 z 3 t. 

50. The instruments for analysis of mean - and rcdutive-Motion. 

It further appears that, since in the method of Arts. 43 and 44 ri' n 
taken to represent any entity, quantities consisting of the square* 
products of n, u \ n, F/p may by the theorems of those articles be sep t\ 
into mean- and relative-components which satisfy the conditions Art. 4! 
(2), (3), (4), (5) and (6), respectively, the mean components being 
functions of the variables, and the relative*, components having no 
value when integrated with respect to any three independent variable* 
dimensions determined by the scales of relative-velocities and re.I 
density. And in the case of the quantities p\ & a, subject to the. li 

definition Art. 48, but only in the case whore, the relative, component 
have no mean values when integrated with respect to any two indope: 
variables over the same scales. But in cither ease, if Q expresses the <h 
of any function, integrating over definite limits about any point x 3 ;//, k 
mean position of mass at that point wo have 

ffffQdadydzdt _ ()// . 

fjffdxdydzdt * ’ 

and 

IfJKQ - Q") dxdydsdt () 

JJJJdxdydzdt } 

and putting h and k for any two variables, r .(* 

fJfJh(Q~ Q") dadydzdt = 0, 

/f \\ hk ~ ^ (hnh J d2(it - °v 

Equations (92) arc thus the general instruments of moan and re 
analysis. 

51. Approximate systems of mean - and reltitmwmolion. 

The interpretation of the expressions for mean- and relative-molim 
sidered in the last article is adapted to the consideration of systems in 
the mean motion, taken over spaces and times which are defined b 
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time. Thus if p" and u" are any continuous functions of the four va 
x , y , z } t 3 taking x Q y Q Zot Q as referring to a particular point and time, t] 
any other point x } y> z, t, 

p "=*"+(* - «■) (%\+ &c -+1 - *° )2 (&). +&c -| 

M "=«•"+<* - &) 0 + & c - + J - ^ o ) 2 (^ r ) 0 + & C .| 

where the differential coefficients are all finite. Therefore as (x — i 
approach zero all terms on the right except the first approximate to ze 
the terms of higher order which involve as factors multiples of the va 
of degrees higher than the first become indefinitely small compared w: 
linear terms. It is therefore possible to conceive periodic or altei 
functions of which the differential coefficients, continuous or disconti 
are so much greater as to admit alternations to any finite number 
included between such values of (x — a? 0 )> as would leave the te 
the second and higher orders indefinitely small as compared with tl 
the first order, and those of the first indefinitely small as compared w 
constant term. Therefore as long as p' and u" are finite and contir 
varying functions of the variables it is always possible to conceive s 
of relative-density and relative-motion which together with their diffe 
coefficients satisfy the conditions of having approximately no mean 
over the limits, and thus to any degree of approximation satisfy th 
ditions necessary to be relative-component systems to the mean 
Po'uq" + &c. within the limits defined by the scale of relative motion. 

The method of approximation therefore consists in obtaining 
p'\ v!\ pV, fee., &c., 

and the variations of these, Q", when Q is any function of 

p'up\ p\ p , u 1 

by integrating over the element taken about x } y 3 z 3 t, as the mean p 
then using these quantities as determined for x 3 y } z, t y to expr 
expansion 

p"u' } &c., &c., 

for any other point within the limits of integration as in equatic 
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It thus appears that the only motions neglected are those which 
defined as small by the conditions, being of the second degree of the dimer 
of the scale of relative motion, while those retained may have any valtn 
a point, and are, within the limits of approximation, linear functions of 
variables; so that within the same limits p , pu' s Si a, &c., satisfy by 
special definition the conditions of having no mean values over the limi 
any two variables; and generally Q' has no mean value over three indepon 
variables. 

As has already been pointed out the maintenance of such a ayafcom i 
depend on the distribution and constraints, and the process of ana 
consists in assuming such a condition to exist at any instant, and then ] 
the equations of motion ascertaining what circumstances, as to diatribe 
and properties of conduction, the actions of convection and transformatio 
and to the relative-motion on the variations of the mean-motions will 1 
increase or to diminish these variations of the first and second orders. 

52. J Relation between the scales of mean- and relative-motion. 

From the previous article it is clear that the. absolute dimensions of 
scale of mean-motion, as determined by the comparative values of the to 
of higher orders as compared with those of the lower, do not enter int< 
degree of approximation to which the conditions of relative-mass 
velocity are satisfied, except as compared with the scale of the rela 
motion. But it does appear that the degree of approximation depend 
the comparative values of these scales. And hence it is only under cirt 
stances (whatever these may he) which maintain distributions of mass 
velocity which admit of complete abstraction into two systems vvi 
distinct as to relative scales, that systems of moan and relative motion 
exist. 

Thus, as we have previously pointed out, it is not sufficient that 
relative motion, or one class of motions such as the motion of the niolcou) 
a gas in equilibrium, should be subject to superior limits by the sea 
distribution. It is equally necessary that the scale of variation of i 
motions, such as the mean motions of a gas, should be subject to sup 
limits (whatever may be the cause) which prevent the scale of these m 
motions approaching that of the molecules. And it is the existent 
circumstances which secure both these effects, which is indicated by resul 
systems which satisfy the conditions of mean- and relative-motion as defii 

It has been already proved that the existence of component sys 
which satisfy the conditions of mean position of density and of rek 
energy, as well as those of mean-density and mean-position of momer 
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conditions only. Were it not so there would be no point in the an 
then the existence of such component systems would reveal n 
circumstances as to the geometrical distribution of the medium, or tit 
in the medium, whereas it has now been shown that the existence 
systems of mean- and relative-motion, as indicated by the observ< 
motion and the apparent “physical” properties of the medium o 
depends (if in a purely mechanical medium) upon circumstanc 
constrain the geometrical distribution of the motion of the mediui 
the application of this method of analysis affords a general means of 
the conditions of the medium, either intermediate or fundament; 
would admit of such relative or latent motion as is necessary to 
as a mechanical consequence, for the apparently physical properties 
and the medium of space. 



SECTION VI. 


THE APPROXIMATE EQUATIONS OF COMPONENT SYSTEMS 
MEAN- AND RELATIVE-MOTION. 

53. These equations must conform to the general equations of compm 
systems as expressed in the equations (01) to (70), Section IV. 

Thus if in equations (69), (70), (71), together with equations (74), (75), < 
p \ u" and p'u' are at any time subject to the respective definitions for m 
and relative-motions, these suffice, for the instant, to determine the. rati 
transformation (as expressed by arbitrary functions) in terms of the sm 
defined rates of convection and production. 

Then these rates of transformation, as expressed in the defined sym 
having been substituted in the equations, these equations express 
approximate rates of change of the mean and relative component sys 
at the instant. 

These equations express, in terms of the so far defined mean and roll 
quantities, the initial approximate rates of change in the defined quant 
and thus afford the means of studying whatever further conditions must 
in the distribution of the medium in order that these rates of change 
tend to maintain or increase the degree of approximation to which 
conditions of mean- and relative-motion are initially subject. This stm 
the further definition, however, must of necessity follow the com 
expression of the initial equations, to which this section is devoted. 

54. Initial conditions. 

The initial conditions for approximate component systems of mean- 
relative-motion, as defined in Arts. 50 and 51, Section V., define all i 
quantities as continuous functions of the variables, such that within 
limits over which the means are taken they are constant to a first app 
mation, whether they are the means of density, means of velocity, or lr 
of component momentum; also the means of any products or dcrivativ 
products, of velocity, or density, the means of any products of mcati 
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Thus if Q be any term expressing increase of density of mass, moi 
or of energy for the resultant system, or for either of the component 
at a point, x , y, z, t, at distance 8x, By, 8z, 8t, 


D" - IMQi^yjzdt _. <uy 

^ JJJJdxdydzdt dx 

Q' = Q-Q" 


-1- &c. 


satisfy the conditions (1), (2), (3), (4), (5) and (6), Art. 42, of being res] 
mean and relative, approximately,—that is to say Q" is, approxin 
linear function of the variable, and Q‘ has approximately no mei 
when integrated over any three independent variables. 

Also if ^ is a derivative of any quantity 


and 



QfdQ, 

dx 


55. The rate of transformation, at a point, from mean-velocity, 
of mass . 

From equation (58) or the first two of equations (69) transfer] 
equation (19), 


du" 


dt 


+ u" 


r 


du" 


A + v -T" + w 
dx dy 


.du " 
dz 


/ du , du , 
+ U + v' -y- -f W 
dx dy 


da' 

dz 


= J t (pO> &c., &c. 


The first four terms in this are all mean accelerations, while 
three terms on the left are such that multiplied by p have no mean ' 
are entirely relative-accelerations—whence by definition it follows tl 
du"jdt is a mean-acceleration the right member must contain term 
exactly cancel the last three terms on the right, and that these form 
relative terms it can contain. These terms which represent the acc< 
at a point per unit mass, due to convection of mean velocity by 
velocity, are the only transformation from mean velocity at a point. 

Since after abstracting these terms the right member remaim 
mean, we have 

/ du" , 0 , (d v u'\" 


d v u" 
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In this the term on the loft is, by definition, such as has no mean va 
hence taking a mean by oipmfcion (1)2), Section V. 

f<Ui'\" f d(cP"') 


dt ) 


(it 


+ 1\ 


.(oo; 


or dividing by p" it appears that the transformation from relative-velocity 
menu-velocity, at a point, is expressed by 

that is the mean accelerations due to the mean convections of the relat 
velocity by tlin relative-velocity, plus the mean acceleration due to c 
duetion. 


Hubstituting from ct|nation (97) the expression d v u"/(U in equations ( 
and (GO), Section IV. 


<V'_.rf«", <<"■", i <iap»t . J'V , 

ili. - u ,h T + " w 1 ,n + ■ ««•> 


dt 


dit. (ijl ' dz p" dt p' 


&c. 


d,, («') 


_ ,Au" da" da" 1 dA,»>) 1'V , . 

(ft da--" dj,- m dz~,>" dt + p» • *"•» AM * 


V.(loo 


57. 77(0 rides n/' t>'ininformatii»i <f the enertjy of vieun-veloeiti/. 

As already pointed mil., Art. 1)5, Section IV. e<|iial.ion (til), the rate 
transformations of energies per unit of mass, of mean-velocity and relat 
velocity, are respectively obtained by multiplying the rates of transforma 
of mean- and relative-velocity, it" and At., &e, respectively; thus 


\ d r (n."f I 


2 ift 

1 d r («') a 

2 <ft 


1 , n" [ih(pn') , „ . - 


, ,du" , , ,(/((" , , ,d«" 

a a. , + u v , f n io , 

(U- dtj i h 


It' {dr {fill) 


dt 


■F 


*| , &e., &c. 


dr (""u ) 1 (dr (a ) 3 . dr ( it')"} 


dt 




4* 


dt 1 dt J 


, &( m , &o. 


t U ,tl(uy (u"- u') (d G (pn!) 


2 H dt 


- It') (dr. (fill) p 

" \ dt + / *J 


dt 
, , du" 


4““ it/ii’ . 4" &c,, &c. 

a# 


.(1 


58. The. expressions for tin* rates of transformation in equations (1 
and (101) include', all the rates of transformation of component velocities, 
of the squares and products of the component velocities of the compel; 
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any one of these quantities, the rate of increase of which 
one of the equations, may, by definition, be further absf 
component systems. 

The component systems of the energies of the mean- and 
per unit mass may, therefore, be separately abstracted into tr 
component systems. And the importance of this at once aj 
process of analysis is solely between the mean and relative 
is mean and (u"u') is relative, (u!)\ although positive, is i 
distributed as a continuous function of the variables. 

The rate of transformation from the mean rate of incre^ 
relative-velocities to relative-energy of relative velocity. A< 
and fifth of the equations (74) as they stand, and substitute 
for the transformation-function from the second of equations 


1 dp (- u'Y _ 1 d [ G (puf + ioF x ] 

2 dt ~ 2 dt 


• , , du" 

< mu t 




pu' [d e Q OU) 


Then putting 

w=(wr+(w y. 

where {{u f)" is obtained after the same manner as u "; puttin 
for the total rate of transformation, we have as in equatioi 
substituting ((' u')*)" for u" and the three last terms in equati 
in equations (100), since the last term has no mean values, 


1 d p {(njy 

2 dt' 


, d((u) r 


+ &C. r + 


■iJMW 


1 d p (jury _ i d ((uyy- 

2 dt 2 dt 


Then since 


dp (v?) d T (u") 2 d T ((u'Y) 


+ nF X} 
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The expressions for the production of mean energy of relative 
which form the left members of equations (104) are not trailsformatioi 
energy of moan motion only. They include the relative parts of the \ 
convection and production of energy of relative', motion which arcs 
transformed to tlu*. system of relatives energy. Those rate's of conveeti 
production of relative-energy arc' expressed by this first two terms 
equations (104), whiles tins last term expresses tins only rate's of 
formation from energy of mean-motion. 


Whence tins only transformations from energy of the eomponeul 
motions arc*. 

, ,<M' , , ,< U" , ,du“ 

•'a 


fM" ,i, +** ,/„ + ”“ ,i. 


u"\ e 
lz j ’ 


&0. 


59. The rate of Iraiis/tirination from wean to relative enertjy. 
From equatmu (04), at a point, 


d Tf >" _ dp" dpV dp" it " dpv dp" it ( dp"v ^ dp"w 

dt dl dx dij dz * c hr ^ dij * dz 


•c 


wlie're tins first four terms on the right ares all mean, and the last tlm 
be in part mean and in part relatives, lienee the relative part 
convection of nman-demsity hy (.he*, relafive-veloeity is the transfer 
to the relatives density at a point, and this must, form the only resin 
the* left member, and 


d T p" 

dt 


<(rf" (<(,■’(> V' . (<hP"\‘ 

lit ■' \ dt ) \ dt ) 

Also from this last, of equations (05) 


(d v o"\ 


dyp" dp' dp u" dp v" dp w" d (^p f ) 
dt ” dt due dy + dz ~ dt 


In the last of tins equations (107) tiles first four terms on the vq 
relative, and therefore* the mean rate of transformation is 


<l-rp" (<0pT 
dt dt 


•( 


Thou adding tho mnan and wlativu parts; sinco 


(<4r ( p ))" 
dt 


(do (pi) 

■ dt ’ 


and 


(pU + &(!.)" = 0 , 
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60. The transformations for mean and relative momentum . 
We have ^ T ^ ^ ^ T ' u ' — n ." 


dt " p * * eft 


Then substituting from the first of equations (101) and (109), a 
forming, 


d T (p vl) _ (/>') f d c ( p'u) ~ | p 

dt ~ dt + dt ^ + * 


and we have 


d T (pu-p''u") d c '(p"u") (d e (p"u') ) 

~e = —dt~ + F *r &c . < 


61. The rates of transformation of mean-energy of the comp < 
mean- and relative-velocity . 


From equations (74), (100) and (109) we have 


1 d[ T (p''(u'j)]_ i dW'Wyi f LAW , 

2 dt - 2 (fi~- + r * 


1 ibAoov] = _ i aiApiwm 

2 dt 2 dt 


+ 


§ 


dc (p ((»')-)' ' 
dt 


+n’F x \ - \ pu 'u'~ 4-&c.j- 


In the second of equations (112) it is the last term only that c 
transformation from energy of mean motion. 


The last terms of equation (112) admit of different expression, b' 
tuting for 



d c (pa ) 
dt 

its equivalent 

[dpu'u' t dpv'u' 

| t lx + dy + 

or 

[dp" (u'u')" i dp" (vu)" 
\ dx dy 

and we have 



dz 


+ - 


dz 


"-Y 


U 


(dcpuy 


dt 
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so that by equation (95), F x " may be expressed by 


dp xx 


dx 


4-&C.V . 


Then we have 


u ff F x 


, d (u"p" xx ) 


dx 


+ &c. —p 


„ du" 


dx 


■ &c. 


also (it'Jf*)" = (uF x — u"F *)" . 

and this may be expressed as 


.(11 

..(11 


du\' 


+ \( pxx Jx) + &c j- \p"** dco 


du" 


+ &c. 


Then substituting in the first of equations (112) wc have for the 
of transformation to the energy of mean motion 


1 d[ T (p" (it") 1 2 )] _ _ 1 d _ [d \u' jp" (uu)" )] 


dt 


dt 


dx 


1 4- &c. 


■f 


d ( u f, p”xx) 


dx 


die " 


4- &c. | + \ [p" (u'u')" 4- p"xx] + &c.J- .. .(1 


and again substituting in the second of equations (112) we have for the 
of transformation to the energy of relative motion 


1 d [ T (p" (( m ') 2 )")]_I d [ c ‘p" ((it') 2 )"] 

2 dt 2 dt 


+ 


l d f c -p (WYfY _ \ d(ypxx) 


dt 


dx 


4- &C. 


4- 


Pxx 


^Y'+ta. 


dx) 


+ 


d + &c. 


dx 


{p' (itU*)" 4 ~ p ; 'xa 


duf‘ 


4- &c. 


•(i 


The purpose of this transformation is easily seen on adding the equ 
The two last terms in each equation cancel, showing that they re] 
a transformation between the rate of increase of the mean-enei’f 





62 


ON THE SUB-MECHANICS OF THE UNIVERSE. 


the energy of residual motion, or of relative energy, these become 

1 d T [, onr - p" (u 2 )"] _ 1 d Op" O 2 )]" 

2 ~ di 2 dt 


1 d 0 (p {njyf + f dfti" (p /y (^VD] 


+ 


2 dt 
d (up X x) 


dx 


4- &c. 




+ &C.| — \p" xx + &c. [■ , &C., &C. 






...(1 


and these are the exact forms in which the rate of transformation to r< 
energy, obtained by substituting u 2 , (u 2 )\ uF for u 3 u'\ u\ F respe 

in equation (111) for relative momentum, is expressed. 

In a purely mechanical medium the last terms in these equation 
represent the mean rate of angular dispersion both of mean and i 
motion of energy, as explained in Art. 32, Section III., while the inte£ 
the remaining terms are all surface integrals. It is thus seen that th 
of exchange between mean-energy and relative-energy are purely conse 
within the limits of the approximation. 

On the other hand, the integral rates of exchange by transfer 
between mean-energy of mean-motion and mean-energy of relative-mo 
expressed by the integrals of the last terms of equations (116), (117) ; 
surface integrals, nor are these rates confined to angular dispersion; £ 
they express exchanges at each point which are not expressed by a 
integral, and thus appear to represent those actions of the relative-mo 
the mean-motion the study of which is the object of the investigation 
this is found on closer examination not to be the case. 


62. The expressions for transformations of energy from mean to ? 
motion. 


The expressions p'fic'v!)" ^+ &c., which occur in the last te: 


equations (116) and (117), are simply transformation terms express! 
mean effect of the convections of relative-momentum by relative mot 
the energy of mean motion, and this is the most general and most ini] 
transformation. 


The other transformations are the results of conduction. These 
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dispersion from the energy of the other components of mean-motion, as 
as the rate at which the energy of the component of mean-motion is b 
increased by transformation from the energy of the corresponding < 
ponent of relative-motion. The second of these expressions includes 
the rates at which energy of the component of mean-motion and the en 
of the component of relative-motion are increasing, by angular dispersio: 
the expense of the other components in their respective systems,—toge 
with the rate at which energy of the component of the resultant syste 
being increased by transformation from energy in some other mode—\v 
latter rate does not exist if u } v, w are the motions of points in mass. 


In the expressions 


and 


p"m +& c -) , &C., &C., 
Pxx + & c -) , &C., &C., 


the analysis necessary to separate out the expressions for the sopr 
actions in either system is furnished by equations (47 a), Sectionin'., 
symbols for the mean and the relative motions being substituted for tho 
the resultant system. 


Putting p ±P* 3 the first two terms in these equations (- 

o 

which express the rates of angular dispersion in the directions of x } 
respectively on the square of the components of the mean and the resul 
system, become respectively 

___ 1 „(~du" dv" dw"\ 

3 ^ \ dx dy dz ) 




, i 

f „ 

(du" 

dv"\ 


(du" 
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fdu 

dx 

dy 

dz) 

+ 2] 


dx) 

+ Pzxi 

[dz~ 
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&c., &< 



The corresponding expressions for the rate of increase of the resili 


are 


”"1 „ (du" 

dv" 

dw"\ 
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du" 


dx 


du" . dv'\ . „ fdu" dtu 


. - i #/ fdu . dv\ „ 

+ 2l p v*{dt + 'fa) +1) ™ 


zx ' dz + dx 


di: 
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Substituting these for (p" xx an( i (px% ^ a s tl 

into equations (116) and (117), these equations become 
1 d T [p" _ 1 M _ + &c i _ 


fl „/ n d/ do" dw"\ 1 f „ /dtt" do"\ 

+ l3 P ( 2 d^“dF _ 'dF) + 2l P!/a; Ui/ d.J + ^ 

fl „ fdu" , dr" , dw"\ , ,, „ x dti" 


, fdu" 


+1 {p V ( 


'du" . dv' 


d^ + fa) +P 


/du" du/_ 
zx [di + dx 


+ L" (u'u')" ~£\ + &c. , &c„ &c.( 


1 d [ T p /J (wV)"] __ 1 d [<p" {uv!)"~\ 1 d [c' p (u'n)Y __ ( d (u p xx ) 

2 dt 2 dt 2 dt \ dx 



In these equations the first three terms in the members on t 
express rates of linear redistribution of the energy of components o 
of the respective systems, while the fourth terms express, respective 
of energy received from the other components of the same system bj 
dispersion, and the fifth and the last terms express the direct e: 
between the two systems, of mean density of energy, by transformati 

This last statement however is only true when, as in the cas 
resultant system, in a purely mechanical medium, there is no rcsiliem 
resultant, svstern. for the fifth term in the ln.st. on nation expresses 
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resilience of the mean and relative systems is zero, and the fourth tc 
equation (117) has the identical value, under opposite sign, as the j 
term in equation (116), which expresses rate of decrease of abstract resi 
in the mean system. 

The first term in the brackets represents the angular disperse 
distortion under mean strains, equal in all directions, and the secoi 
presents the rates of angular dispersion by rotational motion of the 

63. The equations for the rates of change of density of mean 
relative-mass. 

By equations (64) and (109) we have for mean density 

dt dt . 

and by equations (65) and (109) we have for the equation of relative ni 

dp' d Crp 1 ) , d (,'p) m 

dt ~ dt . dt . 1 


64, The equation for mean momentum. 

By equation (58) and the first of equations (100) wo have for the eq 
of mean momentum 

dp"n" = r W'u" __ {d( Vxx -I- p" (a'uT) &( . &( 
dt dt \ dx c U) 



and by equations (60) and the second of equations (TOO) we have the eq 
of relative momentum 


d(pu - p"n") _ d 0 (pa) _ f (p"u") 
dt ” dt dt 


d (epu')" - 


dp 


da: 


H- iVse, 


...(1 


66. The equations for the rate of change of the density of mean-em 
the components of mean-motion and of the mea)t-energy of the eompon 
relative-velocity . 

Substituting for the transformation function in the first of equatio 
from equation (116), the equation for mean density of energy of mean 
becomes 

1 ap "(«">*] = 1 ik.(p" .(""v)] _ \<w(p"t"'«r+ ?w')], &( , +&c 

2 dt 2 dt I dx 
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and the equations for the mean density of energies of relat: 
become 

1 d [p 'wm __, i Mm , i d id pj wyr _ 

2 dt 2 dt 2 dt ( d 

+ {( p -s) +fc j 

- | [p" («V)" + p xx "] & c - •, &c., &c. 

66. The equation for density of relative-energy. 

Proceeding in the same manner as in equations (74) and subst 
rate of transformation to relative-energy equation (118), the e< 
relative-energy of component velocities becomes 

1 d[pid~ P W] = IW- P" («T)] , I d[ , {pm\ 

2 dt 2 dt 2 dt 

, 1 d[y (pW)] , 1 d [,p {{uj)r 
2 dt ^2 dt 


(lx ) 


&C., &c. 


67. Complete equations. 


1 dj£((u"y+ (vj+ (w'j)] i d |> {/>"((»")* + (VJ + ( W '') 2 )}' 

2 dt 2 dt 



+&c ; 

<*K ( />" (tfay +iQj +&c ; 
d/c 

d, [-»/' (p" (wV)" + jWQ] + &c _' 
d/c 
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The equations (119) to (127) are the equations for mean and 
component systems of any resultant system in which the condit 
satisfied, irrespective of the medium being a purely mechanical mediu 
is to say, irrespective of whether or not in the resultant system ( p , u, 
&c.) are related to the actual, mechanical-medium, or represent the c 
motions and stresses of a component system of mean-motion of the ] 
system. 

It has already been pointed out (Art. 52) that the absolute seal 
variations of the mean motion has no part in determining the c 
approximation, but only the relative magnitude as compared with 1 
of variations of the relative motion. So that any component of ineai 
maybe a resultant system if the conditions exist which ensure its s; 
the conditions of mean and relative motion. There is however this d 
according to whether the unqualified symbols refer to the purely me 
medium or not. If they do refer to the mechanical medium, then 
terms in equation (124) and the last but two in (123) represent 
dispersion of energy only, and the last term in equation (127) and 
but one in (126) are zero; if not, they represent changes of energy. 


SECTION VII. 


THE GENERAL CONDITIONS FOR THE CONTINUANCE OF C 
PONENT SYSTEMS OF MEAN- AND RELATIVE-MOTION. 


68. The general conditions for lilies existence of mean-, and rolf 
motion, as defined in Art. 47, Section V., arc that tlm components of m<i 
turn of relative-velocity, as well aw |,lm relative density, must respective 
such that their integrals with respect to any two independent vari 
taken over limits defined by the scale of relative-motion, have*, no mean v 


By equation (1), Section II., it follows that for the continuance of 
states the respective rates of increment of these quantities by all e 
convection and production, must satisfy the same conditions. There ft 
the necessary and sufficient conditions we have, that 


h ?* n* 

J o (it J o (it J o (it , o (It 


where the limit t may have any value, when integrated between tin* 1 
as initially defined by the relative scales, with respect to any two ind 
dent variables shall bo zero within tin*, limits of approximation. 


The satisfaction of these conditions does not follow m a ge.onu 
consequence of the initial condition. 


The rate of change in the density of relative-momentum is a conseq 
of the space rates of the variation of the. convections and oondti 
existing at the instant. And initially the mean- and rclative-motioi 
subject to definition, from which, as a geometrical consequence, their 
tions, in space, are also subject to definition, which although less cor 
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-^FSBt + F'St, &c, &c. 

P 

In these equations, according to the method of approximate 
terms in the member on the right are such as have no mean va 
integrated over any three variables, as a geometrical consequei 
definition. 


It therefore appears that it does not follow as a geometrical cc 


that 


d ( pic ) 
dt 3 


&c., &c., 


should satisfy the condition of having no mean values when 
with respect to any two variables, to the same degree of approxinn 
the initial values of pu\ pv\ pw\ And this applies to both rates of 
by convection and rates of increment by relative accelerations. 

If, then, this condition is to be continuously satisfied it must 
result of some redistributing effects of the actions of conducts 
convections. For the rates of increase by convection are a g 
consequence of the initial motions which are subject to the defin 
scale and relative-motion; while on the other hand, the rates of i 
conduction depend on the conducting properties of the medium, 
on the distribution of the medium in space and time. 


69. The fourth property of mass, necessitated by the laws of 
that of exchanging momentum with other mass, Art. 17, Section 
now appears that this is the fundamental property on which the 
of systems of mean- and relative-motion depends. 

For if there were no conduction, that is, if mass were complc 
trable by mass; so that two continuous masses could pass thr 
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70. Notwithstanding the extremely abstract reasoning on which 
foregoing conclusion is based it is definite. And it appears possible to 
this reasoning further and so obtain conclusive evidence as to wind 
general properties of conduction and the general distributions of the me 
must he for the maintenance of the mean- and relative-systems, whei 
resultant system is purely mechanical. 

71. The general laws of conduction of momentum by a purely met 
ical medium, as defined by the laws of motion, have already been dot 
(Section III. Art. 24), and tlm effects of conduction in displacing luomoi 
and in angular dispersion of via viva have beam proved (Section 
Arts. 31—2), and also the effect of conduction on the resilience, if 
However, since there is no resilience in a purely mechanical mei 
it at once follows that the medium must be perfectly free to cluing 
shape without changing its volume, or it must consist of mass or m 
whether infinite, finite, or indefinitely small, each of which absol 
maintains its shape 4 , and volume.; that is to say, each of which is a p< 
conductor of momentum. 

Thus the class of media in which tins general conducting prop 
satisfy, as a resultant system, the condition of being a purely meeht 
system is not large; being confined to 

(1) The “perfect fluid” ; 

(2) The perfect solid; 

(3) Perfect discontinuous solids ; 

(4) Perfect discontinuous solids with perfect fluid within their 

stieos. 

This class of media all satisfy the conditions for purely mechanical i 
as resultant systems. Hut it does not follow, as a geometrical noci 
that they all satisfy the conditions of consisting of mean and relative 
ponent systems. 

For although any medium which satisfies the conditions of consist 
component systems of mean and relative motion must of necessity s 
the conditions as a resultant system, the convenm of this is not a mnuw 

It therefore remains to obtain from blm previous definition the ft 
limitations imposed, as a geometrical necessity, by the conditions of cons 
of comnommt systems of mnirimnm.t.elv mean- and relative-motion. 
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may satisfy the condition of having no mean values, when ir 
between the limits of the scale, in time and space, of relative mot 
any two independent variables to any defined degree of approxima 
time integrals of the members on the right must satisfy the same cc 

Whence it follows that the condition for the maintenance 
inequalities steady requires that the rate of increment, as e 
by all terms on the right, in each of the equations (128), shall be 
has absolutely no mean value when integrated over limits, with 
^to any two independent variables. 

This condition, although it applies only in a somewhat particu 
is such as must be satisfied for the maintenance of mean and relative 
to be general, and hence any evidence that may be derived from it 
perfectly general. 

To apprehend the importance of this evidence we have only to 
what has already been pointed out, that the first four terms in t 
members in each of the equations (128) require, as a geometrical r 
integration between limits over three independent variables in or 
they may have no mean values. Whence it follows that in < 
maintain the inequalities steady the fifth term, which expresses relat 
of increment of momentum by conduction, must be such when ini 
over limits, with respect to any two variables, as will exactly ca 
integrals of the other four terms when they are taken over the san 
with respect to the same two variables. 

Thus we have for a particular case, which however must occr 
general systems consisting of component systems of mean- and 
motion, an inexorable condition as to the necessary properties of cone 

It will be readily granted that the satisfaction of this condition 
the absolute dependence of the functions F X} &c., on the conditioi 
medium and its relative-motion. 

(2) Evidence as to the necessary properties of the medium 
obtained from the condition that the inequalities must be maintained 

The satisfaction of the condition of equality between the rates of 
actions resulting from transformation, convection, and conduction, c 
define the magnitudes of the inequalities which may be maintain 
only the fact that they remain steady. 
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increase with the inequalities and are of opposite sign, whereby tin 
equalities are subject to logarithmic rates of deciement. 

Then, whatever might be the rates of institution of inequalities resu 
from all the other actions, the inequalities would increase, increasing 
rates of decrement by conduction until these balanced the rates of increi 
that is until the other actions were cancelled by the actions expresse 
iV, &c., after which the inequalities would remain steady as long as the 
of institution remained steady. 

(3) Evidence as to the necessary properties is also obtained fron 
conditions that define the scales of relative motion. 

Where mean motion is everywhere uniform this condition requires 
the scale of relative velocities and relative mass shall approximate to 
finite scale at which it will remain as long as the mean motion is uvoryv 
uniform. This does not follow as a geometrical necessity of the i 
definition, for if constraining limits were absent from the mass, the at 
which insure the logarithmic rates of decrement would continue to din 
the scale indefinitely ; hence inferior limits of relative-mass and roll 
motion define the properties of the medium as regards limiting constrai 

73. This evidence, together with the definitions of moan-volooitj 
mass, suffices to differentiate the four general states of media, whit 
resultant systems, satisfy the conditions of being purely mechanical, 
those which also satisfy the conditions of consisting of component sysfce 
approximately mean and relative motion. 

Since continuous mass cannot pass through continuous mass wi 
exchanging momentum, the reciprocal actions between the masses in rei 
motion will be to cause continual diversions of the, paths of points in mi 

And by definition of relative motion, if there 1 , is no mean motioi: 
mean component momentum in any positive direction is exactly equal t 
mean of the negative momentum in the same direction. Therefor 
mean rate of increase of component momentum in the positive, directu 
the components of the reciprocal relative accelerations, is exactly 
to the mean rate of increase by the component reciprocal aceelen 
of the component momentum in the negative direction. The mean nu 
being uniform, the reciprocal accelerations have no effect on oner 
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but, are the means of the components of resultant reciprocal acce 
with various degrees of divergence from the direction of the previous 

And it is thus shown that any angular redistribution of posi 
negative components of momenta, or, which is the same thing, of 
viva of the component velocities, results solely from the impenetra 
the medium. 

74. From the foregoing reasoning it might be inferred that the 
trability of mass together with the definition of relative motion mm 
logarithmic rates of decrement of all inequalities provided that the 
were sufficiently mobile. That this is not the case is however at o 
from the theory of a “ perfect fluid/’ 

(а) For in such media every point in mass is in complete non 
straint by the surrounding medium, with lateral freedom. So that, 
point can move without affecting the motion of every other point 
degree, there is no lateral action. Thus the continuous finite acce 
do not cause finite diversions of the paths of points in mass f 
previous directions at any point of their courses, but cause finite c 
of these paths. And thus the paths of adjacent points are ul 
parallel. There being no finite lateral deviation, there is no lateral e 
of momentum in the direction of motion at any point. 

Whence such lateral exchange of momentum being necessary 
that there may be general rates of logarithmic decrement of inec 
it follows that in a perfect fluid there cannot exist logarithmic 
decrement of all inequalities of relative motion. 

It thus appears, since, as has already been pointed out, genen 
ithmic rates of decrement of all angular inequalities are necessary 
maintenance of approximate systems of mean and relative moti 
a perfect fluid, although satisfying the condition of a purely me 
medium as a resultant system, cannot satisfy, generally, the cone 
consisting of component systems of approximately mean and relative 

(б) A perfect continuous solid, that is a continuous mass which < 
momentum perfectly, whether direct or lateral, can only move as o: 
and therefore cannot consist of component systems of mean and 
motion. 

/A Tf 4-h net n yin rw'if’, nP vv-i ri i rt n (- r.n^ioP.r 4-li^v a. 
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(d) If then the conditions for mean and relative systems are tc 
satisfied it can only be by discontinuous media. 

These all include perfectly conducting parts and arc capable 
separation into two classes according to whether or not these parts ar 
are not in such constraint with each other that each part is in comi 
constraint with the neighbouring parts; lateral as well as normal. 

( e ) In media in which the perfectly conducting parts are eacl 
complete lateral as well as normal constraint with their neighbours, t 
can be no logarithmic rates of decrement. Whence, as in the casi 
a perfect fluid, such discontinuous media cannot generally consist of < 
poneut systems of approximately mean and relative motion. 

It thus appears that no purely mechanical medium can satisfy the cc 
tion of consisting of approximate systems of mean and relative motion in 
it includes discontinuous perfectly conducting parts, each of which 
certain degrees of freedom with its neighbours. 

(/) If, therefore, it could be shown that, as in the other pi 
mechanical media, these discontinuous media, with degrees of freedmt 
not admit of logarithmic rates of decrement of the inequalities of rob 
motion, it would follow that component systems of approximately mean 
relative motion are impossible. 

As it is, however, it can be shown that these discontinuous media, 
or without perfect fluid occupying the interstices, as long as tile perf 
conducting parts have any degrees of freedom with their neighbour* 
admit of, and not only admit of, but entail, logarithmic rates of docremo; 
all inequalities of relative-momentum. 

This will be fully proved in the following sections. But it is sufficiet 
this stage to show how this comes about. 

(g) The actions between perfectly conducting masses arc instant an 
finite exchanges of momentum in the direction of the common lionnr 
the surfaces at contact. The direction of this normal lias no ncoe* 
connection with the direction of the relative motion of the masses lx 
contact; therefore the direction of relative motion after contact hai 
necessary connection with the direction before contact. And thus 
actions will be to vender the with of the centre of each rriiwis a recti Ii 
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securing continued angular redistribution in direction and magnitude 
relative momentum of each of the perfectly conducting masses; so tl 
mean inequality in the relative motion is subjected to rates of dec 
proportional to the inequality, and to the mean of the positive or n 
components of relative velocity, divided by the scale of relative motioi 
logarithmic rate of decrement. 

(A) The evidence furnished by the necessity of the maintenance 
scales of relative mass and relative motion has not been drawn upon 
foregoing reasoning, and therefore may now be brought forward as con 
the conclusion already arrived at; that the only media that sati 
conditions of mean and relative component systems are those which 
discontinuous perfectly conducting parts, since such media are th 
media in which limits to the scales of relative mass and relative 
are of necessity maintained. 

75. Having thus arrived, for reasons shown, at the conclusions t 
only purely mechanical media which can consist of component sysl 
approximately mean- and relative-motion are those which consist of pi 
conducting members which have certain degrees of independent moi 
and that such media of necessity satisfy the condition of securing lc 
mic rates of decrement of all mean inequalities in the positive or n 
components of relative-momentum in every direction, the further t 
may be confined to this class of media only. 

It is still a class of media and not a single medium. 

Such media may be distinguished according as the interstices t 
the grains are occupied by perfect fluid or are empty of mass. Bui 
by no means the only distinction. For the perfectly conducting in 
may have any shapes, and hence may include any possible kine 
arrangement or trains of mechanism, provided that there is always a 
amount of freedom or backlash, as it is called in mechanism; or th 
consist of parts of any similar shape but of different sizes or of p c r 
same in size and shape, as for instance, spheres of equal size and mas: 
is this all, for the relative extent of the freedom as compared with i 
of the members may introduce fundamental distinctions in the pr 
of media consisting of similar members. 

76. This last source of distinction, arising- from the relative e> 
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In this preliminary discussion of the effect of the extent of the freed 
relative to the dimensions of the perfectly conducting members, the k 
may be considered as being spherical grains of equal size and mass. 

In the first place it must be noticed that, so far, in this section 
account has been taken of any transformation of mass or of the displacer 
of momentum by conduction, so that the logarithmic rates of dccron 
by accelerations refer only to changes in the direction of the vis viva , lea 
out of account the fact that there is displacement of momentum by 
duction at each encounter, and, thus, the reasoning, so far, does not t< 
on the possibility of redistribution of inequalities of rates of conduc 
of component momenta. 

It has, however, been shown that, owing to the fact that the direct 
of the normals at contact are independent of the directions of relative me 
before contact, in a granular medium, there must exist rates of redistrilm 
of all mean angular inequalities in vis viva, of the components of rok 
motion, whatever maybe the inequalities in rates of conduction of momen 
in different directions. 

Thus far, then, for anything that 1ms boon shown in the previous res 
ing, the actions which determine the rates of displacement of numuiutur 
conduction may be independent of any effect of the independence of 
direction of the normals at contact, and the direction of the relative me 
of the grains before contact, which, as shown, secures angular dispel 
of the momentum of relative motion. 

77. In the simple case of uniform spherical grains, which may 
conceived to he smooth, without rotation, whatever may be the rok 
paths of the grains as compared with their diameters, if the state of 
relative-motion is without angular inequalities, since this state is mainta 
by the continual finite exchanges of momentum lateral to their paths, 
mean component of the aggregate momentum in an interval of time, dt 
mined by the time scale of relative motion, must be the same h 
directions, as also must be the aggregate component paths traversed 
positive direction, and also those traversed in a negative direction. 

But it in nowise follows as a necessity of complete angular disperse 
components of momentum, within the limits of relative motion, that the n 
length of the component paths traversed in one direction shall he the s 
as the mean of those in another direction. 




76 


ON THE SUB-MECHANICS OF THE UNIVERSE. 


[75 


securing continued angular redistribution in direction and magnitude of the 
relative momentum of each of the perfectly conducting masses; so that any 
mean inequality in the relative motion is subjected to rates of decrement 
proportional to the inequality, and to the mean of the positive or negative 
components of relative velocity, divided by the scale of relative motion—to a 
logarithmic rate of decrement. 

(h) The evidence furnished by the necessity of the maintenance of the 
scales of relative mass and relative motion has not been drawn upon in the 
foregoing reasoning, and therefore may now be brought forward as confirming 
the conclusion already arrived at; that the only media that satisfy the 
conditions of mean and relative component systems are those which involve 
discontinuous perfectly conducting parts, since such media are the only 
media in which limits to the scales of relative mass and relative motion 
are of necessity maintained. 

75. Having thus arrived, for reasons shown, at the conclusions that the 
only purely mechanical media which can consist of component systems of 
approximately mean- and relative-motion arc those which consist of perfectly 
conducting members which have certain degrees of independent movement, 
and that such media of necessity satisfy the condition of securing logarith¬ 
mic rates of decrement of all mean inequalities in the positive or negative 
components of relative-momentum in every direction, the further analysis 
may be confined to this class of media only. 

It is still a class of media and not a single medium. 

Such media may be distinguished according as the interstices between 
the grains are occupied by perfect fluid or are empty of mass. But this is 
by no means the only distinction. For the perfectly conducting members 
may have any shapes, and hence may include any possible kinematical 
arrangement or trains of mechanism, provided that there is always a certain 
amount of freedom or backlash, as it is called in mechanism; or they may 
consist of parts of any similar shape but of different sizes or of parts the 
same in size and shape, as for instance, spheres of equal size and mass. Nor 
is this all, for the relative extent of the freedom as compared with the size 
of the members may introduce fundamental distinctions in the properties 
of media consisting of similar members. 

76. This last source of distinction, arising from the relative extent of 
the freedoms as compared with the dimensions of the grains, being perfectly 
general however the media may otherwise be distinguished, is a subject for 
general treatment, the outlines of which may with advantage bo drawn at 
this stage from the evidence, already adduced, as to the conducting properties 
of the media consisting of component systems of approximately mean- and 
relative-motion. 
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In this preliminary discussion of the effect of the extent of the freedoms, 
relative to the dimensions of the perfectly conducting members, the latter 
may be considered as being spherical grains of equal size and mass. 

In the first place it must be noticed that, so far, in this section, no 
account has been taken of any transformation of mass or of the displacement 
of momentum by conduction, so that the logarithmic rates of decrement 
by accelerations refer only to changes in the direction of the vis vivu, leaving 
out of account the fact that there is displacement of momentum by con¬ 
duction at each encounter, and, thus, the reasoning, so far, does not touch 
on the possibility of redistribution of inequalities of rates of conduction 
of component momenta. 

It has, however, been shown that, owing to the fact that the directions 
of the normals at contact are independent of the directions of relative motion 
before contact, in a granular medium, there must exist rates of redistribution 
of all mean angular inequalities in vis viva of the components of relative 
motion, whatever maybe the inequalities in rates of conduction of momentum 
in different directions. 

Thus far, then, for anything that has been shown in the previous reason¬ 
ing, the actions which determine the rates of displacement of momentum by 
conduction may be independent of any effect of the independence of the 
direction of the normals at contact, and the direction of the relative motion 
of the grains before contact, which, as shown, secures angular dispersion 
of the momentum of relative motion. 

77. In the simple case of uniform spherical grains, which may be 
conceived to be smooth, without rotation, whatever may be the relative 
paths of the grains as compared with their diameters, if the state of the 
relative-motion is without angular inequalities, since this state is maintained 
by the continual finite exchanges of momentum lateral to their paths, the 
mean component of the aggregate momentum in an interval of time, deter¬ 
mined by the time scale of relative motion, must be the same in all 
directions, as also must be the aggregate component paths traversed in a 
positive direction, and also those traversed in a negative direction. 

Bub it in nowise follows as a necessity of complete angular dispersion of 
components of momentum, within the limits of relative motion, that the mean 
length of the component paths traversed in one direction shall be the same 
as the mean of those in another direction. 

The clear apprehension of this fact is of extreme importance, when we 
come to consider the rates of displacement by conduction of momentum; 
this is easily seen:— 

If each grain traverses the same aggregate, positive and negative, com¬ 
ponent paths in the same time, hut their mean component paths in one 
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direction differ from those in another, since the paths are limited by en¬ 
counters, and the displacement, by conduction, of momentum in the direction 
of the component is the mean of the product of the diameter of the grain 
multiplied by the component of the relative momentum; then, if the mean 
component conductions are the same in all directions, the number of the 
conductions in any direction must be inversely proportional to the component 
mean path in that direction. And thus the rate of displacement of momen¬ 
tum in any direction must be inversely proportional to the mean component 
path in any direction. 

78. In order to secure that the rates of displacement of the momentum 
shall be approximately equal in all directions, it is not sufficient that there 
should be logarithmic rates of decrement of the mean inequalities of the 
relative components of momentum, positive or negative, but requires in 
addition that there should be logarithmic rates of decrement of mean 
inequalities in the mean component paths of the grains. 

The length of the path of a grain in any direction depends only on the 
positions of the surrounding grains; and if the mean distance between the 
grains is such that the probable length will carry its centre through several 
surfaces set out by the centres of these other grains, then, since all possible 
arrangements of the grains would be probable, all directions of the normal 
at encounter would be equally probable, whatever might be the directions of 
the paths. And hence continual encounters would lead to such distribution 
of the grains that the probable length of the path would be equal in all 
directions; and, so, there would be logarithmic rates of decrement of 
inequalities in the lengths of the mean paths in different directions. 


78 A. Evidence of the necessity of such logarithmic rates of decrement 
of inequalities in the arrangement of the mass is furnished by the equations 
of relative-mass; in a manner similar to that furnished by the equations 
of relative-motion as to the necessity of logarithmic decrement of the 
inequalities of vis viva. 


This at once appears from the equations of relative-mass (119), which 
may be expressed: 


d(p') 

dt 


d ( p'u ) 
dx 


4- &o. [ — 


d O 0 

dx 


4- &c. >. 


In this equation, according to the limits of approximation, the terms in 
the right member are such as have no mean values when integrated over the 
defined limits with respect to three independent variables. 


Therefore it does not follow as a geometrical consequence of the definition 
of relative mass that 
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should satisfy the condition of having no mean value, when integrated ovor 
definite limits with respect to any two independent variables, to the same 
degree of approximation as do the initial values of p ; and this applies both 
to the rates by convection and the rates by transformation. 

If then the conditions arc to bo continuously satisfied, it must be as the 
result of the redistributing actions on the rates of convection by the mean- 
velocity, which alone institutes inequalities. 


78 B. Inequalities in the integrals of relative mass, over defined limits, 
with respect to any two independent variables, correspond to inequalities in 
the products and moments of relative mass. And it thus appears that these 
inequalities have no connection with inequalities in the menu-muss, which is 
a mean over all four variablos. 


Therefore these inequalities are inequalities in (lie symmetry or angular 
arrangement of the relative mass. 

This significance of the inequalities becomes apparent on multiplying 
both members of the equation of relative mass by the square of any variable, 
as (&, or by the product of two variables, oh yz } and taking the me,an over 
all four variables ; as 


ai* 


d(p') = 

di 


= — a; J 


<* (£«">+& c. 
ax 


+*“■}. < 12H 4 


Then if a?p* integrated ovor all four variables satisfies the conditions to 
any degree of approximation, the maintenance of the same degree of approxi¬ 
mation requires that 

dl 


should satisfy the identical conditions to tlm same degree of approximation. 

Hence we have the necessity, in order to maintain the inequalities 
steady, that, whatever may bo the rate of institution, resulting from distor- 
tional mean motions, as expressed by the first term in the right member, 
the rate of rearrangement resulting from the transformation expressed by 
the second term must be such as exactly counteracts the rate of institution. 


78 c. It thus appears, as in the case of Art. 72, tlmt this condition of 
equality between the rates of institution and rearrangement can bn satisfied 
only when the rate of rearrangement, uh expressed by the second term, 
depends on, and is proportional to, the inequality instituted. 

78 i). From this evidence it appears that the logarithmic rate of decre¬ 
ment of inequalities in the mean arrangement of the grains, which has been 
shown (Art. 78a) to follow as the result of diffusion in granular media, is 
a necessity for the maintenance of systems of mean and relative motion. 
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And thus it appears that granular media may satisfy the condition of 
consisting of component-systems which are mean and relative in respect of 
conductions as well as convections. 

78 E. It also appears, and perhaps this is of gi^eater analytical import¬ 
ance, that the two rates of logarithmic decrement, that of inequalities of 
vis viva , and that of rearrangement of mean inequalities in the symmetry of 
the mean, arrangement of the grains, which also secures the redistribution of 
angular inequalities in the rates of component conduction of momentum, arc 
in a measure independent and are analytically distinct. 

79. The inequalities in the mean symmetrical arrangement of the mass, 
although, being the most remote, they have presented the greatest difficulties 
to recognition and analytical separation, arc of primary importance and 
distinguish between classes of granular media. It has been shown that 
logarithmic decrement of these inequalities results from diffusion among the 
grains. 

79 A. It does nob, however, follow that such logarithmic rates of decre¬ 
ment would exist when the grains were in such close order that no grain 
could break through the closed surface which might be drawn through the 
centres of its immediate neighbours. For then, whatever might be the 
order of arrangement of the grains, notwithstanding the existence of a certain 
extent of freedom, it could undergo no change. 

If in this last case the general state of the medium wore such that the 
mean freedoms of each grain were equal in all directions, so that there were 
no inequalities in the mean component paths in different directions, the 
relative-motion would be in a state of mean equilibrium without inequalities 
and the rates of displacement, by conduction, would be equal in all directions. 

But if, from the last condition, the medium were subjected to a mean 
distortional strain, however small, the mean component paths of the grains 
would no longer be equal in all directions; and the rates of displacement of 
the momentum, by conduction, would be no longer equal in all directions, 
but would be such as tended to reinstitute the former condition; that is 
to say, the rearrangement of the grains within the limits of freedom would 
be such as to balance, not the external mean stresses by which the strains 
were brought about, but the stresses necessary to maintain the strain steady 
And thus the logarithmic decrement would not be to a state in which the 
mean paths were equal in all directions, but to a state in which the in¬ 
equalities in the mean paths were such as to maintain the necessary 
inequalities in the rates of displacement, by conduction, to secure equili¬ 
brium under the external stresses. 

80. It thus appears that, while the effect of relative accelerations to 
redistribute all mean inequalities, in the angular distribution of relative 
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vis viva , is independent of any symmetry in the mean arrangement of the 
grains, and, hence, of mean angular inequalities iu the moan component 
paths of the grains, and is therefore subject to no limits. Whatever the 
relative freedoms of the grains may be, the angular redistribution of in¬ 
equalities in the mean component paths depends solely on fcho rate of 
redistribution of the mean inequalities in tho symmetry of fcho arrange¬ 
ment of the grains and is subject to limits depending on fcho relative lengths 
of the mean component paths of the grains, taken in all directions, as com¬ 
pared with the diameters of the grains. 

81. It also appears that tho definite limit, at which redistribution of 
the lengths of the mean paths ceases, is that state of relative froodoms 
which does not permit of the passage of the centre of any grain across the 
triangular plane surface set out by the centres of any throe grains which are 
neighbours. 

This definite limiting condition obviously corresponds to that at which all 
diffusion of the grains amongst each other ceases, 

82. It thus appears that there is a fundamental difference in media, 
otherwise similar, according to whether or not the freedoms are within or 
without this limit. 

This difference amounts to discontinuity in tho media, for within tho 
limit there will be no rearrangement of the grains however lung a Lime may 
elapse or whatever the sLato of strain may bo. While outside tho limit, 
in however small a degree, any state of moan strain must ultimately be 
relaxed however long tho time. 

83. The time taken for such relaxation will in some way bo a function 
of the degree in which the freedoms arc without the limit of no diffusion 
which will range from infinity to zero, so that there are continuous degrada¬ 
tions in the properties of the media according to the degree in which the 
freedoms exceed tho fundamental limit 

84. The independence of the redistribution of relative vis viva on tins 
fundamental limit to redistribution of tho arrangement of mass in media 
consisting of perfectly hard spheres, or of masses of any rigid shapes, does 
not appear to have formed a subject of study by those who have developed 
the kinetic theory of gases; so that however complete this development 
may be with respect to limited classes of granular media which have formed 
the subjects of this study, the methods employed can have been applicable 
only to those classes of media in which tho extent of the relative freedoms 
has, in a large degree, been outside the fundamental limit of no diffusion. 

85. It seems important that the limitation imposed, by tho methods of 
analysis hitherto used in the kinetic theory, on the class of media to which 
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that theory applies, should be distinctly pointed out here, before proceeding to 
the further analysis of the general theory. Otherwise confusion might ariso 
in the mind of any reader acquainted with the conclusions already accepted 
as resulting from the kinetic theory, as to the reason why, after having 
arrived at the general conclusion that the only media which can consist 
of component systems of mean and relative motion belong to the class of 
granular media with some degree of freedom, which is also the class of media 
to which the kinetic theory has been applied, any further analysis should 
not simply follow the lines of the kinetic theory as hitherto developed ? 

This question having been anticipated by the answer which is given 
in the previous paragraph, in which it is shown that the general class of 
granular media is subject to fundamental differentiation according as the 
ratio of the mean paths of the grains to the dimensions of the grains is 
within certain limits; and that hitherto the method of the kinetic theory 
has not been such as to take account of these limits, and is thus only 
applicable to media in which the relative paths are large as compared with 
the linear dimensions of the grains*. 

86. Besides the fundamental limit of no diffusion there is also another 
fundamental limit, which appears as soon as a finite relation between the 
paths and the linear dimensions of the grains is contemplated. This limit is 
that to which the medium approaches as the paths of the grains approach 
zero. 

If the granular medium is in a steady condition, then if the relative 
vis viva is finite there will be some extent of freedom. But for any given 
vis viva the mean paths will depend on the rates of conduction or vice versa. 
Thus it is possible that the relative mean paths may be indefinitely small as 
compared with the diameters of the grains, and the rates of conduction 
indefinitely large. 

87. It has been shown Art. 74 (a) that a granular medium, in which the 
grains are in such arrangement that each grain is in complete constraint 
by its neighbours, cannot consist of mean and relative systems of motion. 
While from the previous paragraph it appears that granular media in which 
there is finite relative-energy may approach within any approximation of 
the condition of complete constraint with their neighbours. 

88. The conclusion, as stated at the end of the last paragraph, has 
a fundamental significance. It clears the way to the recognition of the 
definite geometrical distinction between the effects of redistribution in 
media, otherwise similar, in which the mean paths are respectively within 
and without the fundamental limit of no diffusion, 

* Phil. Mag. 1860, Vol. xix. p. 10, Vol. xx. p. 21. 
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When there is no relative motion and each grain is in complete con¬ 
straint with its neighbours, if there is no mean motion, it follows, at once, 
that the directions of the normals, at the points of contact, to tho surfaces of 
the grains, whatever these directions may bo, are undergoing no change— 
are fixed in space. 

If then, as shown in the last paragraph, granular media in which there is 
vis viva of relative-motion may approach indefinitely to tho condition of 
complete constraint, it follows that in such media, when tho mean paths arc 
indefinitely small compared with the diameters of tho grains, the directions 
of the normals at points of contact approximate indefinitely to certain 
definite directions fixed in space, that is, as long as there is no moan- 
motion. Thus we have the definite geometrical distinction, that as long as 
the moan paths are within tho fundamental limit of no diffusion, and there 
is no mean-motion, tho normals to the surfaces at encounters are within 
certain angles of directions fixed in space; while if the mean paths are 
without those limits, in however small a degree, the normals continually 
change their directions so that, if sufileient time is allowed, all directions 
arc equally probable, 

89. While within the fundamental limit any one grain can only have 
contacts with a strictly limited number of other grains, in tho caso of 



l. 

uniform spherical grains, in regular symmetrical piling, the number of grains 
any grain can como in contact with is twelve, so that if there is no strain 
in the medium and the mean paths are indefinitely small, as compared with 

G—2 
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the diameter, there are twelve fixed normals in which this grain can have 
contact with other grains. The twelve normals radiate from the centre of 
the grain, and when the grains are in the regular formation each normal 
is in the same line with an opposite normal so that there arc six fixed axes 
symmetrically situated in which encounters take place. And as the resultant 
accelerations are in the directions of the normals at encounter, these six 
directions of the normals are six axes of conduction of momentum. 

These axes pass through the twelve middle points in the edges of a cube 
circumscribing each grain, if there are no mean strains in the medium, and 
are thus symmetrically placed with respect to the three principal axes of 
the cube. This is shown in Fig. 1, p. 83. 

If, then, the rates of conduction across surfaces perpendicular to these 
six axes are equal, the momentum conducted being in the direction of the 
axes, the grains will, of necessity, be in mean equilibrium. 

This state of equilibrium in no way depends on the mean density of 
the relative vis viva of the grains. Therefore, in the limit, as the mean 
paths of the grains become indefinitely small, as compared with their 
diameters, as regards the direction of the rates of conduction, whatever the 
relative vis viva may be, the state will be the same. 

Thus, if there is no relative motion, but the grains are under stress, 
equal in all directions, by rates of conduction resulting from actions at 
the boundaries of the medium, the rates and directions of the resultant 
actions would be the same as if the rates of conduction resulted from the 
exchanges of momentum of relative-motion. 

90. This limiting similarity between the states of media, one of which, 
having no system of relative motion, is purely kinematical, and cannot 
satisfy the conditions of consisting of mean and relative systems of motion, 
while the other, essentially, satisfies these conditions, has a fundamental 
significance, although (except by the recognition that in the one case the 
conduction results from mean actions at the boundaries of the medium, 
while in the other the conductions are between the moving grains) this 
significance in no way appears as long as there are no mean strains in the 
media. 

If these media are subject to any indefinitely small distortional strains 
the discontinuity between them, as classes of media, appears. 

In the case of kinematical media without mean strain, the stresses being 
equal in all directions and finite, no strain will result from indefinitely small 
stresses, nor will any strain result until the mean distortional stresses arrive 
at the same order as the mean stress equal in all directions. Thus if p 
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represents the stress, equal in all directions, and — p is the normal stress 
imposed in the direction in which x is measured, the stress in the direction 
at right angles remaining equal to p (and not affected by the strain), there 
will be no strain until is greater than 2-p. Whence it follows that any 
distortional strain is attended by an increase of moan volume occupied 
by the medium equal to the contraction in the direction in which x ia 
measured, since there ia no work spent in resilience, or in accelerations of 
relative vis viva . Thus the kinematieal medium has absolute stability up to 
certain limits*. 

91. On the other hand, the granular medium with relative motion, 
however small may be the mean paths, when subject to no distortional 
strain, and to indefinitely small distortional stresses, yields in proportion 
to tho stress so that such stress is equal to the strain multiplied 
by a coefficient which is constant if the terms involving the square and 
higher powers of the strain are neglected; and this medium has the character 
of a perfectly elastic solid for indefinitely small strains. It has therefore no 
finite absolute stability, and no dilatation as long as the squares of the 
strains are indefinitely Hinall. Ah the strains increase, However, dilatation 
ensues, as expressed by the terms involving the squares and higher powers of 
the strains. 

Thus, although for small strains the two media are fundamentally 
different, as tho strains become larger the conditions of tho two classes of 
media approximate towards similarity, as regards the relation between 
stresses and strains; and thus the door opened to mechanical analysis 
by the recognition and analytical stud}' of the property of ditatancy, as 
belonging to all media consisting of rigid discontinuous members, is not 
closed to tho analysis of systems of mean and relative motion. Ho far from 
this being tho ease, the recognition of the coexistence of relative motion, by 
easing off the condition of absolute stability, belonging to the purely kino 
matieal system, supplying as it were kinetic cushions at tho corners, has 
removed difficulties which otherwise rendered analysis impossible. 

92. Tho primary conclusion arrived at in this section, that tho only 
media which, as purely mechanical resultant systems, can consist of com¬ 
ponent systems of mean and relative motion, are those which consist of 
discontinuous perfectly conducting members with seme degree of freedom, 
while limiting, as already pointed out, tho scope of the subsequent analysis 
necessary for the definite expression of the several rates of action resulting 
from convections in such media, also indicates the methods by which this 
analysis may be accomplished. 

* Phil, May. Duo. 1886, “On llio Dilatimoy of Mudia oompoHcd of liigid PiuiicloH in Contaol.” 
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Given the mean actions across the boundaries of any portion of the 
medium, the mean action of the grains oncloscd is, at any instant, a mean 
function of the generalised ordinates which define the shapes, positions and 
dimensions of the members, the intervals of freedom, number of grains in 
unit volumo, their velocities and their directions of motion. 

Thus the method of analysis is to express the several probable mean 
rates of action, resulting from convection and conduction, in terms of the 
mean vis viva of relative velocity, the mean component-paths and mean paths, 
their number, mean-mass, and any other generalised mean ordinates that the 
shapes of the grains may entail. Then these expressions may be substituted 
in the members on the right of the equations, Suction VI., since those include 
general expressions for the several actions. 

The method thus indicated constitutes a general extension, or completion, 
of the method employed in the kinetic theory of gases. 




SECTION VIII. 

THE fJONDUOTINTd PROPERTIES OF THE ABSOLUTELY RIGID 
GRANULE, ULTIMATE-ATOM OR P1UMORI)IAN. 

93. Ai/mouuu the absolutely rigid atom is as old as any conception in 
physical philosophy, tlu* properties attributed to it arc outside any experience 
derived from Llio properties of matter. In (.his respect, blm perfect atom is 
in the same position, though in a different way, as that oth<;r physical 
conception—the perfect fluid. Both of those none,{options represent conditions 
to which matter, in one or other of its modus, apparently approximates, 
but lio which, tho results of nil researches show, it (tan never attain, although 
this experience shews that there is still something beyond. 

Tho analysis of the properties of conducting momentum, which must belong 
to tho perfect atom considered as of uniform finite density, in obtained from 
tho principle of conduction defined in Art. 72, Section VII.; from which 
it appears that it must conduct in all directions at an infinite rate, or that 
it must; bo capable of sustaining stress of infinite intensity, tension, com¬ 
pression or shearing; while if; is shown that the property of conducting 
negative momentum in a positive direction or vice vcvhA rapiircs that tho 
momentum and the. conduction shall bo imaginary. 

In the case of matter (rigid bodies) those imaginary stresses and rates 
of conduction are held to imply rates of actual conduction, round tho outside 
of the bodies, in tho medium of the other. A conclusion confirmed in the 
ease of matter by the existence of limits to tho intensities of these stresses. 
Such outside conduction is at; variance with the conception of fundamental 
atoms outside of which there is no conducting medium and which atoms 
do not possess the properties of changing their shapes or of separating 
into parts. 

It becomes (dear therefore that any fundamental atom must be con¬ 
sidered ns something outside--of another order than—material bodies, tho 
properties of which are not to be considered as a consequence of the laws 
of motion and conservation of energy in the medium but as tho prime cause 
of these laws. 
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94. If, for the sake of simplicity, the medium consist of closed spherical 
surfaces of equal radii crj2 with the same internal constitution—anything or 
nothing—and the interstices between them are unoccupied; these surfaces 
having the property of maintaining their motions, uniform in direction and 
magnitude, across the intervals, and that of instantly reversing the com¬ 
ponents of their relative velocities in the directions to the surfaces at 
contact on encounter without having changed their shapes; such a medium, 
however far it might go to satisfy the ldnematical conditions necessary for 
the physical properties of matter, would of necessity entail the laws of 
motion and the conservation of energy; and would thus constitute a purely 
mechanical medium in which the results would he the same whatever might 
be the constitution of the space within the surfaces. 

The mean density in such a medium would be measured by the number 
(N) of closed surfaces divided by the space occupied. And the density 
within the surfaces would be the reciprocal of the volume enclosed ( 7 ro- 3 /6). 

Since each of the grains represents the same mass, this mass becomes the 
standard of mass ; and being common to all the grains, is of no analytical 
importance. 

In the same way cr, the diameter of the grains, becomes the standard of 
scale in the medium j and being the same for all the grains has no analytical 
importance. 

It is, therefore, important and convenient, as adapting the notation to 
any arbitrary system of units, to define the mass of a grain in terms of 
the dimensions of the grains in the arbitrary units. 

The most definite and convenient definition appears to be that which 
makes the mean density of the medium, when the grains are piled in their 
closest order, a maximum, that is when each grain has contact with twelve 
neighbours at the same time. In this way the mass of a grain is expressed by 

cr 3 

vr 

where cr is the diameter of a grain expressed in arbitrary units. 

Then if p" expresses the mean density of the medium 



And thus p r becomes unity when the grains are in closest order. 


(120). 






SECTION IX. 


THE PROBABLE ULTIMATE DISTRIBUTION OE VELOCITIES OP 

THE MEMBERS OE GRANULAR MEDIA AS THE RESULT OE 

ENCOUNTERS, WHEN THERE IS NO MEAN MOTION. 

95. Maxwell's Theory. 

Since the only action between elastic hard particles, as considered by 
Maxwell, is that of exchanging each other’s relative motion in the direction 
of contact at the instant of contact, and the action of the grains, as defined 
in Section VIII., is identically the same, notwithstanding that it is not 
ascribed to elasticity, Maxwell’s* proof of the law of probable distribution 
of velocities to which the action between the particles tends, applies equally 
to the grains. This law of Maxwell’s is perfectly general and independent 
of all circumstancoH as to shape and size of the particles, and the extent of 
their freedoms, as long as there is freedom in all directions, and there is 
no distortional mean motion. 

According to this law the mean of the energy, taken over limits of space, 
such as define the scale of the relative velocity of the motion in each degree 
of freedom, is the same for each and every degree of freedom, and is 
constant when equilibrium has been established. l'rotn this it follows that 
the time-moan of the energy of motion in each degree of freedom is the 
same, anil is equal to the space-mean. 

In tho case of all the grains being similar and equal the mean component 
velocities positive or negative are the same, whether taken with respect to 
time, or to spaco. And when tho grains differ tho mean component 
velocities are inversely as tho square roots of the masses. 

This law of distribution, to which tho relative-velocities, in any granular 
medium, tend when the mean motion ceases, being general requires no 
further exposition here. 

* l’hil. Mag. 1800, Part X., pp. 20—28, Props. I, II, III, IV. 
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In following up fcho consequences of tho law, to which Lius mean com¬ 
ponent vis viva tends, on the mean distribution ol tho spheres, Maxwell, 
it appears, has tacitly introduced an assumption which, although legitimate 
in cases in which tho diameters of the. spheres are negligible us compared 
with the mean-paths of the spheres he,tween encounter, 1ms completely 
obscured the fact that the menu arrangement of tho grains does net depend 
solely on fulfilment of the law of distribution ol the ms inua; but also 
depends on tho hindrance which the surrounding grains may oiler to the 
enclosed grain in changing its neighbours. 

When the grains are small compared with spaces separating them this 
hindrance) becomes negligibly small And, further, whatever efleet it might 
have is entirely dependent on the conduction through the grains ; so that 
the neglect of tho displacement of momentum by conduction renders any 
account of such mutual constraints which the grains may impose on each 
other futile. 

It now appears, however, that taking account of the conditions, we have 
in those a eluss of actions which, however insignificant they may be when 
the density is small, entirely dominate all other actions when the density 
approaches maximum density. And it thus becomes evident that the 
failure of the kinetic theory, as applied to gases, to apply to tile liquid and 
solid states of matter is owing to this tacit assumption that the distribution 
of tho mass depends only on tho action which secures that the distribution 
of vis viva shall approach that of uniform angular dispersion as the medium 
approaches a state of equilibrium. 

It will thus bo seen, that accepting Maxwell's law of probable distri¬ 
bution of vis viva, it still remains necessary for the purpose* of definite 
analysis, to define tho limits of its consequences on the probable arrange¬ 
ment of the grains, ie. of mass, 

96. Maxwell's law of probable distribution of vis vim is imbpcntlvut 
of equality in the lengths of the moan paths. 

This is founded on tho demonstration (I) that when two elastic spheres, 
having relative-velocities in any particular direction, undergo chance en¬ 
counter, all directions of subsequent relative-motion are equally probable, 
and (2) tho demonstration that whatever may be the shape of the clastic 
bodies tho same law holds, as to the linear velocity, and iH further extended 
to their rotational motions. As consideration here is confined to the ease 
ot smooth spheres it is sufficient to take into account the first ease only, 

Ihe most general expression of this law for uniform grains is, taking 
os, y , z to represent the component velocities of grains in the directions w, y, z 
respectively, and A for the number of grains in unit space, tin* numbers 







& - . h . — .. r‘ vu,, "> iv> ' .. 

as bo that in winch the moan paths arc equal in all directions. Q. 30. l). 

97. The distribution, of mean and relative velocities of pairs of <j rains. 

In Proposition Y. of the same paper Maxwell extended the law of 
probable distribution of vis viva, to the distribution of tin? relative vis viva 
of all pairs of grains. He does not seem, however, to haves further extended 
it to that of the mean motions of the pairs; which is remarkable as it 
appears to follow directly from his method and would have saved him much 
subsequent trouble. 

These extensions do not in the least involve the arrangement of the 
grains, It is however convenient to introduce the demonstration of the 
law of distribution of the mean-velocities hero, for the purpose of reference, 
and it is simpler to demonstrate both at the same time. 

Taking w, y t z as the components of the mean-velocity of a pair of grains 
and x\ if, z as the relative components of the same pair, and /r u y x> z x , 
«i aj y. it z, A as the components of the individual motions, we have 
aa x *h y i«;// -h ;//, z x «= z 4- z } 

“*« ^ 2/y» V - y\ z\ 

Then for the numbers of grains for which a\ is between ^ and -I- , 

y x between y { and y x T By lt z x between z x and z x + Bz 1} and w. 4 is between n', x and 
^a + S^a, & c m && 

N i JMUri^im . . ... 

e t a* a* 1 eU f tWltl/llZ 

a 11 ( 7 r)» 


AT. 

a :i (tt) 9 ^ 


/(tf-i 

l a- 


I ..u 


do/dy dz 


The first of these equations expresses the probable number of grains 
having moan-velocities between :u and ;i: + 8;i;, fee,, &c,, for any particular 
value of a/ } the relative-velocity, &c., &o. 

And the second e(|iuition in the same way expresses the number of 
grains having relative-velocities between of and af H-&«', &o., &a, for any 
value of .r, &c., &c. Whence the probability of the double event is expressed 
by the product 


Uilh : 


, dxdxdydy'dzdz' 


•(182). 
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Then if r = -f y* + & and r' = a/ 2 + y' 2 + z% the number of pairs having 
mean-velocities between r and r + Sr and relative velocities between v and 
r + Sr is 

„ • _ ^1^2 _o n*XWS| 3— 3yr. /I QO\ 


UlU^ — 6 g 

a°7 T 3 


e -sc r 3 +r ,2 j dxdy dzclx' chf dz* 


.(133). 


2r| 

a* dxdydz 


.(134) 


These admit of integration either with respect to %, y , 0, or y\ z . 

Thus integrating a;, ?/, 0 from co to # = co we find 

TV" TV" 

- d - 1 - 2 - ~ e-**dx'dy'dz' .(134) 

(V2a) 3 (it)* J V 

for the whole number of pairs whose components of relative velocities are 
between cc and x 4- hx\ y' and y' + hy\ z’ and z' + Sz. And integrating for 
r instead of r we find 

at a r 2r 3 

.. zL l— * — e~ dxdydz .(135) 

for the number of pairs whose mean components of velocity are between 
x and x -f Sis, &c., &c. 

These may be expressed in a more convenient form by substituting 
— r*d cos 0d<p for dx, dy , dz. 

And applying this to the three expressions for the number— 
of grains having velocities between r and r -h Sr, 
of pairs having relative-velocities between V2 r and V2 (r 4- Sr), 
of pairs having mean velocities between r/V2 and (r + Sr)/\/2, 

since A is the number of grains in unit volume and N(N — 1) is the 
number of pairs of grains, 

A4(r)* 

- aitir—llj .(136), 


A4(r) a 

-g a* 67 ’ = 7lj . 

a 3 V 7T 


(iV—l)iV r 4(v'2r) !1 (n/s»•)» 

’ •srrttr-Vf-l)*, .(137). 

(JV- l)174^V2) g = l)u.(138). 

(a/V2) s V7r ' V ' ; 

Q. E. U. 


The first and second of these laws of angular distribution of m mm are 
the same as those given by Maxwell; and the third, that for the distribution 
of the mean vis viva of pairs of grains, leads to the same results as Maxwell 
arrived at in a different manner. Together they constitute the princijoal 
means of giving definite quantitative expression to the results of the analysis 
of the actions in a granular medium. And it is important to notice that they 
are derived from the probable independence of the preceding and antecedent 
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directions of the relative velocities of a pair of grains before and after 
encounter under conditions in which the mean density and constitution of 
the medium remain unaltered. 

In Proposition VI. Maxwell has shown the rates at which tho several 
members of the medium exchange vis viva, using arbitrary constants. And 
in his Proposition VII. he proceeds to the demonstration of the probablo 
length of tho path of a grain in terms of AT, the number of grains in unit 
volume, .s' tho diameter of a grain, and v tho velocity. Ho has first shown 
that if r is the relative velocity of a particle with respect to N particles in 
unit volume, this particle will approach within tho distance tS* of JS Tf j tvs'* 
particles in a unit of time, 

Thus in Propositions VIII. and IX. ho determines the number of pairs 
moving according to the laws expressed in equations (137) and (138) which 
will undergo encounters in a unit of time, and in Proposition X. determines 
the mean path of a particle to he 

!■ 

iVVW ’ 

In this result there arc two things to bo noticed. 

In the first place the in the denominator represents the area of the 
target exposed to tho centre of a spherical grain by another grain in the 
direction of their relative motion; while the is merely the ratio of 
the moan relative velocity of flu; pair to the menu velocity of either grain, 
equations (I3(i), (137). It is thus scon that, although the dimensions of tho 
grain are, perforce, taken into account as determining the probability of an 
encounter, no account is taken of tho third dimension of the grain in 
diminishing the actual distance tho centres of tho grains won hi travel 
between encounters. Hence Maxwell's mean path l can only be an approxi¬ 
mation when his s is small with respect to his l. 

Tho second point to he noticed in Maxwell’s deduction of the mean path 
is that he has tacitly assumed l to ho the same in all directions. And has 
thus assumed not only that the density is constant, which is assumed in the 
determination of his laws of distribution of vis viva, lmt also that the arrange¬ 
ments of the particles must ho such that the mean chance of encounter is 
equal in all directions! a condition which dons not enter into the laws of 
distribution of vis viva , and consequently limits tins application of this mean 
path to conditions of the medium such that all directions afford equal chauco 
of encounter. A condition which is obviously approximated to as tho actual 
density becomes small compared with the maximum density, when each 
particlo is in continuous contact with twelve neighbours. 

98. In pointing out tho limits to tho application of Maxwell's analysis of 
the action in a medium of hard clastic spheres, my chief object has been to 
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direct attention to those extensions and modifications which are necessary 
to render the analysis general, and thus to present a clear idea as to how far 
Maxwell’s method may be applied. At the same time it seemed very desirable 
to show clearly, that in extending the analysis to include conditions of the 
medium to which Maxwell had not applied his method, there is nothing at 
variance with the results he had obtained under the condition to which his 
application of this method extended. 

Maxwell’s laws of the probable distribution of vis viva , and mass, extended 
to include the mean vis viva of pairs of grains, are, as already pointed out, 
perfectly general 

But it is necessary to obtain expressions in terms of the quantities which 
define the relative motions of the medium for the rates at which the actions 
of conduction through the grains displace momenta and vis viva of relative 
motion, which expressions shall, if possible, be as general as the law of distri¬ 
bution of vis viva. 

In the media considered by Maxwell the distances between the grains are 
assumed to be large compared with the dimensions of the grains. Whereas 
in the general theory it is fundamental that cases should be considered in 
which the distances between the centres of the grains, which are neighbours, 
approach indefinitely near to the linear dimensions of the grains. 

Such consideration involves methods of analysis by which the several 
effects of the action between the grains may be defined whatever may be 
the relation between <j the diameters of the grains and X their mean path. 

In the first instance the consideration of these rates is confined to states 
of the media in which, whatever may be the density as compared with the 
possible density, the arrangements of the grains,/however varying, are such 
that the mean actions in every direction are similar and equal; the medium 
being everywhere in mean equilibrium. And afterwards to proceed to the 
effects of inequalities both angular and linear. 



SECTION X. 


EXTENSION OP THE KINETIC) TlIEOltY TO INCLUDE PROBABLE 
BATES OP CONDUCTION THROUGH THE GRAINS, WHEN THE 
MEDIUM IS IN ULTIMATE CONDITION AND IS UNDER NO 
MEAN STRAIN. 


99. Till-; moan niton of oonvno.tioii and conduction of momentum, ex¬ 
pressed in equations (120) l»y p xx , 'p lix , Ac.., and p" (ii'u')", p" {u'u)", Ac., 
admit of expression uh 


p+ih*-p. Pw> hp"&vr + p"{'MV'-lp 9 ' W. &»•. 

where p = ^ (p, u -I- p m , -!• pA p («V)" = p" (ttV + tmV + mV)" 


and in this case j) and represent ^ U) nuian action, equal in all 

directions, while P (wV)" - Ap'VO" &a, jty*, &c. and p"(v'ri)" repre¬ 

sent inequalibioH. 


In this first extension of the kinetic theory the object is to express the 
actions indicated by p and p u (v , v , ) ,f only, assuming that the inequalities tiro 
zero, in terms of bins quantities which (Inline the condition of the medium. 


100. To determine the mean path of a grain. 


The mean path of a grain expressed by X is the distance traversed by its 
centre between encounters, which is not the component in the direction ot its 
motion, of its distance between the points at which the two actual contacts, 
which limit the path, have occurred, although it approximates to this as \/cr 
becomes large, 

Maxwell ImH shown that neglecting <rj\ the mean path of a grain and the 
relative path of a pair of grains nro expressed by 


\ = 


1 

V2? tct' x N 


and 


1 

ira*N 


(130) 


respectively, while both of these are obtained from 

V&7r\cr a — ^. 


( 140 ), 
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where N expresses the number of grains in unit volume; so that either 
member represents the mean volume maintained free from other grains by 
the kinetic action of each grain. 

In this estimate however no account is taken of the striking distance, of 
the centres of the pair of grains, from the plane, normal to their relative 
paths before contact, through the point of contact, so that the centres of both 
grains are assumed to be in this plane at the instant of contact. 

When Xja is large we have all positions of the projection, in the direction 
of relative motion of the striking grains, over the disc 7 r<x‘ 2 /4, equally probable, 
and theu the probable mean relative striking distance in the direction of 
relative motion is 

2 

r- 

This is a relative distance and the corresponding actual extension of their 
actual paths is, by equations (136) and (137), 



101. The assumption that, all positions of the projection, in the direction 
of relative motion, of the striking grains are equally probable over the disc 
area 7r<r 3 /4< obviously legitimate when X is large compared with cr, and 
hence these estimates of the probable mean striking distance when X/<r is 
large are precisely on the same footing as Maxwells estimate of the mean 
path neglecting crjX. Bub there does not seem to be the same ground for 
this assumption when <r/X is large; while, on the other hand, there is 
evidence, as pointed out in Section VII. (Arts. 88 and 89), that, when the 
grains are close, the normals at eucounter fall into line (approximately) with 
the direction of a finite number of axes, fixed in space, not more than six. 

In this article the arrangement of the grains is assumed to be similar in 
all directions; so that, whatever may be the law of distribution of the pro¬ 
jections of encounters on the disc-area, the probability will be equal in all 
directions at equal distances from the centre of the disc. 

Therefore taking 6, as before, for the angular distance from the axis of the 
disc at which the normal at encounter meets the hemisphere of unit radius, 
the law of radial distribution on the disc may be expressed by a function of 
cos 8 , which function will depend only 011 the ratio <r/X. Thus as a general 
expression for the probable mean striking distance we have 

TT 

27rcr [ cos 9 (1 + A x cos 6 4- &c.) sin 8d sin 6 

- ...(!«), 

f 2 ' 

27 r (1 4 - A l cos 6) sin 9d sin 9 

J 0 
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in which A l &e. arc functions of cr/X only; and as the law of radial distri¬ 
bution of the striking distance is perfectly general wo have in the right 
member a perfectly general expression for the mean relative striking distance 
of a pair of grains in the direction of their relative motion. And dividing this 
by \/2 we have for the mean probable actual striking distance of a grain 


V2 

3 



Thus as a general expression for the mean path of a grain we have 




= W 1. 


V 2 {7rcr' J iV .'i 
and for fcho volume maintained by a grain 


& J- 

•i \ a f 




V2tH 


. . V2 , 

:s U 


1 

N* J 


(142). 


102. Further definition of /(cr/X). 

Since the foregoing expression for tins volume from which a grain excludes 
other grains applies to all conditions of the medium it must include the ease 
in which X is indulinilely small; in which case, if the medium is in uniform 
condition with three perpendicular axes of similar arrangement, the unique 
condition is that in which the volume maintained by each grain approximates 
to as explained in Section IX., each grain being in contact with 12 

neighbours* In this ease A* approximates to \/ifa A which is the reciprocal of 
the volume maintained by the grain, which thus approximates to the volume 
of the spherical grain multiplied by (I/V^tt. Substituting this for the right 
member of the hocoihI equation (142) we have for the limit when <r/X is large 


/ 


I (i 
4 \f%7T 


Then, again, if Xjcr is huge tins value to which f (or/X) approximates is unity. 
Whence for an expression satisfying all cases in a uniform medium with three 
axes of similar arrangement it appears that wo may take 



whore — (1 /4\Z2tt and 1 / is arbitrary J 


(144). 


It is convenient however to render fcho expression for this function a little 
more general, since, in a granular medium although generally in uniform 
condition, with three axes of similar arrangement, there may exist localities 
where the arrangements vary about local centres; the medium being still in 
equilibrium and X/<r being small. Under such conditions the limits of 
variation are, defined by the fact that equilibrium requires that each grain 
shall bes in approximate contact with at least four grains. And it scorns that 

T 


n. 
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these may bo included by substituting 1 — tr/4, where G has the value 6/V27T 
when the medium is in uniform condition, and values ranging to the limit 
18/4V2 tt when the medium is in varying condition, as about centres of 
disarrangement, instead of 6/4^2 nr in a\ Then 



By definition (Section IX.) p = Na*jf2 } and by the second equation (142) 



.(146). 


103. In order to render the expressions for the mean relative-path of a 
pair of grains and the mean path of a grain, taking account of the three 
dimensions of the grains, general and complete, use has been made, equation 
(139) in Art. 100, of the ratio (1/V2) of the mean path of the grain to the 
mean relative-path of a pair of grains as determined by Maxwell for con¬ 
ditions in which the third dimension is negligible. 

The legitimacy of this assumption therefore remains to be proved. But 
before proceeding to the proof of this proposition the proofs of two other 
geometrical propositions are desirable, as they depend directly on the law of 
distribution of the component-striking distance over the area of the normal 
disc. 


104. The first of these propositions is : 

When a pair of grains having any particular relative velocity (f2 F/), all 
directions being equally probable, undergo chance encounter , the probable mean 
product of the displacement of momentum , in the direction of the normal at 
encounter , by conduction, multiplied by the component of f 2 F/ in the direction 
of the normal is 

ivav.v/g). 

To prove this, let x be the acute angle between two diameters drawn 
through the centre of a sphere of unit radius in the directions of the normal 
at contact and that of the relative motion before contact, and let co be any 
small area on the surface of the sphere taken so that its mean position is at 
the point in which the diameter in the direction of the normal meets the 
surface of the sphere. 

Then by the law of probability of the striking distance it follows that, at 
a chance encounter, the probability of the normal meeting the surface in &> is 

co cos x (1 — cos % + &c.) 
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or multiplying this probability by the product of the normal component of 
the relative velocity \J2 VJ cos p£, and again by cr, the normal displacement, 
integrating over the hemisphere for all values of and dividing this 
integral by the integral of the probability of an encounter on w for all values 
of % over the hemisphere, wo have for the probable moan product of the 
normal component of relative velocity multiplied by the displacement 


2tt ■ f2 crV/ cos % (1 — A x cos x -i- foe.) Hin yrZ sin % /0 

- Jb " — ----<W//g)...<M7). 


f l * CO 

Itt / - cos x (I — A j cos x -}- &e.) sin x ( ^X 
J o w* 


a E, i). 


105. The second of the two geometrical propositions is: 

The probable mean component conduction of component momentum in any 
Jived direction at a sint/le collision is 

2 <r ] ' V\ .. (<r\ 

3 V 2 T 2 •> J U • 

To prove, this we have to multiply the mean product of normal displace¬ 
ment multiplied by bho component of the relative velocity by (<r'/V^) the 
mass of a grain; thus obtaining the expression for the mean displacement, 
in the direction of the normal at encounter, of momentum at a single 
encounter, as 

vHV v * r/ (D’- 

Then, taking 0 as tlm angle which the direction of the normal makes with 
any fixed direction, nay that in which % is measured, and resolving the normal 
displacement a and the mean normal component of V in the direction of %, 
multiplying by sin Odfl, integrating over the sphere and dividing by 4?r, 


*> Stt "(TfiVi/r) / COM 9 0Hi nOdO 2 , , 2 , v 

ii _ i _ h _ i.'rvVS/in.MW)- 

4>i r i) II " 'X' 


Q, E. 1). 


This expression for tins probable mean-component conduction at a single 
encounter is one of the factors of the rate of component conduction by pairs 
of grains having particular relative velocity \/2fV, the other factor being the 
number of collisions that take place between such pairs in unit space in unit 
time. 

This second factor involves the discussion of the ratio of the moan path 
to that of the relative path of a pair of grains. 

7—2 
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106. The number of collisions between pairs of grains, having particular 
relative velocities, in unit of time , in unit space. 


Taking N for the number of grains in unit space and substituting F,' for 
r in the equations (136), (137), (138), Section IX., we have for the numbers 
of grains having velocities between and F/ 4- S If 


gyp 

mjVjye ^ 

of fnr 


ci vy = 


(149), 


for the number of pairs of grains having relative-velocities between \J2 7/ 
and a/2 (7/ 4* 8 17) 


N ~-TK t ( 1 - ~ — g~ ( ^ ' > V2dF,' = (iV- l)7 h .(150), 

(v2 a) V7T 


and for the number of pairs of grains having mean-velocities between 7//V2 
and (7/ + 87i / )/V*, 


N(N— 1) 4 

(a/*/2) 3 \Jtt 


(Vx’NW 

^ dV i y2^(N'-l)n 1 


(151). 


107. From the equations of distribution of velocities, relative-velocities, 
and mean-velocities amongst the grains and pairs of grains in unit volume, 
it follows that the proportion of the JY grains having velocities between 7/ 
and 7/4 87/ is the same as the proportion of the A r (iY — 1) pairs of grains 
having relative-velocities between \J2 7/ and \/2(7/+87/) as well as the 
proportion of N (N — 1) pairs having mean-velocities between 7//a/2 and 
(7/4*87/)/\/2, since for every one of the grains having velocities between 
7/ and 7/4* 87/ there are (N — 1) pairs of grains having relative-velocities 
between \J2 7/ and \/2 (7/ + 87/) and (iY — 1) pairs having mean-velocities 
between 7//V2 and (7/ -I- 8 7/)/V2. 

Multiplying the equations (130), (137), (138) respectively by 7/, 7/, 

and 7 //a/2 respectively, and integrating from 7/ = 0 to 7/= oo , we have for 
the mean velocity of grains, the mean relative-velocity of pairs of grains, and 
the mean mean-velocity of pairs of grains, 

(Yi)" — ~r • V2(F x T«^r^ and (U')"/V2 = ^...(152). 

V7r A/7T Y 7T 

And as the grains are of equal mass the relative velocity of each grain in a 
pair is half the relative velocity of the pair; so that the mean relative 
velocity of each grain in the pairs is 

(y/r V2« 

\/2 a/tt 


( 153 ). 
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108. To find the mean path of the grains, taking V2X for the mean path 
of the ‘pairs . 

Each grain Inis all any instant. iV - 1 relative paths with the N — 1 other 
grains in unit volume, and IV — 1 relative velocities, so that the N grains 
have in all N (iV — 1) relative paths and N (JY — 1) relative velocities. 

A change in the actual velocity of any one grain causes a change in the 
relative velocity of each of the N — 1 pairs of which it is a member, Ami 
as at an encounter between the members of a pair two grains change their 
actual velocities, there are 2 (iV — 1) changes at each collision in the 
N(N — 1) relative velocities of the pairs in unit volume. The mean 
relative path of a pair of grains between changes being by definition \/2\ 
the moan relative path of a grain is X/*/2. And considering a particular 
pair of grains, their paths and velocities relative to each oilier, though 
continually changing, are always parallel and equal, so that the distances 
relative to each other traversed by each of the grains in unit of time have 
a mean value ( K/)"/\/2, and the mean number of changes of relative path 
and velocity in unit of tune is 

(vy^jvy 

\j\J2 X 

Whence the number of change's in all the relative! paths of all the grains 
is N (N — 1) (K')"/\j and since there are 2 (W— 1) changes for each collision 
the number of collisions in unit volume in unit time is 

N(vy 

2 \ ' 

Having thus found the number of collisions between the iV grains in 
unit volume in unit of time, since there are two grains engaged in each 
collision the total number of encounters made by all the individual grains 
in a unit of volume in a unit of time is twice the number of collisions: 
that is 

jY(v y 

X '' • 

Therefore the mean number of paths traversed by each grain in unit 
time is 

(vy 

X ' 

Thun mnoo (V 7 )" in the. moan dinfcanoo travovnud by a grain in unit ti.mu, 
dividing by the munbor of onoounborH the moan path i« 

X~X 


V" 

y« 


(154). 
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Therefore if V2X is the mean relative path of pairs of grains, X is the 
mean path of a grain. It also appears that the mean number of collisions 
in unit of time in unit volume is 


N ( V)" _ N _<*_ 
2 A A ' yV 


And the mean number of grains a grain encounters in unit time is 


(jr 

\ 


2a 

\Jtt . A 


(156). 


109. The mean path of a pair of grains. 

This follows directly from the last proposition. For as the number of 
mean paths of pairs of grains is identical with the number of relative paths 
of pairs, and the mean velocities of pairs is one-half their relative velocities, 
the mean paths of the pairs must be one-half the mean relative path of the 
pairs, that is, must he equal to the mean relative path of each grain of 
the pair, or 

A_ 

a/2' 


110. The number of collisions of pairs of grains having relative velocities 
between Vf and ( V/ + dVf). 

Since the mean relative distance traversed between changes by a pair of 
grains irrespective of relative velocity is A, the mean time of a pair of 
grains having relative velocity f2 Vf in traversing their mean path (<\/2 X) 
is X]Vf 

Then since the number of pairs of grains in unit volume having relative 
velocities between Vf and f 2 (F/ + dVf) is N (N — 1), and each of these 
pairs changes VfjX times in unit time, the total number of changes of these 
pairs in unit of time is 

n(N- 1 )£. 


And since there are 2 (N — 1) changes for each collision, we have for the 
numbers of collisions of the n(N — 1) pairs of grains in unit of time, 
equation (148), 


2A 


N Vf 4 (F/) 2 _0QI 2 
2 A a 2 a/ 77 " 


. dVf 


(157). 


The iutegral of this from Vf = 0 to V/ = co gives the number of collisions 
of the N grains in unit time. 


Ill, The mean rate of conduction of component momentum in the direc¬ 
tion of the momentum conducted . Cases 1 and 2. 
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Multiplying the probable mean component conduction from a mean 
collision of a pair with relative velocity V2 F,', equation (130), by the number 
of collisions in a unit of time, equation (157), and integrating F/ between 
the limits F/ = () to F/ = co we have for the mean rate of conduction 


(FT")" 
“ 3 
...(158), 

whence since ( V' V’)" = 8 ( U' U')" 

p-Yl-f © ( u>u,) " = &c -> &c .( 160 ). 


y2 cr /a 


a :i 


OV) 8 


.dV' $d(- 
J 0 o 


COS 8 0) : 


y2 a* - / or 

lx, 


112, The loft lnombors of equation (150) express in terms of the 
quantities which define the relative motion of the medium, the mean normal 
stresses, or the mean rates of conduction of momentum, in the direction 
of the momentum conducted. And besides these there are the mean tan¬ 
gential stresses, or rates of conduction in directions at right angles to the 
direction of the momentum conducted. 


These vales are obtained by substituting in equation (158), for cos 8 <?, 
foe,, &c„ cos 0 sin 6 cos </>, &e., which when integrated over the surface of 
a hemisphere are zero, if all directions of relative motion are equally pro¬ 
bable, but have values in a medium with linear inequalities when the axes 
of reference are other than the principal axes of the inequalities. 


It is therefore necessary to obtain their integral values over the several 
groups of pairs having relative velocities in directions in which the sign 
of the component displacement is the same as that of the component of 
normal velocity, as 



o J o 


cos 6 sin 0 cos <]> sin OdOdcp 


ri ("?, 

I si nOdOdcf) 
J o J o 


4 <r r /cr\ l 7 */ /1f . m 

TxAJ .for 


which multiplied by the nuum and the number of collisionn and taking 
the mean ia 




(V V) 

for' 


U 

• , — &c., 4* &c., 


— &e. 


.( 181 ), 


so that to each of these groups of pairs there is a corresponding group for 
which the normal components of mean-relative motions are of opposite sign, 
the moan taken over the two groups or over the whole unit sphere is zero; 
so that in a medium without linear inequalities 


Pxy' ~ 0 , &C. # &C. 


,( 102 ). 
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113. The mean rate of convection of components of momentum in the 
direction x by grains having velocities Vf for ivhicli all directions are equally 
probable , is expressed by 



cos 1 8 sin 8 d& 



sin 8dd 


F/ 2 

3 


(163), 


which becomes, taking Maxwell's expression for the mean value of v 1 from 
0 to oo, (a-.§), w ^ en multiplied by the product of the mass into the number 
of grains, 


\xfcrw-pi 


.(164). 


And for the mean rate of momentum conveyed in the direction -of the 
momentum 

p" ~ = p'(U'U')", &c„ &c.(165). 


For the lateral convections of momentum the expression is 


IT T7 

1 n r2 (V'V')" 
g pj J X^ ——cos#sin 2 8d6 sin 


i r 2 r 2 

qP sin 0d8dd> 
° J o J o 


—, — &c., + &c., — &c.(166), 

7r 


where the integration extends, as in the case of lateral conduction, over 
groups of grains of which the directions are such that cos 8 y sin d, cos <£, &c. 
have the same signs, positive or negative. The groups in which the corre¬ 
sponding signs are opposite have integrals with the opposite signs negative 
or positive, so that for the complete integrals 


/o"(F'F')" = 0, &c„ &c. 


(167). 


114. The total rates of displacement of mean-momentum in a uniform 
medium . 

Adding the expressions for the rates of conduction and convection in 
the respective members of equations (159) and (165), also (162) and (167), 
we obtain for the whole rates of displacement of the components of 
momentum 


pJ' + p'(U'U')" 
P*y"+p"(U'vy 


=p 


1+ bk/(0 K«™r. *«• 


= 0, &c. &c. 


...(168). 
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117] 

116. The number of collisions which occur between pairs of grains having 
mean velocities between V x /f2 and (F/ + dVy)/f2, 

Since the nicmi distance traversed between changes of a pair of grains, 
irrespective of mean velocity, is X a/ 2, the mean time of a pair of grains 
having mean velocity F//V2 in traversing their mean path is \/V. And 
since the number of pairs of grains in unit volume having mean velocities 
between V x /aJ2 and (V x +dV x ')/f2 i» m(« —1), and each of these pairs 
changes V/X times in a unit of time, the total number of changes of these 
mean paths is 

V ' 

n{N~ 1)AL. 

And since there are 2(iV-l) changes for each collision the number of 
collisions of the n (n — 1) pairs of grains in unit volume in unit time is 

» V'^MV: 4iv 

2 X 2 X a :i \/tt 6 * 

which integrated gives the total number of collisions ajfnr.X. 


116. The mean velocities of pairs having relative velocities a/2 V x and 

F//V2. 

Since tlm time of existence of a pair between changes, whatever the 
mean and relative velocity, is the time of existence of both the mean and 
relative velocities between changes, and the mean ratio of the mean and 
relative paths between changes is that of 1 /a/2 to a/2 or I to 2, it follows 
that the mean ratio of the mean and relative velocities is 1 to 2, And 
hence the mean velocity of all pairs having relative velocities between V x 
and a/2 (F/ + d K/) is between F//V2 and ( V x + d V x )j\J% u, E. n. 


117. All directions of wean velocity of a pair are equally probable what 
ever ike direction of the mean velocity . 


This follows directly from the expression for the number of pairs having 
particular mean and relative velocities 





<T . dr x d (cos Ot), d<j> x 



tv \ 

, di\ A d (cos 0 U ) defa I , 


r x being the mean velocity, ?•„ the relative velocity and 0,0,, 0 y </> y having 
reference to the angular positions of r x and r v 

For, taking r x Sri and r u hr 9 constant, and ascribing any particular values 
to a and S0y§0. 4( the number of pairs, having a moan velocity V x in 
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directions such that, referred to Iho centre of a sphere of unit radius, they 
incut the spherical surface element i/eos f^d^u is i-n the total number which 
meet the sphere as d cos 6 x d<j) x is to 4;r. Q. K. U. 

118. The probable component of mean, velneitg of a pair having relative 
velocity r a = f 2 V x ia the direction of the normal at encounter. 

Since r x ~r ,./2 and r,= V 2 *Y. '7 17/\~ 1" a* 1 directions the prohahlo 

component value is 

x 2 Y v 2 


119. 27/6 1 probable mean transmission of vis rira at an eneoitnier in 

the direction of the normal. 

When two equal spheres encounter, the ilisplueement of energy hy 
comluetion of momentum is the product of (lie diNpIuermeni a mulliplied 
by twice the product of the components of (he mean velocity and relative 
velocity of a pair in the direction of the normal, Therefore since the 
probable component of niotut velocity in the direction of the normal (last 
article) is V{f'i »Jit t mv\ the probable component of (be relative velocity as 
obtained by dividing out the rr in equation ( 117 ) m 2 . J (a \) . I'pH, the 

probable displacement of vis eiea in the direct ion of the um uml m 


± 


2 P <r ,(<r\ 
N \\) 



m'* I ir) IV 


(170), 


If i, m, n are the directions of the normal referred to 
component displacements of the vis men of components 
axes are 


± (/ a I Ind T ln?\ , kv., kt\ 


li\**d axes, 
parallel to 


tin* 

the 


120, The mean distance, through mhivh the aetual vis eiea of a pair of 
grains having relative velocities between y2 IY urn/ \ 2 ( IY 1-fiIY) w (Un¬ 
placed at a mean collision. 

Since the mean velocities of pairs of grains having relative velocity 
V2 Vi is Vxjfi and the uc.tual vis eiea of such a pair is 

2 ('' ,M 'T)' +(|,,v -r “ K " 

we have for the displacement of the total vis viva of a pair of grains 


And since the* displacement of vis eiea by convection by a grain having 
velocities between V x and K/l SIY between encounters is XIV ami there 
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arc, in unit time, twice as many mean paths traversed as there are collisions, 
the relative rates of displacement of vix viva by convection and conduction 
are as X to cr ,/(o*/X)/3, and the displacement of vix viva on encounter is 
in cases (1) and (2) 




It thus appears that, while, as has already been shown, the range of 
mass or any mean quantity carried by mass is X, and the range of relative 
velocity or momentum is 


the range of vix viva is 


4 + ts/©}’ 

4+lJ'GDI 


121. The probable mean component displacement of vix viva at a mean 
collision bp conduction . 

Multiplying blm mean normal conduction of vix viva at a collision of 
a pair of grains having relative velocity V- I V by cos 0 , sin 9 . dO . 2tt and 
integrating from 0^ 0 to 0 = irj 2 and dividing by 2 tt we got 


“ 2 p or ,/cr\ d . cos* 0 ^ _ p a ,,fer 




[“ 2 p or 

± i« x ' n ,J 


\\ 


122, The probable mean component displacement of vix viva bp convection 
between encounter# bp a prain huvinp velocities between V\ and V\ +dV\* 

Multiplying the product of bite vix viva of the grain F,' J into the probable 
displacement (X) by cos 0 . sin 0 , dO, dividing by 27r and integrating from 
flsO to 6 ssa 7 r/ 2 , the rati*, of the mean probable convention is 


P ^ | r a 
N 1 1 


tr rrdHXUU) . 

n « 2 ‘ tC P 

j ^ : 


pW - 


, &(!., &C. 


123. The mean component jinx of vix viva . 

Since there are two mean paths traversed for each collision, adding 
twice the mean component displacement by convection for one path to the 
mean displacement by conduction at an encounter and multiplying by 
n x V x j 2X, the expression for the mean (lux by grains having directions such 
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that cos 6 and cos <fi are positive, and for pairs of grains for the mean velocity 
of which cos 0 and cos <f> arc positive, is 


P 

N 


1 + 




1 n 


n 

4i7T 

cr 


-g i + £/K 


*\1 


.(173). 


124. The mean component jinx of component vis viva. 

vis viva 

P cl si 
for —; 


The flux of the components of vis viva may be separated for direct 
action by substituting cos 3 6 . ^ ^ ■ - for —^ ^ in the last equation and 


integrating; 




n 
4*7 T 




n 


*'ir 


S') f (z) . Yj' 


1 + w f 


and for lateral action by substituting sin 0 6 . cos 0 $ ~-v~ : V 


£ 

N 


f’\ a ^ f ( a \ f 2 f 2 
\ 3\/ \ V J o J o 


<r\ f 2 f* d sin* 1 8 /l + cos 2cf> 


4 




7T 


'8 1 Jr( 1 + j£)/ (?) "JT 


8X/*' W "8 ’ 


.(174). 


125. ,77ie component of flux of mass in a uniform medium. 

Since mass is not subject to conduction, and the probability of a grain 
having velocity V-! is n^N while the probable mean path is X and the 
number of collisions in unit space and time between the grains having 
velocities between V/ and (F,' + SV/) ia 

Vi 

Wl, T' 

tlie component in direction of x of a grain of which the direction is 
defined by sin 8 ,dd .d<f> is X cos 9 , and multiplying by the number of moan 
paths traversed by each of such grains in a unit of time we have 


V* 

X cos On . ~ sin 9 . d6 . dcj> 

4l7T 


_ p / 2 sin 2 8, dO . dcf> /t tr -\ 

“ 4tt * 1 9 . 


Then integrating from 6 = 0 to <9 = tt/ 2 and 6 = 0 to 6 = tt 72 and from 
7/ = 0 to 7/ = oo 

rihV^N 2 « 

Jo 4 4 Vtt 


(176), 
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and talcing account of the mass of a grain 


a 



is the flux of mass by tho grains for which costf is positive, &c., &c. 

126. Tho extension of the kinetic theory has thus boon carried as far 
as to include tho expression of the rate of flux of momentum, ms viva , 
and mass, by conduction, as well as by convection, in tho ultimate stato of 
tho medium without mean strain. Q. K. I). 

It is to bo noticed that tho analysis effected in this section does not 
complete the extensions which are desirable, and possible, as those include 
tho extension for tho expression of the rates of conduction as well as con¬ 
vection, when the medium is subject to mean uniformly varying conditions 
though still in equilibrium. 

These form the subject of Suction XI L so that their consideration may 
follow the consideration of tho logarithmic rates of redistribution of angular 
inequalities resulting from the varying condition of the medium on which 
they depend. 






SECTION XI. 


REDISTRIBUTION OF ANGULAR INEQUALITIES IN THE 
RELATIVE SYSTEM. 

127 . When 7 a granular medium, however uniform and symmetrical 
its mean initial condition, passes from a state of equilibrium and mean 
rest into a state in which there are mean rates of strain, there follow, as 
a consequence, rates of establishment of inequalities in the mean distribution 
in the relative system, which are expressed by the rates of transformation 
from mean to relative motion, as in the last berm in equations (llfi) and 
( 117 ) and in (116 A) and (117 A). 

The general analysis of the effects of the mean motion on the relative 
motion for granular media conies later in the research*; and it is sufficient 
here to have pointed out the general source of such inequalities, as in this 
section we are not concerned with the source except in as far as it may be an 
assistance in realizing the general distinction between the two classes of 
inequalities. Thus the inequalities which are called into existence by rates 
of strain partake of the characteristics of the rates of strain. 

Local volumetric rates of strain, which cause the density to vary from 
point, to point, institute what will here be called linear inequalities , while 
uniform distortional rates of strain institute what will here be called angular 
inequalities . 

The inequalities so instituted, owing to the activity of the relative- 
motion, are subjected to rates of redistribution proportional to their magni¬ 
tudes, and it is the determination of these rates in terms of the constants 
which define the condition of the medium that constitutes the purpose of 
this section and the next. 

These two rates of redistribution, like the volumetric and distortional 
strains, are analytically distinguishable as belonging to different classes 
of mean actions. 

The rates of angular redistribution have the characteristics of production 
at a point. Their integrals are not surface integrals, and they are included 
in the expression for angular redistribution in the fourth term, equation 
(117 a). 


Seotion XIII. 




The rates of linear redistribution, on the other hand, have the character¬ 
istics of a flux. Their integrals are .surface integrals, and they are included 
in the expressions for the linear rates of distribution iu the second and 
third terms, equation (117 a). 

It thus appears that those rates require separate treatment, and as 
the analysis for the linear rate depends, to some extent, on the angular rate, 
the angular rate is taken first as the subject for this section, and the linear 
for the subject of the next, Section XII. 

128. .Logarithmic rates of angular redistribution by conduction through 
the grains as well as by convection by the grains. 

The necessity of logarithmic rates of angular redistribution in the mean 
angular inequalities in the vis viva of relative-motion, and of inequalities 
in the symmetry of the mean arrangement of the grains, for the maintenance 
of approximately menu- and relative-motion 1ms already been proved in 
Section VII.; and the actions on which those rates depend have undergone 
considerable (jualilalive analysis (to use a chemical expression) in the same 
section. What is necessary, therefore, in this section is the application 
of the definite, or quantitative, analysis for the definition of these rates. 

Tim first step iu this direction is the definite consideration, in the 
concrete, of the instantaneous effects of encounters between hard spherical 
grains of equal mass and dimensions. 

For this purpose use is hero made of the conceptions and the method 
given by Han kino in his paper “On the Outlines of the Science of Energetics *7* 
a remarkable paper, which seems to have received but little notice, 

129. In a purely mechanical medium, since any variation of any com¬ 
ponent-velocity of a point in mass can only result from some action of 
exchange of density of energy with other points in mass, there are always 
masses engaged in such ail exchange. Considering these to include all the 
mass through which the exchange extends (as between some particular 
portion of the medium and all the rest) the sum of the energies of the 
components of motion, in any particular direction—that of a:—immediately 
before the exchange is the active accident, or the “effort/ 1 of the component 
energy to vary itself, by conversion into some other mode, which, in a purely 
mechanical system, considered as a resultant system, can only be energy of 
component motion in some directions y and z at right angles to a\ 

The energy so converted into directions y and z is called the "passive 
accident.'* And in the same way the sum of the energies in the directions 
y and z t antecedent to the action, is the active accident or the effort of these 
energies to vary the energy in the direction (V. 

* Proc. of the Phil. Sac, Glasgow, Vol. m, No. 1; llankino’a Scientific Paper*, p. 209. 
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It is at once apparent that the result of such accident is, taking account 
of the dimensions of the grains, to produce three instantaneous effects, 
while, if the dimensions of the grains are neglected as being small (as has 
been the case in the kinetic theory), only one of these effects is recognised 
as the result of the exchanges of energy on the instant. And although this 
one effect has been taken into account in the kinetic theory its position 
in that theory has not been generally defined, nor has it been made 
the subject of separate expression in the equations. 

The first, and hitherto the only, published mention it has received as 
a specific effect occurs in Arts. 20 and 21 of my paper 4< On the Theory of 
Viscous Fluids*/* where reference is made to the c< angular redistribution of 
relative-mean motion. 55 

It was not however till some time afterwards that I was able to distin¬ 
guish, geometrically, the circumstances on which the existence of angular 
redistribution of relative motion depend, and obtain separate expressions 
for their effect. 

It is included in those terms in equations (47 a), Section III. of this 
research, which are not surface integrals, although not specifically expressed, 
being associated with the resilience-effects in these equations for a resultant 
system; the specific expressions for the separate effects for a resultant 
system are however effected in equations (47 a ). 

The instantaneous action of which this angular redistribution is the effect 
turns out to be the only instantaneous action on the energy of the relative 
motions of the mass or densities of masses engaged other than the effects 
on resilience; so that, when the masses engaged are two equal hard spheres, 
angular dispersion of the energy of their relative velocities, that is, of their 
velocities relative to their mean position, is the only instantaneous effect 
on this relative energy. This theorem may be easily proved. 

130. When two hard spheres encounter, their relative-velocities arc in 
the same direction, and their momenta, relative to axes moving with their 
mean-velocity, are equal and opposite. Suppose the axis of x to be the 
direction of relative motion. Then at encounter the grains exchange 
components of momenta in directions of the line of centres, and thus the 
relative component momentum of each sphere in the direction of the line of 
centres is reversed; so that if the line of centres does not coincide in 
direction with the lines of relative motion, the instantaneous effect (1) of 
conduction is exchange of energy of component motion from the direction x 
to those of y and £ at right angles to x. This is angular redistribution 
of the energies of component motion, and is the only change of the energies 
of the relative motions, measured from the moving axes. For as the relative 

* Royal Soc . Phil. Tram ., Vol. 186 (1895) A, pp. 146—7. 
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momenta in direction of the lino of centres of the respective grains are 
reversed at the instant there is no change in the position of their energies; 
so that at the instant there is no linear displacement of tho energy of the 
relative motions, q, E. .1). 

131. The other fundamental effects of tho action between tho grains— 
those which have been neglected in the kinetic theory—are (2) the dis¬ 
placement of momentum which results when two spheres encounter, having 
components of actual momentum (referral to lixod axes), in tho direction of 
tho lino of centres, which differ in magnitude, causing the instant displace¬ 
ment of the difference of tho component momenta, in the direction of the lino 
of centres, through a distance a, or blm sum of the radii of the spheres, And 
(3) tho instantaneous exchange of actual component energies in the direction 
of the normal. 

This linear redistribution of momenta by conduction and the consequent 
linear displacement of their energy, relative to lixod axes, when there is mean 
motion, are the complement of tin* angular redistribution of energy, the 
three effects being tho total instantaneous effect of the encounter, which 
admit of analytical separation, as long ns there is no resilience. 

132. Tho concrete effects of encounters between the grains must be 
considered as belonging to tho resultant system in which there is no 
resilience. Kor when the effects come to be*, analytically separated by inte¬ 
gration into effects on the mean and relative, systems respectively, if there 
are rates of strain in the mean system there will be, perforce, abstract 
complementary resilience-effects in both systems. 

J.t therefore appears that, if tho mean effects of encounters are to bo 
considered ns belonging to the relative system, it is necessary to assume that 
tho moan-motion is not undergoing strain, or that any rates of strain are 
indefinitely small Then since tho relative motions are. the only motions, the 
following theorem requires no further demonstration. 

133. If tho directions, velocities and positions of the grains, constituting 
a granular medium, be considered, at any inslant, as a complex accident, at 
the instant an encounter occurs, between any pair of grains, the throe instan¬ 
taneous o(foots, already discussed, will constitute an instantaneous Unite 
variation in the complex accident, which variation will continue the same 
finite change, from the condition that would have existed* had Urn pairs 
passed through each other without effect, no matter wlmt other variations 
might have taken place. Also, the subsequent effects resulting from tho 
first encounter will remain unchanged. And thus, the integral effect of an 
encounter, at a time subsequent to the encounter, is its instantaneous effect 
added to all effects which ensue as a consequence of tho encounter. In a 
granular medium, since each encounter involves two grains, the number of 

u. 8 
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changes would increase as the sura of the series ill geometrical progression 
with the factor 2; so that in a time ten times as long as the average time 
between two encounters, by the same grains, the number of effects resulting 
from a single encounter would be on the average 8000. 

Thus taking account of the three analytically distinct instantaneous 
effects, in a time ten times as long as the average life of a path, the effects 
of an encounter would entail, on the average, 8000 changes in the directions 
of paths of grains, 8000 linear shunts of component momenta through the 
distance a in different directions, and 8000 shunts of the difference of the 
vis viva of the normal velocities through o- in the direction of the normals. 

Assuming, then, that in these changes, or variations of the complex 
accident, each has its effect in removing a portion of any mean inequality, 
which portion is proportional to the mean inequality, some idea may be 
gathered of the predominance of the effect of these changes in bringing 
about and maintaining the mean condition of the medium to which the 
changes tend. 

134. In order to form definite estimates, in terms of the quantities, or 
mean constants, which define the condition of the medium, of the rates of 
decrement of inequalities from the condition to which the variations tend, as 
well as to find expressions for the resulting condition of the medium, it 
seems, in the first place, necessary to define, somewhat precisely, what are 
the immediate after-effects which follow, severally, from the three instan¬ 
taneous effects which have been analytically distinguished. For such 
definition the following general theorems may be proved. 

Theorem, The only effect which follows the instantaneous effects of an 
encounter , until there occurs another in which one of the grains is engaged , 
is the linear change in position of mass , energy , and momentum , which results 
from the instantaneous change in the direction of vis viva . 

The proof of this theorem follows, at once, from the analytical definition 
of the three effects and their continued existence. 

For the instantaneous effect of linear displacement of the component 
momenta by conduction through the distaucc cr in the direction of the 
common normal remains unaltered and hence produces no further effect 
till the next encounter. 

And exactly in the same way the instantaneous exchange of the energy 
or vis viva of the components of the velocity of the grains, in the direction of 
the normal, remains unchanged until the next encounter. Therefore it follows 
that the instantaneous changes in the direction and velocity (which is obtained 
for each grain by superimposing on its actual velocity, before contact, the 
normal component of the relative velocity of the pair, measured in the direc¬ 
tion opposite to the normal component of the velocity of the grain before 
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contact) represent the actual changes in the directions and velocities of the 
respective grains, whence, as these effects are to institute rates of linear 
displacement of mass, momentum and energy by convection, these are the 
only changes, and they are the after-effects of the instantaneous change in 
the direction of vis vim , q. E. i>. 

135. From the theorem in Art. 134 it follows, as a corollary, that:— 

The instantaneous, and after-effects of an encounter (before the next 
encounter of cither of the grains) are confined absolutely to normal displace¬ 
ments of mass, and of normal components of momentum and energy; so that 
they have no effect whatsoever on the positions of mass, momentum or energy 
as measured in directions at right angles to the normal. 

Therefore whatever may be the directions and velocities of pairs of grains 
before encounters, if the normals at encounter are all parallel bo one axis, there 
is no lateral redistribution as the result of the encounters, whatsoever may bo 
the extent of the normal redistributions. 

136. From the principle stated in the corollary, Art. 135, that the redis¬ 
tributions resulting from encounters are confined to the directions of the 
normals at encounter, the following theorem may be proved. 

Theorem. In a t/mnnlar medium, in its ultimate state, without aiu/alar 
inequalities in the vis viva, <fu, <C*a, the. rates of uiajular redistribution of the 
vis viva will be equal in all direct ions, and equal to the rate of redistribution 
in the directions of the, nomads, if the directions of the normals are such that 
all the lines , drawn from a point, 'parallel to the directions of the normals , 
meet the surface of a, sphere, about the point , of unit radius, in 'points which 
are sjpnmetruudly distributed over the surface of the sphere. 

For in granular media, without angular inequalities, if X/or is largo, all 
directions are equally probable for the normals of encounters, in which the 
changes in normal vis viva arc* equal; so that tins probable rates of redistri¬ 
bution of inequalities are equal in all directions. 

And in media in which cr/X is small, as has beam shown (Section VIL 
Art. iSf>), the directions of tins normals will bn arranged about n axes sym¬ 
metrically placed; being the smallest number of moan normals that 

admits of symmetrical arrangement; and n -12 the largest number, and tlm 
number in the ordinary piling, These mean normals being parallel to six 
axes, so that (.ho probable arrangement in each group, of the directions of the 
normals, at encounters, in which the changes of normal vis viva, are equal, will 
be similar about the axes; and it has to bo shown that the rates of distribution 
will bo the same in all directions. 

This proof follows from the principle of the resolution of stresses or 
component vis viva . 


8—2 
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If the angles between any line OA drawn through a point 0, and the lines 
drawn through the point 0, in the directions of the normals, are respectively 
t 9,, 00 , &c., then the sum of the products of p l cos 2 6 l , p 2 cos 2 d 2 , &c. is the rate of 
redistribution in the direction OA , and is the same for all directions if the 
directions of the normals are symmetrical. Q. E. D. 

137. The theorem in Art. 136 includes the redistribution of the actual 
vis viva between the grains, as this results from the same exchanges in 
directions of the same normals as determine the directions of vis viva ; and, 
further, includes the redistribution of the limited displacement of normal 
momentum by conduction. Q. E. d. 

138. When the mean condition is such that there arc more normals in 
any one direction than in those at right angles, the rates of redistribution will 
he greater in that direction in which there arc most normals. But, as regards 
the vis viva , as long as the distribution of the normals is such that the normal 
redistribution is in no direction zero, there will be rates of redistribution which, 
though not equal in all directions, all tend to bring about an equal distribu¬ 
tion of vis viva in all directions, and also tend to bring about the normal 
distribution of the actual vis viva of the grains. 

As long as the inequalities in the symmetry of the directions of the 
normals are small, the effect on the rates of redistribution will be very small, 
that is, on the rate of redistribution of vis viva , and on the actual distribution 
of velocities of the grains, whatever may be the state of the medium as regards 
the ratio cr/X, 

Thus for the component vis viva and actual vis viva there is a continuous 
law of rate of redistribution and only one even when cr/X becomes indefinitely 
large, so that the directions of the normals approximate to steady axes which 
only change their position on account of mean strain in the medium. 

139. The redistribution of rates of limited conduction of momentum, or 
the limited displacement of uormal momentum, is primarily dependent on the 
rates of redistribution of the directions of the normals. And the redistribution 
of the normals is primarily dependent on the redistribution of the positions 
of mass, which again has a primary dependence on diversion of the paths, as 
the after-effect of the instantaneous angular redistribution of vis viva, but this 
dependence on the divergence of the path is essentially limited by the value 
of cr/X. 

If this is small—that is if the freedoms are great—then, after an encounter, 
it is a matter of chance, like the length of the path of a grain, in what direction 
the normal at the next encounter will be, all angles being equally probable, 
and consequently the redistribution of the normals is determined by this 
probability. 
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But when the condition of the medium is such that <r/\ is largo the 
greatest possible distance a grain can travel before the next encounter may 
be much loss than <t, and this in any direction, in which case the possible 
direction of the normal is limited by a conical surface, which may be of angle 
zero, in the limit. 

Then the rate of redistribution of the normals varies with the anglo of this 
cone. Thus, as <j/X approximates to go , the directions of the normals approxi¬ 
mate to fixed axes according to the arrangement of the grains; in which case 
there is a redistribution of the rates of conduction of momentum or of tho 
conduction of energy. 

And hero it may bo noticed, that before tho grains become virtually close, 
a limit is reached at which change of neighbours, or diffusion of tho grains, 
ceases, and us soon as that limit is reached the moan position of the grain is 
constant, except for mean strains, and then the normals group round mean 
axes which only move with the mean strains of the medium. 

Thus tlm displacements of normal momentum and energy depend on 
tho arrangement of the grains apart from the mean freedoms, and the 
redistribution of the conduction depends cm the redistribution of inequali¬ 
ties in the symmetry of the arrangement of the grains, so that, although 
both tho angular redistribution of the vis viva and rearrangement of ill- 
equalities in the symmetry of tho mean arrangement of the grains, are 
included in the fourth term of equation (I 1 7 A), expressing angular redistri¬ 
bution, they have not been analytically separated, in tin? terms, as depending 
on angular dispersion of vis viva ami rearrangement of the inequalities in tho 
symmetry of the mean arrangement of the grains. 

The nnalybieal separation of the abstract actions on which the two effects 
of angular redistribution respectively depend, effected by the demonstration 
of the foregoing theorems, renders it possible to deal with the two rates 
separately and so to obtain analytical definition of the respective rates in 
terms of the constants which deline the state of the medium. 

140. The analytical definition of the rates of anyular redistribution of 
inequalities in the directions of vis viva of relative motion , 

As these actions do not appear to have been the subjects of previous 
consideration it is necessary to demonstrate two preliminary propositions 
before considering the mean effects, 

141, The (wen/!/ of component motion in any direction cannot by Us own 
effort increase the eneryy of component motion in this direction. 

Tin’s proposition might lx5 taken as self-evident; hut it may he de/initedy 
proved. In the case of spherical grains the proof is simplified, and particularly 
if the relative-motion is such that the only inequalities arc in the energies 
of motion in different directions—unequal angular dispersion. 
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Talcing the axes of reference fixed, l, to, n and V, to', n', and l", m", n" as the 
direction cosines of the normal at the point of contact and of two other direc¬ 
tions at right angles, also u,, v it Wj, Wa> w z f° r fh e antecedent velocities of the 
two grains, and U u F„ W u U,, V a , W.,, for the subsequent velocities, it follows 
as a direct result of the exchange of the components of motion in the direction 
of the normal that at a single encounter, 

U -, 3 + ZTa 2 — V - uj = — 2 (m 2 + n?) P (« 2 - «i) 2 \ 

+ 2P {to 2 (w 2 — v y ) 2 + n 2 (w 2 — z^) 2 } 

+ 4Z 3 TO?r(r/ 2 —^i) ( Wy—Wy) - &c.,&c. ..,(177). 

-p2(21— 1) |7 to (w 2 “* iq) (i^ 2 Vj) 

+ nl (w, — Wj) (ti„ — lii){ / 

Then, since for any two spheres with particular relative motion, u 2 -u,, 
— »„ w a —ttij, the probability of their normal, at the point of contact, having 
a direction within any small area, sin Odddcjy, on a sphere of unit radius, 
having its centre at the. centre of one of the spheres, assuming all angles 
of relative motion after encounter equally probable, is: 

sin 0ddd(j) cos % 

> 

nr 

where % is the angle between two radii, one meeting the surface of the unit 
sphere in the direction of the point of contact, and the other in the direction 
of the relative motion, drawn so that % is an acute angle, so that % is 
always between zero and 7r/2. 

142. The active and passive accidents. 

In considering the action resulting from conduction of momentum of two 
spheres at a single encounter, the problem is greatly simplified by taking the 
direction of one of the axes of reference to be that of the relative motion of 
the spheres ; while, as will be seen, it does not lose in generality. 

Taking x f° be measured in the direction of the relative motion, v a — v u 
— *U)\ are each zero, and putting 

^ (?^ 4- Wa) a + 2 ( u z ~ u iT for %j 2 4* u 2 2 } &c., &c. 
in equation (177) we have 

fTi 2 + U* — i (^ 1 4- w a ) 3 - i (« a — = — 2 (ra 2 4- n 2 ) l 2 (u 2 — iq) 2 + 0 4- 0‘ 

V x 2 + F 2 2 - + v 2 f - 0 = - 0 + 0 + 2m 2 l 2 (ik - it,) 2 . .(178), 

W 2 + W 2 —^ (^i + w 3 ) a — 0 = - 0 + 2n 2 1 2 ('i( 2 — ^i) 2 + 0 ; 

in which the ciphers represent the values of the terms having factors (i/ 2 - V\) 
and (w 2 —Wj). 

Multiplying these equations by the factor of probable positions of the 
normal and integrating over the sphere of unit radius, since cos % is positive 
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and equal to ± cos 6 = ±l, the equations become on transposing the last terms 
in the loft members 


u * + U* - i Oh + « 3 ) 3 = (^ l ~2 ^) _ A («» - w 0 2 + 0 + o' 

r? + v* - i (v, + v,y = o -o + o + i Oh - u,y 
w J 9 +w a a -i(w,+wj , = o -o+ bOh-uiy+Oj 


( 179 ), 


whore, since the stjuaro of the relative motion, Oh —■ is double tho sum of 

tho squares ol dilforences between tho actual component motions and the 
mean component motions, 


«a + i«iV 
2 


+ «l 


u, -I- M s \* 1 


2 


vt+ Uf~ lOh + «,)* = 3 


l 


Oh - u t y 

Mi + M*\* 


Ma ~ 9~“ + l -o' 


M, + a,,V) 


u* + - ;■ (,. + v,y - i)(«., - a+”’Y + u _ 


M| -I- «»Y J ] 


if,. + w , -1 _ • ((,„ - a+ ”•)• + (,, - “■+"•)•] 


...(LSO). 


Tho lofb members of equations (1.78) oxpims, respectively, the effects, both 
active and passive, of tho accidents on the energies of tho components of motion 
in tho directions ofii;, i/ t z respectively. 

The first terms in tho rigid; member H/iufrich are (ill ncfjutive, or zero, express 
the affects of (.lies active accidents oil tho imorgioH in those directions respec¬ 
tively, while tho last two terms, which arc positive, or aero, express tho effects 
of the passive accidents in these directionH. q.K.d, 


143. Tho active accidents arc work Hponb by tho efforts produced by 
w a — v* — v u w a ~- w u respectively, iu other directions than thoHo of tv, y> z 
respeoLively, Thus tho effort in the direction of tho normal cauHcd by •U' i ~Ui 
is 2/ (w a — and tho component of tho relative velocity w.j — v/| in tho direction 
of the normal is it,); so that tho total result of this effort in — 2l~u x )'\ 
work spent by energy in direction of tt\ Of this 2Z 4 ( < it a - u x Y is work returned 
to the energy in dirootion of «?; so that the portion of the energy in the 
direction x expended in (passive accidents) changing the energy in directions 
of y and 0 is — 2(/ 1J — 1) Z 9 (« a - Vi)\ and the passive accidents in tho directions 
of y and £ are (u a ~ UiY, 2—K,) fl respectively. 

144. The avyulur dispersion of relative motion. 

The equations (1.80) show that considering the chance encounter between 
two grains, whatever their relative-motion before encounter, all directions of 
the subsequent relative-motion are equally probable. So that any angular 
inequality in their relative-motion is virtually extinguished aftor a single 
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encounter; although if the pair have any mean-motion, whatever it may 
be, the inequality in this remains as before encounter. Q. E. D. 


145. The mean angular inequalities. 

Before we can pass from dispersion of the component relative-velocities of 
a pair of grains to that of the mean-inequalities of all the grains the demon¬ 
strations of several propositions become necessary. 

For reasons, which will appear, we have here to consider only such mean 
angular inequalities as are introduced in the relative motion of the medium 
while the mean system is undergoing mean rates of strain. 

These inequalities, as Maxwell has shown, for a medium consisting of 
equal hard spheres, are expressed by, taking N for the number of grains 
in unit volume, 




Ne 


_r£ + £+£l 

\a< > Y*J 


dxdydz* .(181), 


afity (gr )“ 

where a 2 , /3 2 , 7 2 are double the mean of squares of the respective component 
velocities. 


Since the differences between a 3 , f and the mean (a 2 4*/3 2 4- 7 2 )/3 are 
always small compared with their mean it becomes more convenient to alter 
the notation and, taking a 2 as expressing the mean of a 2 + ■+ 7 2 , to take 

a (1 + a), a (1 -f 6), a (1 4- c) respectively for Maxwell’s a, y; a, 6, c are then 
small fractions of unity such that their squares may be neglected and for the 
mean squares we have 

a 2 (1 + 2a), a 2 (1 + 26), a 2 (1 + 2c), 

and the inequalities are 2aa 2 , 26a 2 , 2ca 2 ; 2a, 26, 2c being the coefficients of 
inequality from the mean of the mean squares of the respective components. 

It is to be noticed that in equation (136) the axes of reference are the 
principal axes of the space variations of the mean motions of the medium— 
the principal axes of clistortional mean motions—and also of the inequalities. 


146. The angular inequalities in the mean relative motions of pairs of 
grains have the same coefficients of inequality as the mean actual motions . 

Integrating equation (181) with respect to y and z from — co to 4- oo 






dx 


,(182). 


a(l 4* a)*j7r 

Then, after Maxwell, taking x 1 as a particular component of velocity in 
direction of x , the number of grains which have component velocities 
between x 1 and is 

N -^(l-2o) 


a (1 + a,) V? 


'dx. 


* Phil. Trans. Royal Soc I860, p. 04. 
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iV -<Si±/2<i-2«>' 


dtt\ 


And again taking & 2 = os x 4 of the number of grains between cv x 4 % and 
^ 4 x 4* &af is 

(a (1 4 a) \I it ' 

Then the number of pairs of grains which satisfy both these conditions is 

«r. ,-»G OT {U*f)’+‘?} 

«*(l + 2<»jV»r e 


dx x dx\ 


Then, since co L 4 'A may have any value from — oo to 4 oo for any value 

of x\ integrating for x x between these limits for any particular value of x, tho 
number of pairs which have component relative-velocities, in direction op, 
between a/ and a! 4 Sa/ is: 

N* 

\/2a(l. 4 a) \h r 

In exactly the same way it is shown that the numbers of component 
rolativc-voloiutioH between ?/ anti ;»/4 8// and between z* and z* 4 8^' are 
respectively 


c W. 


A ra 

^2# (J. *h 6) V7T 
iV 1 * 5 

\/2a (1 4 c) * 


if 




-d-aft) 


cty'. 


Ua’J 


(I -2r) 


(if*. 


Multiplying these expressions hy a/ 11 , ?/ g , respectively and integrating 
from — co to 4 co , and dividing by N'\ we have for the mean-squares of the 
respective components, in tho directions w ,;//, z 

2a ,J (1 4 2a), 2a g (i -|- 26), 2a* (1 4 2c), 

which have precisely tho sumo eoellieiont of angular inc([ualil.ies as tho 
mean squares of the components of the actual velocities obtained from 
equations (181) 

a u (1. + 2a), o? (1 4 26), a ,J (1 4 2c), Q. K i>. 


147. The mean squares' of the components of relative-motion of all pairs are 
double the mean squares of the components of actual motion . 

In the lust paragraph of the last article it has been shown that tho 
mean squares of the components of relative-motion of all pairs including 
tho inequalities are double! the mean squares of the components of tho 
actual motion, so that no further demonstration is necessary. 

148. The rate of angular redistribution, of Ih.e mean inequalities in the 
actual motion is the same as the rale of redistribution of the angular 
inequalities in the relative motion of all pairs. 

This follows at once from the inequality of tho eoolHcionta of inequalities 
which has already boon proved, 
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149. The rate of angular dispersion of the mean inequalities in vis viva. 

It has been shown, equations (180), that the angular inequality in the 
squares of the relative velocities of any pair of grains is virtually extinguished 
at a single encounter. From this it follows that the virtual inequality in the 
motion of any grain exists onty from the time of the institution of the 
inequality to the time of its next encounter. 

This time is expressed by 

X 

TV 

F, being the actual velocity of the grain, and X x the distance traversed before 
encounter. 


This distance X, may be anything from 0 to go . But it is proved by 
Maxwell to be independent of V 2 and to have a probable mean value, 
neglecting cr as compared with X, of 


X = 


1 

\/2 TTa 2 N 


(183). 


Taking a into account, as will he shown, the probable value of X 
becomes 

. 


The probable path being X, the probable time of any grain with velocity 
Vj is 

X 

Vf 


It thus appears that, although the mean relative distance traversed 
between encounters by pairs of grains having the same relative velocities 
V x is independent of V ly the mean time between encounters varies inversely 
as V 2 , 


In order therefore to obtain the probable mean time of existence of 
inequalities in the angular distribution of the ms viva , it is not sufficient to 


find the probable value of the mean time 


_X 

V 2 


, for all values of V u since this 


would only be the probable mean time between encounters during which the 
inequalities in the mean velocity are sustained. 


150. The mean time of mean inequalities of vis viva. 

The direction of motion of each grain is the direction of its path; so 
that if l , m } n are the direction-cosines of the motion, the probable times of 
the continuance of the components of motion in directions cc, y } z are 

\l \m \n 







and since the chance of a collision in a unit of time is VJX the probability 
of continued existence is 


and the probability of continuing for a time 


t; 


Whence it follows that, talcing account of all the pairs of grains at 
different relative velocities, but moving nearly in the same directions, the 
times for which their continuance is equally probable are 


Xl . w^Xl ,, 

yj , h = yj> to*. 


.( 1 H 8 ), 


so that, multiplying V\H\ V*l\ &o. respectively by t u t Xi &e M and adding, the 
sum will bo equal to 

s{».xi'(v;+K,+&«.)}, vu, 

and similarly for tho other two components. 

And putting K and V' J respectively for tho mean values of V and V‘\ the 
mean time of equal probability for tin*, continued existence of V ,J is obtained 

by dividing tho product by K ,J : "^y^J > and for the other components 

n,X«t a K ?i,Xn 3 F 

V»mT ’ V’V 

These moan times, it will he noticed, are independent of tho directions 
of tho groups, being all expressed by 

l » ni y . i m » whore tho probable continuance is G~ n * = e .,.,..(18(5). 

Differentiating this expression with respect to t, 

dn t K a 

<U ~XV . (187) - 


From equation (181) the mean valuoH of v? } v are found to bo 
? 2 9 (l+ 2 «), “* (1 + 26), 3 ( 1 + 20 ). 

In these is constant, and u + b + c**l) t and the inequalities arc 

“V + 2U)-“ a = 2a“\ &c., &c. 


(188). 
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Then by equation (187) the probability of continued existence is ex¬ 
pressed by 



Whence if tij — 0, 


or 


a 2 cZ(2a)__ p a? fir 
2 “ ai 2 


&e., &c, 


cZ (2a) 
dt 


— 2 a 



&C., &C. Q.E.F. 


(189), 


151. Translated into the notation adopted in this research for the ex¬ 
pression of the velocities of the component system of relative motion, we 
have for the mean inequalities referred to their principal axes, 


i(tiV+^+«ivn &c., &c.( 190 ), 


and for the rates of dispersion with reference to the same axes we have, 
putting 9 2 /3 o£ in place of djdt to distinguish these as rates of angular 
dispersion, 


dd 


[(uV)" - i (uV + vY + a/V)"] -1 £ a P " 


( u'u'f 


(ufu -f v'v' 4 w'w'Y 
- 

&c., &c., .(191), 


where 2a /Vtt is the time-mean of the velocities of a grain, and X is the 
measure of the scale of the system of relative motion. (N.E. These rates 
are independent of <r.) 


As already pointed out, Art. 14G, the expressions in equations (189) and 
(190) for the inequalities are with reference to their principal axes only; so 
that in order to obtain expressions that shall apply for any axes it is 
necessary to effect the transformation from the principal axes, at a point, to 
fixed axes. 


152. Rates of angular dispersion referred to axes which are not necessarily 
principal axes of rates of distortion. 

Taking L m 2 n a , l s m 3 n$ to be respectively the direction cosines of the 

principal axes with reference to any rectangular system of fixed axes, 

a', V, c', /', g\ h f 

to be the mean values of u\ v' 3 , iu 2 > v f w\ wu\ u'v' (u , &c., as before, repre¬ 
senting the relative velocities referred to the principal axes 1, 2, 3), and let 
a, b, c, f g , hy be their corresponding mean values when referred to the fixed 
axes of x y y, z . 
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Then 

f' — Q— M — 0 

a = l?a! + lib' + Ho' 
b — mia' + m.?b' + wi a V 

c = nia! + nib' + ?i a V V .(192). 

/ = 111^(1 - I - + vi,nfi' 

<1 = Mjijtt' + « a y>' -I- ntl.fi' 
h — + Itmj)' + hiisc' 

From fcheHO, adding the second, third, and fourth, 

d - b + o — ih "T b o' .. (193). 

Also since the principal axes do not change their position in consequence of 
tho dispersion of the inequalities 


<k( a ) _ (a') 


d.jt 

§..(/) 

di 


d 3 t 

9, (a') 


,W ,,,9,(0') 


+/ '-£r + * 


&< 


, &«., &o. 


.... 9» (?>') , d a (e') . . 

-®,», + ■»,». M + >»,», ~ St 


Then substituting from equations (190) for B.jt/dJ, &c., in (194), and 
remembering that lxii'A-1#)' -V l^w* } wlion referred bo tdio principal axes is lho 
same as n* referred to the fixed axes, we lmvo by equation (11)3), for the 
rates of dispersion, referral to juiy axes, 

p" [(u'u')" - h (wV -}- v'v' + w'iv' )"] y 

fjyt 

p" ^ «[(«'«')"-i («'«' -l- »V + wV)"], &c„ to. 

, , , -OM). 

p" [(/«')"] -1 p" Y « (»'«')", &c. &c. 

p"^[(«/«')"] &c., *c. 


163. .7 7 //6 j analytical definition of the rates of angular redistribution of 

inequalities in rates of conduction through the grains. 

As already proved, Arts. 78 c and 79, Section VII.,and the theorem Art. 130 
in this section, the angular inequalities in tho rates of conduction arc the 
result of unHyinmetrical arrangement of tho grains. And as, according to 
the definitions of mean- and relative-mans, Art. 47, the moan-mass is inde¬ 
pendent of tho arrangement, since, the number of grains within tho scale of 
relative-mass is not affected by tho arrangement, tho inequalities in tho 
rates of conduction are the result of unsymmolrieal arrangement of tho 
rolative-mass. 
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It has also been shown, Art. 77, Section VII., that angular inequalities in 
the mean conduction result from angular inequalities in the lengths of the 
mean paths of the grains, and it has been further pointed out that angular 
inequalities in the lengths of the mean paths are the result of the distortion 
rates of mean strain. And the number of paths traversed being inversely 
proportional to their lengths, there arc more mean paths traversed iu direc¬ 
tions in which the relative paths are shortest. 

It thus appears that, although the rates of conduction are not of the 
same dimensions as the mean paths or the position of relative-mass, the 
rates of angular redistribution of the angular inequalities are the same. 

154. The rate of angular redistribution of mean inequalities in the 
position of the relative-mass in terms of the quantities which define the state 
of the medium . 

When, owing to the rates of distortional or rotational strain in the mean- 
motion of a granular medium, there are instantaneous inequalities in the 
symmetry of the arrangement of the grains, there will be inequalities 
in the lengths of the mean component paths; and, the number of com¬ 
ponent paths traversed being inversely proportional to their lengths, there 
will be more relative paths traversed in the directions in which they are 
shortest. 

Then, since after each encounter all directions of relative paths are 
equally probable, after each encounter any inequality which may be attri¬ 
buted to any pair of grains is virtually extinguished. And, as shown in 
Art. 150, the probability for the continued existence for a time 

' — is e~ n ' .(196). 

From this it follows, as in equation (185), 

ti — > t 2 ~n 2 , &c„ &c.(197), 

in which expressions the direction cosines l u m ly n u &c. are nearly constant 
and n u the index of probability, is constant. 

Therefore taking the products V 1 + &c.) and dividing the mean product 
by V —the mean velocity—the mean time of existence of the inequality is 
found to be 

t — n,— . 

V 

and the mean probability of continued existence is 


(198), 
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which when the inequalities are small becomes 

_ 2 ?.? 

Q Vn- A. 


If, thou, wo take a, /, &c., the angular inequalities in the positions of 
relative mass, wo have for fclio relative rates of angular dispersion, 

3 . (a ) _ 2_ a d a (/) _ 2 

'dj(i) \ZTr\ a ’ 9 3 (t) ~ 


_“ f 

\Ztt X^ 


.( 200 ). 


It will he (observed that the logarithmic rate of decrement of inequalities 
in relative mass differs somewhat from that of the vis viva . This is a 
consequence of the difference in the mean time of probable existence of V 
and of V'\ 


155. The limits to the dispersion of angular inequalities in mean muss. 

The numerical coefficient is the only respect in which tho rate of angular 
redistribution of muss differs from that of vis viva as long as X/a is large, 
But as the density becomes large, unlike the redistribution of vis viva , tho 
redistribution of relative mass depends on two circumstances, the inequalities 
being small in both cases. 

Inequalities in vis viva arc not subject to any limits imposed by the 
neighbouring grains and consequently all directions of motion are equally 
probable, however close the grains may he, and whatever may be the arrange¬ 
ment of the grains. 

On the other hand the possibility of angular rearrangement of the grains 
turns on the possibility of a grain passing through the triangular surface set 
out by tho centres of throe of its neighbouring grains; and this possibility 
is closed at some density less than that of maximum density. The density 
at which this closure is effected is that at which diffusion ceases and tho 
state of permanent distortional elasticity commences. Before this density is 
reached tho diffusion becomes slower and slower ns the density increases; 
so that in a granular medium of which tho mean condition is uniform, but 
which is steadily contracting, tho chance of a grain finding a clear way 
between three of its neighbours diminishes, and each grain dwells longer 
and longor in the same moan position in the medium, until all chance ceases 
and its mean position is definitely defined, notwithstanding that it has still 
a certain range of freedom. For the general consideration of the rate of 
rearrangement of mass it iH necessary to take account of tho probability of 
a grain returning after encounters to the formation before encounter, and 
this presents great difficulties. .But it will be sufficient to point out here 
that owing to the instantaneous action at encounter, no more than two 
grains are ever in contact at tho same time, so that there is no chanco of 
combination of the grains, and that the mean position of two grains is not 
altered at encounter while tho relative motions are reversed. 
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In the next section it will appear that the linear dispersion of vis viva of 
grains is very slow as the angular dispersion is very great, so that any chance 
activity of a grain of an exceptional character is immediately dispersed 
amongst its neighbours and brought back to the mean. 

When therefore the density is such that A/cr is very small and the density 
is nearly the maximum, i.e . when G is nearly 6/V27T, there is no rearrange¬ 
ment of the grains, and this will hold good as G increases provided that the 
extent of the medium for which the value of G is large is very small. 

Thus we have two states of the medium in which the rates of rearrange¬ 
ment are defined, and between these a gap in which the definition is 
difficult. 


Fortunately this difficulty is confined to a very small portion of the total 
range of density, being that between the density at which diffusion ceases 
and that at which diffusiou becomes easy. 

This gap covers a region of which the higher limit of p is slightly less 
than 1/V2, when the distribution is uniform, and is equal to 1/3 at irregular 
points ancl surfaces ; A/cr being small in both cases. 

For values of p above these limits there is no diffusion and consequently 
no redistribution in the arrangement of mass, while for values of p below 
these limits the change in rate of redistribution is very rapid at first, 
then gradually settling down to the same relative rate as that of redistribu¬ 
tion of vis viva. 


If then we take as before a = 3 a (a)/di (£), &c. to represent the small 
angular inequalities instituted by the distortion in the mean system during 
the time d 2 (t ); the rates of redistribution to which these are subjected will 
approximate to that to which the vis viva is subjected as p approximates 
to zero. Thus the law of redistribution has an asymptote 

3 2 (a) _ 2 


do(t) 


Vtt A 


aa 


.( 201 ). 


Then if we take f(G ) as expressing a coefficient by which the upper 
limit of p must be multiplied to bring it to unity 

3 2 (a) _ 2 _ 

3 2 (t) \/'rr\ CLa 1 + e~ M 

W) _ _2 1 -/(g) P 

3g (t) fnrX J 1 4- 


^ p {i-/(t?) P ),& c ., &c) 


{!-/«?) p}> SBC., SBC. 


.( 202 ) 


are expressions which give the rates of redistribution correctly except, 
perhaps, in the immediate region of the higher limit. 

156. The rates of probable redistribution of angular inequalities in the 
rates of conduction . 
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Any angular inequalities in the rates of conduction result, solely, from 
angular inequalities in the distribution of mass, but the coefficients of the 
rates of redistribution arc not the same for rates of redistribution of mass as 
for the redistribution of conduction. 


The mean time of continued oxistonce of the path of a grain 

.'. 

V 


.(203), 


is nob the mean time for the continued existence of the product of tho moan 
path multiplied by the vis viva . If however tho moan time for tho mean path 
be multiplied by the factor 

V * ^ JL \ 

j/’a 87r 

we have V.(204), 

V *i** n ' xV 

V* , 

which is tho same cnolHcicmt as for the time of continued existence of 
vis viva, 

To obtain tho expressions for the probable relative rates of angular 
redistribution of angular inequalities in the rates of conduction correspond¬ 
ing to tho rates of angular redistribution of angular inequalities in the 
distribution of mass, we have to multiply tho relative ratios of redistribution 
of mass by the factor 

i\rrr 
8 * 

Then substituting the netual inequalities in the angular rates of con¬ 
duction 

(pm ~~ V )> Pu& * 

for a, j\ &o., the expressions for the. rates of reclistrilmtion of these 
inequalities of conduction are 




a t ~f(0)p „ « 

X fig g -«(l ~A»)p) Vv * 




&0„ & c . V ...(205). 


&c., &C, 


In these equations (204) for tho roles of angular dispersion of tho clia- 
tortional inc< | imli l.y, and tho two rotational inequalities in conduction, aw well 
an in the corresponding (H|iiatioiiH for tho niton of angular dispersion of tho 
corresponding inequalities in tho vis viva of rolativo motion (195), tho analysis 


it. 
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for each inequality has been effected separately in terms of the quantities 
which define the state of the medium. 


These six rates of dispersion for each of the components in directions 
ai, y, and z added together constitute the rate of increase of the energy of the 
component of relative motion received from the other components of the same 
system. And thus it appears that the expressions for these six rates of 
redistribution are the analytical equivalent, in terms of the quantities which 
define the condition of the medium, of the fourth term in the equation (117 a); 
which may be expressed as 


P 


cki' 1 idu' 
dm 3 \dx 


-h 


dv' 

dw'\\ 

1 f , (dv! 

civ'' 

dy 

+ <s)| 

" h 2f ' 

dx< 




(dv! 



+ p'zx 

\ dz 



&c., &c. 


Q. E. F. 




SECTION XII. 


THE LINEAR DISPERSION OP MASS AND OF THE MOMENTUM 
AND ENERGY OP RELATIVE-MOTION, BY CONVECTION AND 
CONDUCTION. 


167. r l ?.UKSio notions are expressed by (.lie second, third and fifth terms in 
equations (128), or more concisely by the second and third terms in (117 a), 

y j^; [{pn'u' -\-p, ix )' u'] -I- &c.j , &c, &c. 

It has boon shown that the actions of the component mean and rolativo 
stresses on the space-variations of tho relative velocities (p'dti'fdat + S&Q.y' arc 
confined to the resilience and the angular dispersion of the energy of the 
components of relative-motion at the points where the inequalities of angular 
distribution exist; and therefore do not account for any linear redistribution 
from point to point. 

Linear redistribution requires the conveyance or transmission of energy, &c. 
from one space to another, and the integrals of these actions must be surface 
integrals. 

Those actions of linear redistribution are again such that their effects 
can bo studied only by considering tho causes which dotormino the rat os 
at which energy, &a, is carried and conducted across a piano from opposite 
sides, Tho relative-velocities at which the grains arrive at a plane, or which 
come in collision with a grain intersected by the piano, arc not determined by 
any action at the plane, but by the antecedent actions, 

As far as these actions of redistribution depend on the convections, that is, 
neglecting the dimensions of the molecules, they havo boon taken into account 
in tho kinetic theory of gases, 

Clausius was the first to obtain tho true explanation* on tho supposition 
that the moan distance between the molecules Avas so great, compared with 
their dimensions, that the latter might be neglected. In this method ho takes 

* JSoflfj. Ann. IHOO. 


S)—2 
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account of the principle, that after a collision the mean velocity of the pair is 
the same as before, and of the consequence, that the molecules crossing a 
plane surface, perpendicular to the directions in which the inequality varies, 
from opposite sides, must have mean velocities such that their sum, in the 
direction of the downward slope of the inequality, is equal to V ’ the mean 
velocity of the encountering molecules, the same as if they arrived at the plane 
from uniform gas in motion with this mean velocity, V 2 ; the uniform gas being 
discontinuous at the surface in respect of density and velocity, but continuous 
in respect of mean vis viva; the density and the mean relative-velocity on 
either side of the plane surface being that of the varying gas at a distance 
proportional to the mean path of a molecule. 

Maxwell by a law of force (which he had arrived at from his experiments 
on viscosity* a9 the fifth power of the distance) obtained a numerically 
different, but otherwise, essentially, the same law. 

In a communication—" On the dimensional properties of matter in the 
gaseous stateff”—I have fully discussed this action, of the linear redistribution 
by the convections; confirming and extending Clausius’ explanation. 

In that paper, by making use of the arbitrary constant s for the mean- 
range, or distance from the plane at which the molecules crossing the plane 
receive their characteristics as those of a uniform gas in motion with the 
mean velocity, V, of the molecules which cross in unit of time, the assumption 
that this distance is proportional to the mean path is avoided, and this is 
important where the mean path (X) is of the same order as the dimensions, a, 
of the molecule or grain. 

In these analyses account has not been taken of any effects of conduction: 
so that, neither Clausius’ nor Maxwell’s, nor yet my own previous method is 
directly applicable for the determination of the rates of linear dispersion of 
linear inequalities in a medium in which a* and X arc of the same order, or 
in which Xja is small. 

It thus appears that to render the analysis general these methods must 
be extended by taking account of the expressions (159), (162), (165), for the 
rates of flux by conduction of momentum, as well as of vis viva in terms of A 
and cr ; so as to obtain expressions for the mean-ranges of mass , momentum, 
and vis viva , as determined by conduction as well as by convection. 

168. The analysis, to be general, must take account of all possible 
variations in the arrangement of the grains. 

But in the first instance it is obviously expedient to restrict the arrange¬ 
ment of the grains, to be considered, to those which have three axes, at right 
angles, of similar arrangement, as in the octahedral formation; in which cases, 

* “On the Dynamical Theory of Gases,” Phil. Trans. Royal Soc., p. 49, 180)6, 
t Phil. Trans. Royal Soc 1879, Part u. 
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whatever may be the formation, equilibrium is secured when the internal 
arrangement of the medium is uniform along each of the three axes; and the 
external actions on the medium over planes which are perpendicular to the 
axes are also uniform. 


159. Mean-ranges. 

Having obtained expressions for the rates of flux of mass, momentum, and 
vis viva , respectively, by conduction as well as by convection, for any group of 
grains in any direction, in a uniform medium, it remains to analyse those 
expressions so as to obtain the component mean-ranges of mass, momentum, 
and vis viva, 

It is to be noticed that mass and vis viva are scalar, while momentum or 
velocity is vector; and that this fact gives the mean-ranges of momentum and 
velocity a different significance from those of mass, and vis viva or energy. 

The mean-range of convection by grains in the direction of their actual 
motion, whatever they may convey, is A. And the mean-range of conduction, 
at encounters between pairs of grains in the direction of the normal, whatever 
is conducted, is a, 


160. The component mean-ranges. 

The respective component mean-ranges of conduction and convection are 
obtained by multiplying the components of the rate of flux by convection, in 
tho direction of the elementary group, by the component of A in that direction, 
and tho component rate of (lux by conduction, in the direction of tho elemen¬ 
tary group, by tho component of a in that direction, respectively, integrating 
for tho general group and dividing by the integral flux for the same group. 

The component mean-range of mass . 

Ah mass is not conducliblo tho moan-rango of conduction is zero. Tho 
component mean-range—that of convection—is then obtained from equation 
(175) as 


f r\nv; d(- C( f~) d* 

Jo Jy _ \ 5 < 


JA, 


.(206). 


161. The component mean-range of momentum or component velocity. 

In equations (158) and (163) if the factors for convection and conduction 
under the signs of integration arc multiplied respectively by A cos 9 and 
trees#, and integrated with respect to 6 from 0 = 0 to 0 = 7r/2, <p = 0 to 
cjb = 77*/ 2 and divided by the respective integrals of the flux, between tho 
same limits, tho component ranges of momentum in the direction of the 
momentum, by convection and conduction, respectively, are found to bo 

JjJA and f-cr. 
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And performing the same operation on equations (160) and (166), the 
component mean-ranges of momentum at right angles to the direction of 
the momentum, by convection and conduction, respectively, are 

|\ and | cr. 

162. The mean-range of vis viva . 

Multiplying the convections and conductions, under the signs of integra¬ 
tion, in the three equations (172), (171), (174) respectively by Acos# anrl 
cr cos cj> and dividing by the respective integral rates of flux, the respective 
mean-ranges are found to be, for convection and conduction, 

For actual energy 3 A and ^<x, coefficient 

Direct displacement $A „ £<r, „ 

Lateral „ „ ye 0 ** » 'sir* 

The mean-ranges of momentum and vis viva , inasmuch as they are 
expressed in terms of A and <r, are general when A, has the value expressed 
in equation (146). 

It should he noticed that while the mean-range of the grains in an 
elementary group is X, the mean path from centre to centre, owing to con¬ 
duction, the mean-range of the velocities and the squares of the velocities are 
respectively extended to 

X + T^(9 and x + 5 / '(S ; 

that is to say the velocity of the grain is not determined by the mean 
condition at the centre of the grain at which it last undergoes encounter, 
but at a position further back; and this becomes of fundamental importance 
when Xjcr is small. 


163. The mean characteristics of the state of the medium. 

The mean quantities which define the state of a (spherical) granular 
medium in uniform condition are 

( 1 ) 2 , the mass of a grain, 

( 2 ) the constants in the expression / , Art. 102, 

(3) u" y v" } w'\ the mean velocities of the medium, 

(4) N, the number of grains in unit volume, 

(5) a, where 3a 2 ff2 — (V 1 / V / ) f/ . 


Of these five mean clmracteristics (1) and ( 2 ) stand in different position 
from the rest, ( 1 ) being constant in time and ( 2 ) depending on the ultimate 
arrangement of the grains, and the consideration of these may be deferred. 
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The mean characteristics (3), (4) and (5) all enter into the definition of 
the state of a medium in uniform condition. 

164. Characteristic velocities , densities and mean-velocities of the grains. 

From equation (136) it appears that, referred to axes moving with the 
mean motion of the medium (u" } &c.), the number of grains having velocities 
between V l and K/ + SK/ in directions which referred to the centre meet the 
surface of a sphere of unit radius in the small element d(om 8) d (</>), is 

i7r d cos dtl 4> = (7r)} ( a ) e U d ( i ) dd ■ 'W .( 207 > 


Dividing by JS T 


V tzt .-©Vjs: 


” ‘‘Ul M - d * 


If then in one state of the medium a lias the value c l} and in another state 
has the value ^ = <^(1 -j- daja i ) i the characteristic velocities, lbr which 

5 -».«. 


irr-tf,. 

will ha Vj and V,j~Vj(\ + 

The inequality between the characteristics is: 

ir/3«i 


In the same way Jbr the characteristic densities if the numbers of grains 
in the two states are Ah and Ah— Ah the characteristic numbers of 

the two states arc 

?ia and via 4* , 

dN " 1 

with the inequality n { j ^ 1 . 

And if a" and u"( \ -hr)ii"/a") are mean component velocities in the two 
states the characteristics are 

n i _ // n (• i . 3Wq \ /ntrt\ 


nf and = < fl+ 

\ Wj 


165. Characteristic rates of flux when the axes are jived, 

Putting l =3 cos 0, m = sin# cos <£, vi = sin 8 sin </> for the direction cosines 
of the normal at contact of a pail* of grains referred to axes moving with the 
mean motion of the medium, in the directions of x, y } z , and remembering 
that the range of convection is \ while that of conduction is (r } that for 

momentum the rates of the (luxes are f2<rf(r) /sx and for vis viva crf( /s\, 


and putting d &c,, and d^pQ)^ for Iho respective rates of convection 
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and conduction of an elementary group in direction defined by — d (cos 8 ) d<j>, 
with respect to fixed axes; for the flux of mass wo have by equation (175) 

3 (oAW = P f cos 8) d (---£ *) d<f>, &c„ fee. .. .(211), 

And by the last Art. 

3 (AW = 3 (AW + (s (a) ^ + S (u") + 8 (lV) ~) 0 (AW, 

whence the inequality of flux is 

3 (AW - 3 (A)** = (s («) ^ + 8 («") f, + 8 (N) ~^) 0(AW.. .( 212 ). 

Equation (212) is general and Q may represent mass, momentum or 
vis viva. 


166. Rates of convection and conduction of momentum by an elementary 
group . 

Substituting the mean-rate of flux of momentum by convection, and 
noticing that the component mean-path is increased from X cos & to 
X (w" -f- cos 0)1 Vi while the conduction is not altered by the mean- 
motion—omitting the square of the mean-motion and dividing out the X, 
we have:— 

For direct action referred to fixed axes 
3 (AW + 3 (AW - P {(«' + V' cos ey +^ 2 g) V? cos^Jg. d (- cos 6) <ty| 

&c, &c. 

&c. &c. , 

.(213). 

For lateral action 

3 (o Qi)ux + 3 (pQiXx = p j(w" + V\ cos 0) (v n + Vi sin 6 cob </>) 

+ ^ ~/(^) F/ cos 0sin 0 cos </>| ™~d!(— cos 0) d<j) .(214), 


167. For the rate of displacement of vis viva by an elementary group 
referred to fixed axes. 

Taking, as before, X( 2 «"-|- F/cos d)/u’ for X and omitting, for the sake of 
simplicity, all quantities of the second order, such as n"’-/X and Xcr 2 , wo have 
for the direct rate of displacement 

3 (OW = P {(»" + Vi cos 6) («" + 7/ cos ey \ 


+ 


\J2 O' 

3X 


/ j F/ a (u" cos # + v " sin 0 cos </> 4- w" sin 0 sin </>) cos 3 5 


...( 215 ), 



V/ 3 cos 3 0 


)i x d (— cos 0) 
A" 4?7t 


/ 







term, bocoiuuH, omitting the terms of second order, 

3u" F/ 2 cos 2 6 + F/” cos” 6. 

One part of the first of these two terms expresses the rate of displace¬ 
ment of moan vis viva by n *; while the remainder of this term expresses the 
displacement of the inequality of vis viva (2a" Vi cos 3 0) by F/. 

The second of the two terms, which changes sign with cos 0, expresses the 
displacement ( F/ a cos 2 9) by V{ cos 6. 

The second term within the brackets expresses the displacement resulting 
Irom conduction on tho mean normal velocity, and this does not change sign 
with cos 0 . 

For tho lateral action 

3 ( Q i )f/x = p j(u" *h F/ cos 0) (v" -I- F/ sin 0 cos </>) 3 

*1- ^^ f F, /a (w // coH0+ , tf"HiutfcoH0+w/ / Hinfl8in ^)oos0Hin u aeoH a «:/> 

+ ;j T ^f F/ a cos 0 sin a 0 coh‘ j </> * ^ d (— cos 6) d(p 

.( 216 ). 

168. The inequalities in the moan rales of flax of mass, momentum and 
vis viva resulting from space variations in the mean characteristics in a medium 
of equal spherical grains . 

When the mean state of tho medium varies continuously from point to 
point, so that (X/JY) (dN/dx), 

|x+ VW(£)/»)■ d */d«‘, {(x,H-VW (0/ 3 ). “} (h “ /dW ’ 

and (X/a) da/adt arc of tho first order of small quantities, tho mean ehnrac- 
toristicH iV, a, u!\ &o., obtained by integrating over a unit of volume, taking 
account of tho motion in all directions, are taken as tho mean characteristics 
at tho centre J > of the unit element. 

Thou it follows that if PQ represents a distance r of the order X + cr, 
having a direction defined by l, in } n , the characteristics at Q will, to the 
first order of small quantities, be, putting I for any one of the characteristics, 

h -'.+<•(' i +■»,+“ »)■. 

I! or «•/©/». 


If, then, r is Olio range of J, whether it is X, V2 <T f(^)j 
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as bho case may be, and it be assumed that Mu* group of grains arriving at 
1\ from the direction of (f arrioe as from a uniform medium having ehavac- 
t or is tics which are the moan characteristics at Q, the inequalities in the mean 
rates of flux at p would be obtained by substituting 

+ ..(SIX) 

for 9(7) anti integrating JJ d(I) sin 0<10 d<f> for the partial groups. 

There is however nothing in the definition of the moan uhameloristies, 
at a point, in a varying medium, as slated above, to warrant the assumption 
that the grains arriving from the direction Q will arrive at P with the mean 
ehanieteristics of the medium at Q. 

The mean characteristics are bln* means of all bho. groups at ( 4 ), whereas 
the grains arriving at V from Q must, unlesH PQ is at right angles to the. 
direction in which the medium varies, differ from the mean at Q taken in all 
directions; and therefore cannot have the mean characteristics at Q< It is 
necessary therefore to obtain further evidence before we can detenuino what 
are the characteristics of the elementary groups in different directions, which 
evidence is found in the conditions of equilibrium of the varying medium. 

169. The conditions between the mnations in, the mean chamctonatici s\ 
a, n”, etc., N or p, in order that a medium , in which cr and, the constants 
* / <x\ 

%n f[xj aro constant, map be in steady condition with respect to all the 
characteristics. 

Tho condition of equilibrium of a medium in mean uniform condition 
requires thabu", a and N should each be constant for all positions and all 
directions; so that in a medium in which any one of these mean character¬ 
istics varies, the rest being constant, the equilibrium would be disturbed. 
But it docs not follow that equilibrium would be impossible if two or more 
of bho mean characteristics vary. 

For tho case where a/\ is small these general conditions have been 
already determined, in the study of the conduction of heat by Clausius**, 
and more generally, in.the study of the dimensional properties of matter in 
the gaseous statef. In the latter instance, this was accomplished by the 
recognition that if tho moan characteristics, ?/", a, N, of flux by a mean 
group of molecules arriving at P wore the mean characteristics of the 
medium at Q f PQ being tho range of the characteristics, the three conditions 

** Poyy. Ann., Jan. 1802 ; Phil. A lay., Juno 1802. 

1' Phil. Tram. Royal Roc., 1897, Part ii. pp. 780 -800, 




of steady density, steady momentum and steady vis viva, could not be 
satisfied; whereas if the characteristics, a and JY, of the flux arriving at V 
from Q were the characteristics at Q, while instead of the characteristics 
u", v", w" at Q arbitrary functions of w, 7/, z (U } V , W) arc taken for the 
mean velocities of the arriving group, all the conditions could be satisfied; 
and the values of U, V ’, W he determined in terms of a", v° } w", a and i\ r . 

This method may bo applied for the determination of the conditions 
between the mean characteristics, If, a, j\ t and u n > when £ is large as when 

A, 

small, now that the expressions for the mean rates of llux and mean ranges, 
resulting from conduction, have boon determined, as well as those resulting 
from convection, in a uniform medium . 


170. The equation for the mean flux. 


Substituting If for u'\ &c, in the expressions for the characteristic rates 
of flux by an elementary group ( ), remembering that \ is the range*, 

of convection and cr the range of conduction, that 


r\ A r ./,dJV dN d,A\\ 

3iV — X 11 . H- /;/• . + n . 

\ tlx at/ dz J 

(«£ 


3a = X 


da , da 
dy d. 

d 


For coiivooLimi 




3a — cr (l + m ( j + a f 1 a, For eonduction 
\ dx dy dz) 


in the expression for the inequality of (.lie flax, and integrating from 0—0 
to 0-77* and from c/> — () to cjt> -- 2 tt, the equation for the moan flux is obtained 
to a first approximation, 


For the flux of mass. 

From equations (170), tin* equation for tin*, flux of mass in direction of 
iv is 

* V ~ 8 + . (220) - 

liquation (220) has reference to fixed axes, for moving axes the equations 
become 

„. ( a - o - * £ {« •'£ + p" *} .*,>*. . 

These equations deline the vain oh U, V, W in terms of the cdiamoliorislies 
(•«", a, p or JY), the mean characteristics at tin*, point. 

For the rates of flux of momentum to a first approximation. 

From the first of equations (2lit) the rates of direct flux of momentum 
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become, to a first approximation, assuming X to be the same in all directions, 

p" ( u ' u 'y' + p"™ = : 1 + T*/ (x) ■ ) 


„ a 2 4 X 


f 2 + 3 vV I “ S ^ (V ' ”" >1 + ^ (V+ “” ) OJ 

For lateral flux, L ,,.(222), 

From the second of (213) the equations become 

»w+ P "„ - ji + f 1/ g) j I £[.{£ b>" (Y -.")] 

For the rates of flax of vis viva to a first approximation. 

From equations (215) the equations for the rate of flux of direct vis viva 
become 

{p>v+2w«r= | {i + ^/(Qhow') P “op \ 


&c., &c. 


..( 222 ), 


For lateral flux* 
From equation (216) 


fX)} [- 


dp" . „ da 


...(223). 


v(M+ P „),'r-\ ji+(|"’/(()}(r-oK 


4 f+§X))[ 4 X ! ]j 

The values of U — &a, as defined in equations (221), are small 

quantities of the first order. Hence as these quantities, and their space 
variations, enter into the rates of momentum as factors of the small distances 
\ and cr only, the terms into which they enter are all of the second order 
of small quantities, as compared with p, and may therefore be neglected as 
being within the limits of approximation. Omitting those terms from 
equations (222), the rates of flux of momentum to the first order of small 
quantities are by convection : 

p"(n'uy = p'' &c„ &c., 

p ,f {vlv’)" = 0, &c., &c., 

and by conduction, equation (159), > .(224). 

,, _ V2 o- ,/a\ _„a 2 0 n 


&c *> &c - 


P xy —&C., &C. 
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(225). 


p" ay + p" (mV)" - 0, &c., &c. 

Substituting in equations (223) the values of U-u", &c., as obtained 
from equations (221), tho ratos of flux of tho vis viva of the component 
motions become by transformation: 

. , , (x// X a /„ . dp 21 cZa“\ 


Ota»T 


•LLixi 


+0* 
X ’ 




15 V 7r 

/Go* JL 

+ v x “ 72 

(pu'v'v'Y = ^ (/mVaTl b ( , HUat j on (223) 

And for tho rate of flux of the total vis viva 

L /„ ..dp 21 da 9 ’ 
IM ,,a o 9 - d - 


\ » doC\ 

) p dw\ 


, &o.,Sic, ...(226). 


pu a ii 4 p^xn 
+ pu'v'v' + px,f 


(4- pu'v/w'-\-p Kt w‘ 


1 a 
9 Ytt 


< 


die 2 
ter 


&c., &c,.(227). 

Tho equations (221) to (227) as they stand are perfectly general. 

So far however these equations satisfy the conditions of steady density 
and steady vis viva , only, on the supposition that tho conditions of mean-mass 
are satisfied. And those conditions explicitly involve the space variations 
of as is at ouc.o seen from equations (225). 

171. The conditions of equilibrium, of mass referred, to cures moving with 
the mean motion of the medium. 

Differentiating equations (225) with respect to a>, y, z, respectively, and 
transforming, the. general conditions of the equilibrium of mass may be 
oxprossod as 

'JL__ 

X dm a a das 


dp 


dm 


P" 


ft* A 


f2a/[l)~fiXei^e * [dx ldai 






*o.,*c. ...(228), 


and from equation (140), differentiating and transforming, 


MX 


<l P „ p |iA- + XV2rt»ga * 1 d\ & &(! 

*■ p sx+^./r) ^ 


(229). 
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Adding the equations (228) and (229) the condition of equilibrium is 

.:. (23 ° 


The rates of flux of vis viva when the medium is in equilibrium. 

Substituting in the first and second of equations (226), (227) respectively 
from equation (228) the respective rates of direct flux by convection and 
conduction are expressed as: 


///•/# t\/J ^ 

p («**) =- f5V - 


, 3 + a/2 arjfle a 
3\+f2*/(~) 


21x1 p x ~r~) &c., &c. 


f*(w-vsx)»/g) 


3 -f\/2a 2 £> 3 e 


,...(231), 


V2./([ 


i iiu tr .\ n f <x\) 1 da 3 „ „ , 


the respective rates of lateral convection and conduction being one-third of 
the corresponding direct rates. 

Adding the respective members of the equations (231) the expression for 
the total rate of direct flux of vis viva by convection and conduction is: 


[(p"u'ii +Ptm) u'Y = - 15 ^. j(<^ - 2 (4<r - \)<r/g)) 


<r\\ 3+ f2a 2 b*e~ < r 


3\ + V2 erf 


-P 21X 


+( } r -■'*) '/©} o| . '-m- 


Then, since the rates of flux of lateral vis viva arc each one-third of the 
normal rate, the total rate becomes 

t (p'Vit' + Pm) u\" . 

, I « f/V, _ sfo-WZ + fflcWe "■ 


+(p"ltV + JJ W ) V ■ = |(6X 2 + 2 (4<r - X) a f (£ J J ■ 

+ (p"u'w'+p xz ) lul 


+ 21X + 


3X -p \/2 cr f 


.< 233 > 


The equations from (221) to (233) are perfectly general to a first 
approximation of the inequalities, the axes moving with the mean motion of 
the medium, the medium being in steady condition, and the arrangement 
such that ctr and 6 2 are constant. 
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172. The coefficients of the component rates of flux of (o- 3 . a 3 /2 a/2) the 
mean component vis viva of the grain. 


By equation (129 b) Section VIII. 



Substituting this in equations (233), dividing by JSf and putting 4- IX?) 
for the product of the first two factors of the member on the right, these 
members take the form : 


(C 2 3 + D a 9 ) 


of d_ 

a/2 dx 



as expressing the relative rates of flux of the vis viva of the grains across 
surfaces moving with the mean motion of the medium. 

These rates expressed by the space rates of variation of the vis viva 
of the grains multiplied by the coefficient (C,/ -f express the rate of 
flux under the condition of steady motion. 


But as long as the scales of the variation of ar are sufficiently large, 
as compared with the squares of the scale of the relative mass and the 
mean paths, to come within the limits of approximation for the maintenance 
of mean and relative systems, the rates at each point will be approximately 
the same as under the conditions of equilibrium. 

Then if the inequalities of mean motion are so small that the inequalities 
instituted in N, \ and a may be neglected as compared with N, X, a, 
i.e. if the scales of mean motion are sufficiently large and the inequalities 
sufficiently small, the coefficients C' a * J and Zb 3 , which are respectively the 
coefficients for convection and conduction, may be taken as constants within 
the limit of approximation. 


173. The rate of dispersion of linear inequalities in the vis viva of the 
grains. 

Putting 

Jr wd** ~rt dx Kp** + p uu ') u ' ~ (p*« + p u ' v ‘’) v ' ~ (p™ + p u ' w ') ( 234 ), 

wc have + m 71 i (P 


1 9, 




d* 


. 


.(235). 


Nd^r av ~~ K ^ ^ 2/ V2d2/»V2 

}l^1t — — (0 2 + D 2 ) — — (- 
Nd,t xz ~ { 9 + a V2 d*\2 

Thus although not vectors the component rates of redistribution depend 
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severally on the component inequalities, and admit of separate expressions 
which when added together give the expression 

££/-<«+w>£*© .< 236 >- 


And multiplying by N 
dj 


= ((7 2 2 4-A 2 )p*V^ 


174. The expressions for the coefficients C£ andD 2 ~ involve the arbitrary 
constant b- ; so that the general expression cannot be completely interpreted 
until b- is defined. But the terms which depend upon b are very small 
except for states of the medium in which X is greater than a/10 or less than 
10a*; so that outside these limits the coefficients are independent of b 2 
within the limits of approximation. 

Then, outside these limits, the expressions for C 3 2 and D 2 3 ,as appears from 
equation (233), when ajX is small, are, within the limits of approximation, 


And when a/X is large 


&*=■ 0 


4 a 2 cl (G 


2 3 \Ji tX \4 Jj 

And these values become infinite in the limit. 


175. Summary and conclusions as to the rates of redistribution by 
relative motion . 

The equations (202) express, in terms of the quantities which define 
the relative motion of the medium, the rates of angular rearrangement 
of the relative-mass, by institution of relative motion, corresponding to the 
last term in equations (119) Section VI. 

Equations (235) Section XII. express the linear redistribution of in¬ 
equalities in ms viva of relative motion by the actions of convection and 
conduction corresponding to the second and third terms of equations (117 a) 
Section VI. 

Equations (195) and (205) express the respective rates of angular redis¬ 
tribution of angular inequalities in the vis viva of relative motion, resulting 
from convections and conductions respectively, corresponding to the fourth 
term in equations (117 a). 

The second term in the equations (119) Section VI. is the only term 
in the equations of mass which does not become zero when p" is constant in 
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time awl space. Thoreforc equations (202) express tho only redistributive 
actions on mass, equation (204), resulting from relative motion. These 
redistributions of relative-mass are essentially positive dispersions of un- 
symmetricai arrangement, at rates which are proportional to the inequalities 
in the arrangement of the mass. But subject to the same limit as the 
permanent diffusion, as X/a becomes small. 

Thus the action of relative-motion on the mass is that of positive 
dispersion of all inequalities. 

The second, third and fourth terms in equations (117 a) are tho only 
terms in the equation which depend on relative motion only; that is, are 
the only terms in these equations that do not necessarily vanish when tho 
vis viva r, of mean motion is constant. 

Therefore the equations (1.95) and (204), Section XL, express the only 
redistributive actions on the vis viva resulting from relative motion. 

From these equations it appears that all those actions are essentially 
dispersive of inequalities, at rates proportional to the inequalities multiplied 
by coefficients depending on the characteristics of the medium; the only 
limit boing that imposed by the nearness of the grains, which is the same 
limit as that of permanent diffusion as expressed in equation (205). 

It thus appears that to a first approximation tho action of tho relative) 
motion on relative mass and relative vis viva is essentially that of positive 
dispersion of inequalities; in which the rates of linear dispersion, and of 
angular dispersion of vis viva , by convection, art*, subject to no limit, while 
those of angular rearrangement of mass and of angular dispersion of vis viva 
by conduction are subject to a fuiito limit as the. grains become closer. 

The generalization of tho dispersive actions. 

Tho numerical coefficients of tho several rates of redistribution expressed 
in the equations (202), (11)5), (205) relate to a medium consisting of uniform 
spherical grains. But if, for those numerical coefficients, arbitrary constants 
are substituted, these equations become general, that is to say, they include 
all discontinuous media in which the separate members do not alter their 
shape or size. 

Whence the conclusion follows, that discontinuous, purely mechanical 
media satisfy the condition for the maintenance of tho state of relative 
motion. 


it. 


10 


SECTION XIII. 


THE EXCHANGES BETWEEN THE MEAN- AND 
RELATIVE-SYSTEMS. 

176. It has been shown (Sections XI. and XII.) that the effect of the 
relative motion is to disperse all inequalities in the mean vis viva of 
relative motion and in the arrangement of the mean-mass; the rates and the 
limits of these actions having been expressed in terms of the quantities 
which define the relative motion. 

It remains therefore (1) to effect such analysis of the terms in the 
equations which express the effect of inequalities, in the mean-system, in 
instituting inequalities in the relative-system, as is necessary to define the 
actions they express, in terms similar to those in which the rates of redistri¬ 
bution are expressed; and (2), by combining the effects of the respective 
actions of institution and redistribution, to arrive at expressions for the 
resultant inequalities which may be maintained. 

The only terms, which remain to be considered in the members on the right, 
of the equations of component vis viva of mean- and relative-motion (123) 
after transferring the first term on the right, which is the convection term: 

\j t io-p(nJl &c„ &c, 

to the left member, are those terms which are concisely expressed as the fifth 
and sixth terms in equations (117 a). 

Therefore these terms are the only terms which express exchanges of 
vis viva between the two systems taken as a whole. And since these terms 
do not become surface integrals they express the exchange, at points, of vis 
viva from the mean-system to the relative-system. And further, these terms 
are transformation terms solely; so that they each express, under the 
opposite sign, the exact rates of exchange as the corresponding terms in the 
equations (116 a). Thus the fifth term in equations (117 a) expresses the 
rate at which vis viva is received by the I’elative-sysfcem from the mean- 
system on account of the diminution of the abstract resilience in that 
system, while the sixth term in (117 a) expresses the rate of exchange of 
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kinetic energy necessary in order to satisfy the condition of no energy in the 
residua] system, the expressions uuder opposite signs being identical in the 
two systems. 


177. The initiation of inequalities in the state of the medium . 

Sineo the terms in (117 a) express the only actual rates of exchange of 
energy between the two systems, and the effects of the relative-system are 
purely dispersive, it at once appears that in a medium, in a state of general 
equilibrium, inequalities can be initiated only by acceleration of mean- 
motion, and whatever the state of the medium may be, all initiation of 
inequalities springs from acceleration of mean-motion as the prime cause, 
This being so, any rate of change which may result by transformation from 
inequalities in the mean-motion will bo expressed as: 


M J 

dii 


or 


3i( ) 

0 !* 1 


according to whether or not the rate of convection d 0 >t ( )[dt is or is not 
included in the action. 

In this way the joint actions of institution and redistribution are ex¬ 
pressed as 

di( ) , rf.( ) 

d { t <l.J, 


178. As presenting by far the greatest difficulty, and thus entailing the 
most discussion, the rates of institution of angular inequalities in the rates 
of conduction through the grains demand first consideration. Them) rates, 
it would scorn, have not hitherto been the subject of analytical treatment; 
and although the expressions for these rates of institution are clearly dis¬ 
tinguishable, now that the conductions are separated from the convections, 
the interpretation of these terms presents dilliculties owing, partly, to the 
novelty of tin; conceptions involved. 

It appears that the analysis of these conductions constitutes the kinetic 
theory of the abstract elastic properties in the mean-system of a granular 
medium, that is to say, properties of distortioual elasticity. 

The terms which express the rates of increase of abstract resilience in 
tho mean-system are included in the last term but one in the right members 
of equations (l ib a), 

In a purely mechanical medium there is no resilience in the resultant 
system, so that these terms in the mean-system have their identical counter¬ 
part under the opposite sign in the corresponding equations of the rcdaliive- 
system, Hub that which has rendered tiiis subject obscure, is that the 
counterpart is under different expressions. 

This is owing to the generality of the equations, which are nob confined 
to a purely mechanical medium. However, on changing the signs of the 

10—2 
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terms in (116 a) we have the interpretation of the corresponding terms in 
(117 a). These terms, 


y /(hr ciy ciyy 

8 V da; dy ' dz ) 

+i 


+(p"»-r") 


du" 

dx 


IP ycc 


(du” dv"\ n 

Vd^ + d^) +p 


du' diu u \ 
dz dx) 


, &c., &c., 


represent the rate at which kinetic energy in directions x } &c. is being 
abstracted from the relative-motion to supply the abstract mean resilience, 
depending on conduction, to the mean-system of motion. This is obvious, as 
regards the first of the terms within the brackets, for the components in 
directions x, y and 5 . But as these represent uniform expansion multiplied 
by uniform pressure, both the expansion and pressure being equal in all 
directions, it introduces no angular inequalities in the relative vis viva. It is 
however these terms, or more strictly, the three corresponding terms for the 
directions x, y and £ taken together, that, owing to their simplicity, reveal 
the modus operandi by which the conduction through grains, of changeless 
shape or volume, can afifect the work done in contracting the space in which 
they exist. 


It is not the conductions that are the active agents. But these conduc¬ 
tions are a passive necessity of the space occupied by the grains; and thus 
measure the contraction of the freedom of the grains, owing to their volume. 
Whence, it is at once realized that the amount of increase of kinetic energy, 
which would result from a contraction of the entire space occupied, would 
not be the same as it would be if the grains, while conserving their mass, 
ceased to occupy volume. For in the latter case, taking V the velocity of 
the grains and p for the density, and supposing the action were what is 
called “ isothermal,’’ the velocity V remaining constant, the rate of displace¬ 
ment of momentum would not be pF 3 /3, as it would be if the volumes of the 
grains were zero. 


Neither would this stress vary with p but with p (1 + c/>(p)} where cf>{p) 
represents virtual contraction of the space free to the motions of the centres 
of the grains. Thus the variation of the kinetic energy caused by a mean 
volumetric strain in the medium is increased by the proportion of the volume 
occupied by the grains to the exclusion of other grains. It is thus seen that 
it is this excess of work in any mean strain, resulting from the virtual 
space from which the grains shut each other out, that is measured by the 
conductions. These effects have been fully expressed in equations (158) and 
(159), Section X., and are easily realized in the case of volumetric strain. 
But it is quite a different matter to realize how a purely distortional strain, 
which neither affects the volume of the space nor the volume of the grains, 
can produce a virtual alteration of freedom open to the grains or inequalities 
in rates of conduction; and hence the importance of the evidence derived 
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from the consideration of the volumetric strain in the interpretation of the 
results of distortional strains as expressed in the three last terms within the 
brackets. From these it appears at once that the action which determines the 
character of any effect there may he is rate of distortion, which also determines 
the rate of action, while the subject acted upon is the component of conduc¬ 
tion induced by the distortional strain. In tho first of these distortional 
terms, for instance, 


1 

8 


(*"« 


-i>") 


duT_ 
dx ’ 


wo sec that all actions on the mean rates of conduction, expressed by p", 
equal in all directions, are expressly excluded. The recognition of this is 
important as it shows the independence of the actions, in so far that if tho 
distortional strain does not induce any change in the rate of conduction thero 
is no effect. This raises the question: what is it that determines whether 
or not those distortional strains shall have any effect? And the answer to 
this is furnished from the experience derived from the volumetric strain. 
If tho mean distortional strain, by altering the relative positions of the 
grains from what they would have boon without the distortional strains, so 
alters the mean extent of freedom in tin? directions of the principal axes 
of tho rates of strain, there will he effects, otherwise not. “Limiting the 
freedoms” is only an expression for altering the probable mean paths, and 
as a distortional strain consists essentially of strains in directions at right 
angles, such tlml. one of theses strains is of opposite sign and equal to tho 
sum of the others, tho action of a distortional strain is not to alter the mean 
density, nor if cr/X is small the mean paths of the grains, taken in all 
directions, hull to institute inequalities, increasing tho mean paths in tho 
directions in which Lite strain is positive, and decreasing them in those 
directions in which it is negative. 

It becomes plain, therefore, (1) that no matter what the muss or number 
of grains may he, if the volumes are such that the space they occupy is 
negligible compared with the space through which they are dispersed, the 
effect of distortional strains on the conductions must also be negligible. 

And (2) that any effect the distortional strains may produce on account 
of the size of the grains depends on the change in tho angular arrangement 
of the grains, as measured by the angular inequalities in tho mean paths, 
that may bo instituted. 

And from these two conclusions it appears definitely that the abstract 
exchanges of vis viva , from the menu system to the relative system, in con¬ 
sequence of distortional strain in the former, and tho space occupied by tho 
grains in the latter, depend solely on the angular arrangements, as they aro 
here called, of the grains. 

This general and definite conclusion brings into view, for the first time, 
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the fundamental place which the conditions to be satisfied by the relative 
mass, as set forth in Section V., as resulting from first principles, occupy in 
the exchanges between the two systems. 

It also calls our attention to the fact, pointed out in the preamble to 
Section IX., that the tacit assumption in the kinetic theory of gases, that 
the redistribution of vis viva entailed the redistribution of mass, has limited 
the application of tins theory to circumstances in which the conductions are 
negligibly small, and reveals the necessity, for the general theory, of a study 
of the law of redistribution of mass resulting from the dispersion of mass 
as a subsequent effect of encounters, and as being in some respects inde¬ 
pendent of, and of equal importance with, Maxwell’s law of redistribution 
of vis viva. 

Although in such studies of the kinetic theory as I have seen I have not 
found any reference to the existence of such a law or the necessity of its 
study, in a recent reference to the celebrated paper by Sir George G. Stokes, 
“ On the Equilibrium of Elastic Solids,” I was much relieved to find that, in 
his discussion of Poisson’s theory of elasticity, he expresses the opinion that it 
is important to take into account the possible effects of new relative positions 
which the molecules may take up, in which 1 recognise a reference to what 
I have called the angular distribution of the grains. 

179. The probable rates of institution of inequalities in the mean angular 
distribution of mass. 

When the condition of the granular medium is such that the probable 
mean path of a grain is the same in all directions—that is, when the mean 
of the paths of all the grains moving approximately in one direction is the 
same, whatever direction this may be—there are no angular inequalities in 
the arrangement of the grains. And when the means of the paths of grains 
moving approximately in the same directions are different for different 
directions, these differences serve to measure the inequalities in the angular 
arrangement of the grains. 

And in exactly the same way the angular inequalities in the number of 
encounters between pairs of grains having relative-mean paths approximately 
in the same direction serve (and are rather more convenient) to measure the 
angular inequalities in the mass. 

Such relative angular inequalities are instituted solely by distortional 
motion in the mean system. And the rate of distortion is one of the factors 
of the product which represents the rate of institution of the relative 
inequality; the other factor being the ratio of the average normal conduction 
of momentum at an average encounter of a pair of grains, divided by twice 
the average convection by a grain in the direction of its path. 
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By equation (147) the normal conduction at a mean collision is 


and by equations (155) and (156), there arc two mean paths traversed for 
each collision, and the mean displacement of momentum, by the convection 
of a grain between encounters, is X V'. 


Therefore the ratio of the corresponding normal conductions and normal 
convections is 


2 \J2 ( V)" o „ /o\ __ \/2 cr « /<t\ 

3 2(Vj r X ^ U/ 3 X*' w 


(239). 


And the rates of institution of relative angular inequalities in the arrange¬ 
ment of the mass are represented by 


d y a' cr j* /cr\ ( da" 

a,7= » ffi 


2 (da" dv" dwy 

3 V div * dy dz ) 


&o„ &o*...(240). 


This is, only, when n!\ v" t w" are referred to Lius principal axes of the 
rates of distortion* And da'fdl, db'/dt, do'/dt , represent the relative ratios of 
increase of the moan paths of pairs of grains having relative motion in the 
directions of *», y, and z respectively. The rates of relative increase of pairs 
of grains, having directions of motion other than the directions of the 
principal axes, are obtained from those in the directions of the principal axes 
as in the ellipsoid of strain. 


Besides expressing the inequalities in the angular distribution of mass 
and in the moan relative paths, da\ &o., express the rates of increase of the 
inequalities in tho numbers of encounters between pairs of grains having 
relative velocities in tho directions of the principal axes. But they do not, 
without further resolution, properly represent the rates of increase of the 
inequalities in the rates of conduction in the directions id’ the principal axes ; 
since the directions of encounter, that is, tho normals at oncouulor, may 
depart by anything short of a right angle from tho direction of tho relative 
motion of a pair, 

Before proceeding to consider tho wdativo-iuequalitioH in the rates of 
conduction, however, it seems desirable to call attention to the distinction 
between rale# of strain and drams. 

It will bo noticed, after what has already been said as to tho difference 
between the effects of volumetric strains and disfcortional strains, that in 
what follows, the expressions dafdt , &c. are used to express the rates of 
increase of relative-inequalities resulting from rates of distortion, while 


* N.B. Tho a f y b\ c', in thin article have no relation to (a t 6, (?) an u«od in oqun Lions 
(181) &o. for inoqualUioH of via viva, 
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these expressions are equally applicable to the rates of volumetric strain. 
Thus the expressions, 

V2 cr „{c r\ fdii dv dw\ 

3 V \\) \dx + dy + dz ) 9 

du 2 fdu dv dw\~ 
dx 3 + dy dz /_ * 

express, respectively, the rate of relative increase of X, the mean path, 
in all directions, and the rate of increase of the inequality in the mean value 
of the mean paths of the pairs of grains having motion in the direction of 
x only. This at first may appear paradoxical; but the explanation becomes 
clear when it is remembered that a rate of strain does not represent a strain, 
however small. 


and 


V2 

3 


14 


For a finite rate of strain to cause a strain it must exist for a finite time. 
And to convert the expression for a rate of strain into the expression for a 
strain it must be multiplied by the expression for a time; recognising this, 
the difference between the effects of volumetric strains and distortional 
strains is at once seen. In the uniform volumetric strain the effects on the 
path of every pair of grains, whatever the direction of the paths, are the 
same; whereas in the distortional strain, if the strain in direction of one 
of the principal axes is positive, the sum of the strains in the other two axe^ 
is equal and negative, and thus they neutralise each other except for such 
effects as result from rearrangement of the grains. 

Noticing this, it is seen that the rates of strain in the directions of the 
principal axes on the pairs of grains with relative motion only, in one or 
other of these axes, are perfectly independent. And, assuming that there 
are no initial inequalities, these independent rates express the initial rates of 
increase of the initial inequalities in the mean relative paths, with relative- 
motion in the directions of the principal axes of rates of distortion. And, 
as long as the relative inequalities are very small, this independence will 
be approximately maintained. 

Taking St as an indefinitely small increment of time and multiplying both 
members of equations (146) by this time we have, putting a! — da'Stjdt, as a 
first approximation to the effects of the rates of institution, 



2 fdu" dx" dy/\) 

3 \ dx ^ dy ^ dz 


St } &c., &c. ...(241), 


or since X is uot affected by the distortional strains we may put for the actual 
rates 


X (1 -f a ) = X 





(.du" 2 f du" dv" dw"\ 1 ' 

^ dx 3 \ dx ^ dy ^ dz ) j 


, &c., &c. 


(242), 


which express the increase in the mean paths of pairs of grains having 
relative velocities in the directions of the principal axes. 
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Then since the numbers of encounters between such pairs arc inversely as 
the increase of the paths, wc have, equating the reciprocals of both members, 


y 2 <r , / o 

"3 


a"'-* 


dv" . dw" 


..(243). 


. 8 X' \ilm 3 \dai 1 dy ' dz )) 

From which we have fur the rate of relative increase of encounters the 
numbers of pairs with relative motion in the directions at, y, z, 

, *J'2 cr , /cr\ \n(lu" 2 (dv! 9 dv" diu"\) & 

- “ - - 3 - U) I 2 ,(«- 3 ( i. + di/ + -e )r. (241 >- 

Having thus obtained to a first approximation expressions for the effect 
of rates of institution of inequalities in the pairs of grains having relative 
motion in the directions of the principal axes, we may proceed as in Art. 149 
to find, to a like approximation, the effect of these inequalities in the numbers 
of encounters on the normal conductions in the directions of the principal 
axes of distortion. 

180. The initiation of anyidar inequalities in the distribution of the 
'probable rates of conduction resultintj front ani/nlar redistribution of the mass, 

Taking tv, y\ z as measured in the directions of the principal axes of 
the distortional strains, and — a\ *-//, — d respectively for the relative in¬ 
equalities in numbers of encounters between pairs of grains Imving relative 
velocities in 1,1m directions of if, z* respectively, where a! 4* V + c » 0, wo 
have for the probable relative inequality in the number of encounters of pairs 
of grains having relative motion in the directions defined by l\ mi, v! referred 
to the principal axes, 

- (/'’V 4- vo' a // + ri'o% since /' ~ if « hi = 0. 

Then, talcing l lt w,, n t as the direction cosines of bho principal axis 
measured in direction te\ with respect to any arbitrary Hystem of axes 
measured in directions of ;v t //, z; l a , m u , ■//„ and 4, vo a , ??„ being tlie direction 
cosines of the principal axes of if and z respectively referred to the arbitrary 
system, the inequalities in encounters between pairs in directions tv, y, z 
respectively are expressed by 

- (7,’V + 1/1/ 4- l/d), &c, &c.(245) 

respectively. Then using —o,, - —c l to express these inequalities, wo may 

also take, in tlie usual way, f y , h, the probable tangential inequalities, 

. . 

— (■;//!■«,a 4* viiiij/ 4- nixihjC), &«., &c, 

Then to find the. inequality in the number of encounters having normals 
in the directions of the axes of u\ y, z, itsHpocfcivcily, resulting from encounters 
between pairs of grains in all directions, we must express the probable 
number of pairs having relative velocities in a direction defined by l, in, n 
referred to the directions of cv, y, z\ such an expression is 

u A ®a Iht 4- v/b 4- 11*0 4- 2vmf 4- 2 nig 4- 2 huh .,....(247). 
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Then the angular distances of the direction of a Y from this line to the axes 
of x, y } z respectively are defined by l, m, n respectively ; and the probability 
of the normal at encounter being in the direction of x is Za 1} in the direction 
of y is ma lt and in the direction of z is na x . These are the inequalities in 
the numbers of encounters of which the directions of the normals are in 
the directions x y y y z, respectively, resulting from encounters between pairs 
having relative motion defined by l, m, n. Then integrating — ci L l, — c^m, 
~ a x n over hemispheres having axes in the directions of x y y , z y respectively, 
we obtain, respectively, on dividing by 7r the mean inequalities in the proba¬ 
bility of encounters having normals in the directions of the axes x> y , z . 
Thus putting l — cos 9, m = sin 6 sin </>, n — sin 6 cos <fi, 


27r 


f a f<2 cos 4 # 1 /< 

Joi"^r a+ 2^l 


d cos 2 9 Id cos 4 9 
2 ^ 4 4 


(i b + c)l 


a 1 „ . 

= I + 4 (& + c) 


.(248). 


181. The mean relative inequalities in normal conduction are obtained 
after the manner in which equation (148) is obtained, by resolving the com¬ 
ponents of mean normal conduction in the directions .of' x, y y z respectively, 
and multiplying them by the expressions for a, 6, c, &c. equations (247). 


Then, since a + b -hc = 0, we have for the probable inequalities respec¬ 
tively a/4, Z?/4, c/4. 

Our object however is not to obtain the inequalities in the probable 
number of encounters, but the inequalities in the mean normal conduction in 
the directions of the principal axes. 


The mean relative inequality of normal conduction is obtained by the 
same method as in Art. 104. This requires that for the direction of x y Icii 

must be multiplied by V2/(r) V t l> and then integrated. Thus 


k 2 V Z 4 ZH 

reduce to 


2 fcZcos B 0 1 

07T a 27r 


d cos 3 9 d cos 3 & 
— q. 


*> + <)}. 


&C., &C. 

....(249), 


(!“ + n (‘ + «))— 1 n m 

(1 1 + + — ! T^ v '° h ■ 

- V2 v, (3 (| o + ^ (a + 6>)- 


(250). 


These are the inequalities in the probable normal conductions in the 
directions of the axes of x , y, z respectively, and it remains to find the 
inequalities in the probable conductions in the directions of the principal axes. 






181] TilH EXCHANGES JiKTWEEN THE MEAN- AND RELATIVE-SYSTEMS, 155 


The probable inequalities in the conductions resulting from an encounter, 
having the normals in the direction of x, arc obtained by substituting the 
expressions for a t b , o in the preceding equations, then resolving the 
normal components of V x and er, in the members on the right of these 
equations, in the directions of x\ ?/, z respectively, integrating over a 
sphere of unit radius and dividing by Itt. Thus since (\! -V b f + c = 0, 


2?r V- <r 1 r \f 


(^t Q( d fc l“ b{b + l$c ) 




5 (&' T o')j \ • &c *> &c .( 251 )* 


= - Oil 


(<r\ 2 o' 


It will bo observed tlmt these expressions an5 for inequalities of the 
probable component of conduction in the directions of the principal axes, 
taking into account the relative inequalities in probable normal conduction 
in all. directions; and that they do not express rates of conduction corre¬ 
sponding to the expressions in equations (MS)and (15!)),but if multiplied by 

2 the mass of a grain, they express inequalities of conduction corre¬ 
sponding to the conductions expressed in equation (148). 

To obtain the expressions for the inequalities in the rates of the relative 
component conductions in the directions of the principal axes of distortion, 
the expressions lbr the corresponding component conductions must he multi¬ 
plied severally by the number of encounters each grain undergoes in unit 
time, and by the number of grains in unit space, as expressed by the integral 
of equation (1 57), 

Comparing the. expressions thus obtained with the rates of conduction, 
equation (158), it is at once seen that this inequalities in the probable rate of 
component conduction in the directions of the principal axes of distortion 
are, remembering that a expresses 3, (a') 3^/3^, &e., 




, /<r\ a y f), . ,\ n f)| f „ 


•/) f)ii,&c., &c,.(252), 


Then although the significance of the a* and a t &c., used to express 
relative inequalities in mean paths have, no relation to the a' and a, &«., used 
to express inequalities in the vis viva , in equations (U)2~‘ll)4) they are of 
similar significance and admit of similar transformation, whence it follows 
that by a process strictly corresponding to that followed in Art. 152, those 
rates of conduction transformed to any system of rectangular fixed axes w, y, z, 

3,i ,v +/a ?U 1 l ' 0,< I . (2f)3)) 

a, (/’)*, f 3,(<0 3,(6'), 3,(01 , 


&c. 


Sp i t &c. 
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0 f qJ\ 

then dividing by St and substituting the values of ^ , &c. from equations 

0\{j 

(146) 


di (» ) 
9,i 


(a) = _V2 Z f(z\ I 2 —- 
\t 3 X*' \A/ ( dx 


du" 


du" dv" dw"\, „ 

~dx + liy + ~dz ) 1 ’ &c- 


(/) _ _ V? o; , /o-\ 
3 X W 


dto" <2w"\ 1 „ „ 


.(254). 


To convert these into rates of institution of inequalities in the probable 
rates of conduction they must be multiplied by the constant coefficient of 
the di(a)/dit in equations (252) which by equations (159) may be expressed 
as: 0*32p"; the coefficients of the right members of equations (254) may 
also be expressed by 2p"/pa 2 . Therefore 


0-32 f 


P~2 


1 du" 

2 

j 

/du" 

dv" 


\ 2 Tx- 

“ 3' 

\ dx 

+ dy + 

dz )) 




- p "), &C., &c. 


032 p"' 1 ^ (dv" dw”\ 
a 2 1 dz dy ) 

^2 


Ik 

2 3^ 


(p"yz), &C-, &C. 




,(255) 


express the initial rates of increase of probable angular inequalities in 
the rates of conduction, resulting from distortional rates of strain in the 
mean-system, which are expressed in the last term but one of equations 
(117 a). 

The rates of increase of conduction resulting from rates of change of 
density , 

By equations (239) the relative rates of increase of p" are the products 
of the relative rates of change of density multiplied by the ratio of the rate 
of conduction to the rate of convection; the last factor is 


V2 a f fa\ p" 

3 VW a*' 

^2 

Thus for the relative rate of increase of p" 

1 dfp n ) _ pftdu" dv" dv/'\\ 
p' djt a? \dx + dy ^ dz ) 

9 2 

the actual rate of increase being 

di(p") __ p " a / du" dv" dw"\ 

d x t ~ a 2 \dx ^ dy ^ dz ) 

P 2 


.(256). 
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182. The transformation of vis viva or kinetic stress. 

This as expressed in the last term of equations (117 a) and multiplied by 2 
so as to express the rate of increase of vis viva (not energy), is 

V' j <«'«')" ^ + (v'nT d f + («**')" 1, &c., &c. 


If tho axes are principal axes of rates of distortion and the medium is in 
uniform condition the last two terms within the brackets are zero, Then 
taking a\ //, o' for the relative inequalities, which are initially zero, wo have 
for the rates of increase 

a 3 f) a u' , /y/ ( du" 2 /du" dv" dw"\) s s 


, &c., &c, ,,,(257). 


Putting Ii 3| for the direction cosines of the principal 

axes referral to any system of rectangular axes and taking a, 6, c, f, h 
as expressing the inequalities when referred to other fixod axes, by the 
well-known theorem 

a ~ If a* 4 IfV 4 Ifc > 
b = mfa/ 4 infb' 4 wife' 
g = nfa* 4 nfV + nfc' 

l .(258). 

/« VliUxO! 4 VljIliJ)' 4 Vlalhc' 

&c. &e. 

where «- 4 b + c « «/ 4 6 / 4 o' 


0,tt _ /a da' /a rf&' ; a rfe' 
3^ ~ 1 dt+ C « dt 


.(259), 


and substituting for the values of da'jdt, &c,, from (257) 
a‘ J <V r ' // «( du" 1 (clu" . dv" dw"\) 0 

{•* - s U + a + *)] ’ *°- 1 


.( 200 ). 


a u 0»(/) o d* (dv” dv/ 
2* fljifi 83 ^ i\dz dy 


^, &o., &c. 


Tlmn putting a a /2 fov ( u n ' * v v f ' w ' w 'y i t 

3, T „ a ,J l __„ 3a 3 /du" dv" 

<hi\f 2 p T\dx + dy 

<>i a H o„» «*(<&*" 1 (du" dv" 

Mr ( } ” 2"J 2l(te"iiU + dy H 

01 v n ( i lyri q n I / d*M \ n 

a.,0 ("GJ-- 2 / 1 2 -iU + 


, &c., &c. 


These equations express the initial rates of increase of angular inequalities 
in the rates of convection remitting from distortional rates of strain in tho 
mean system, which are expressed in tho last terms of equations (117 a). 
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183, The institution of linear uictjualitics in the rates of (line of ms viva 
of relative motion by convection, mol eumliivtitm, 

Thim far the analysis for the rales of instilut.ion of iiu*i|it<Llil.i<*s in I,ho 
vis vim ami rates of conduction Ims been ooutuuol to Mu* effects of uniform 
ratios of strain in the moan-motion extending throughout1lu* medium, whether 
(listortional, rotational, or volumetric. When however the rules of moan 
volumetric strain are other than uniform, as Ion# as the parameters of such 
motion arc largo as compared with the parameters whieli define the spac.es 
over which the means of the. relative mass and relative-momentum arc 
approximately zero, the analysis of the effects resulting lVmn small variations 
in the rales of strain in tin*, mean-motions, in instituting linear dispersive 
inequalities in the mean via viva, p(a a )"/~» l, f relative motion, follows as a 
second approximation uu that which has preceded. 

In (Section V, equation (1)3), it is shown that provided the relative motion 
and relative mass are subjected to such redistribution as to maintain the 
scales, over which limy must be integrated, small compared with the corre¬ 
sponding scales of the mean-motion, the. conditions Ibr mean- ami relative- 
systems will be approximately satisfied. 

The expressions for the vales of institution of linear dispersive inequalities 
by convection and by conduction an* given by equations (Util) and the last of 
equations (21 >(i) 



184, The institution of inequalities in the mean motion . 

In tho ease of a space within which there are no inequalities, in 
either system, the* institution of inequalities in the. menu system within the 
space must be tho result of hoiiio moan inequalities in tin* mean state of the 
medium outside the space—of Home, action across the boundaries; since in 
an infinite medium, including all I he mass, all actions must be between one 
portion of the medium and another. 

For the sake of analysis however it is legitimate to consider the moan 
actions on the boundaries of any space, as determined by the scale of mean- 
motions, as arbitrary. And it is important to notice that such mean actions 
on the mean motion are tho only actions that it is legitimate to treat as 
arbitrary; since, as has been shown in the last article, (ho institution of 
inequalities in tho relative motion results solely from the*, action of the mean 
motion. 
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Arbitrary accelerations may bo finite or infinite and by assuming the 
accelerations infinite we aro enabled to institute finite inequalities in the 
mean motion in an indefinitely short time, and this without instituting any 
inequalities in the relative motion, as the instantaneous result of the 
institution of the inequalities in the mean motion; whence, it appears, that 
wo may, for the purpose of analysis, start with a medium without any 
inequalities iu the mean mass, relative mass, or relative motion, but with 
arbitrary inequalities iu the mean-motion. With such an initial start wo 
have, from equations (120) Section VI., 

7) W* 

p -A - = 0, &c., &cj.(205). 

185. The redistribution of inequalities in the mean-motion, 

The effect of the instantaneous institution of inequalities in the mean 
motion is an instantaneous finite acceleration to the institution of inequalities 
in the relative motion as expressed in equations (255) to (2G8) as the result 
of transformation; the action including both the convections and conductions. 
This acceleration of the inequalities, in vis viva of relative motion, including 
conduction, is also an acceleration to the. institution of the space-rates of 
variation of these inequalities, and those space-rates of variation of the 
inequalities of relative motion are transformed hack as accelerations of the 
mean motion. 

Thus, although FVu/'/dit =» 0, the institution of dm" jdv\ say, has instituted 
an acceleration to the institution of inequalities, the space variations of which 
react as accelerations on the mean-motion. That these reactions aro dis¬ 
persive, of inequalities in the mean motion, follows definitely from the 
sequence of the rates of action already defined. 

To prove this wo may consider the acceleration of any one of the 
inequalities, instituted by the moan motion, as to its rates of reaction, on 
the inequalities of position of the mean-momentum, by itwslf—independently 
of other inequalities. Considering tins effect of acceleration of the inequality 

p {uv ) + f) 

on the acceleration of the rates of increase of mean-momentum, it appears, 
at once, from tins equations (120) that the reaction resulting from this 
inequality affects both a" and v", Those effects may be considered separately. 
But from equations (255) to (2(K1) it appears that the rate of institution of 
the inequality p" (ufv' ) /# H-p"**j depends on the mean inequalities 

du" dv" t 
dy ***" dm * 

so that if du" jdy is zero there will still Iks reaction unless dv'jdx is also 
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From equations (25,5) to (263) the rate of institution of the inequality is 


<p" <“'»r+ p"„) ~,i>■« 


du" dv" 
d\j ~dx 


...(266). 


Then changing the sign and differentiating with respect to y we have for 
the rate of increase of reaction from this inequality, 

(> jV ( //\ __ / // « 3 0*64 „\ td 2 u" d 2 v"\ 

p 3,* ( } V 2 + 27 v p )(l^r + ^s).( 267 > 

Differentiating this last equation with respect to y the acceleration of the 
rate of increase of the inequality in the mean motion is 


3, 2 (chi 


oC- 0'64 


' [ p 2 + 2 F*n&[T, + 'iG) . < 268 > 

This equation expresses the partial effect of the inequality p"(u' v ‘)" + p\, 

on du"jdy. And proceeding in a similar manner we have for the other 
partial effect on dv"jdx 


di /chid dv' 
J~ a l F j - 


,, 3y 2 (dv‘ 


d l t 2 V dx 


2 + 2 p"a 3p ' 


elf (du" dv" 


dx 2 V dy 


Then adding, the total effect becomes 


3, 2 (du" dv" 


P 3 1 1 2 Wy dx 


2 + 2p" a * P 


(d 3 d 3 \(du" dv"\ 

[dx* + df) \dy + 


It is at once seen that this equation represents a positive acceleration to 
dispersion of the inequality in the mean motion, dn'jdy 4 dv" jdx, as the 
result of the rate of institution of the inequality p" (u'v')" f, 

Tn a similar manner it may be shown that the effects of the five 
distortions! inequalities, in the rates of convection and conduction, are 
accelerations to the dispersion of the five remaining inequalities in the 
rates of increase of mean motion. These, together with rates of dispersion 
of the volumetric inequalities, admit of expression in a general form. 


hSO. I he inequalities m the component of mean motion. 

du!' dv" 

_ __ ! (^tl ¥' , ~dy + dw 

1 dx 3 \dco dy dz )] 9 2 9 

/ du" dw"\ 

{dz + ~dx) 1 (du" dv" dw"\ . 

2 1 ~3[d^ + df + d7j’ &c - &c -> 

admit of expression after the manner of expression of component stresses by 
simply substituting I for p &c., &c. } and we may further simplify the 
expressions by putting I" v for (/"** + I'' yy + I n zz )/3. 
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V 

In the same way we may take l m for {p" (uu')" + In this way we 

have for the three typical expressions of accelerations to rates of increase in 
inequalities of mean motion 


/ TV/ T// \ 

P g £2 v 4 1 v) ~ 







>• 

II 

<x 







.(271). 


Each of these types, it will be observed, expresses acceleration to the 
dispersion of the inequality of the mean motion. 

Whence it appears that the instantaneous institution of inequalities in 
mean-motion is also an instantaneous institution of accelerations to the 
dispersion of the inequalities in the mean motion. Q. E. D. 

It will be observed that since by definition the mean relative components 
taken over the scale of relative motion are all zero, there can be no change 
in the mean momenta as the result of exchanges between the two systems. 
And hence the action of dispersion can be, only, changes of the position of 
the momentum from one place to another. 

187. In the consideration of the equations for momentum the question 
of dissipation of energy of mean-motion to that of relative-motion does not 
arise. But, as an acceleration to dispersion of inequalities of the mean- 
motion is an acceleration to decrease the component momentum where it is 
greater and increase it where it is less, so that there is no change in the 
integral momentum of mean motion, it follows, as a necessary consequence, 
the acceleration to dispersion of momentum entails an acceleration to dis¬ 
sipation of energy of mean-motion to that of relative-motion. The expression 
for these initial accelerations to dissipation of energy may be obtained in 
various ways, one of which is involved in the proof of the following theorem : 

The initial rates of institution of inequalities as expressed in equations 
(255) to (263), for convections and conductions , are essentially accelerations to 
mean rates of increase of the vis viva of relative-motion as well as to the 
redistribution of inequalities in the mean system . 

The terms which express exchanges of energy by transformation from the 
mean system to the relative system, which are the only exchanges between 
the systems, are the last of the berms in each of the equations (116 a). Then 
putting p"d l (u'u')/d l (t), &c., &c., as the initial effects of the instantaneous 
n. 11 
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institutions of inequalities in the mean motion on the relative motion, 
we have 


'/ , / /\// 

P Kt {un) =■ 


.. u'ii 4- dd + w'w 1 
P - :3 “. +P 


(hi” do” dw' 1 
dec dy dz 


p" u'u? 


it it 4 - v'v' 4 - id id 
-o-t ’Pvx-p 


"dit" 

dx 


1 f r „ , , , y , (du " dv"\ 
2 |Lp ** +Pvx] ddy + dx) 

+&>««-*>«] (*, + ^ 


...(272), 


and two corresponding expressions for the other components. 

By equation (265) dpi" fat, &c., &c. as well as all inequalities of relative 
motion are initially zero; so that, initially, both members are zero. Then 
performing the operation 3 1 /9 1 £ on both members and observing that by 
equation (265) tins operation has no effect on the mean inequalities, 


-iyh^r=- 


1 a jL 
3 d : t 


nCt u 

P j+p 


du" dv" dw' 4 
dm dy dz 


+ 


d\t 

3 




+ Pxx-'P 

du" dv" 


’chT 

dx 


+ §1* W + rf(- 


dy dx 


,(278), 


3] r n / / -vtl'du" dw"\ 

+ d\t [f> WU +fe J [dz + d^~) 
and two corresponding equations for the other components. 

These three equations taken together express in terms of the differential 
coefficients the rates of institution of inequalities of the relative motion, 
expressions for which in terms of the mean motion are given in equations 
(255) to (268): and substituting these expressions for the differential 
coefficients in each of the three equations, and adding the corresponding 
members, we have for the total initial rate of acceleration of the rate of 
increase of relative energy 


0r /S 


ffj i / ,/ 064i .. 

2 (^a-) = [p a-+ y, di p ■- 


4-; 


dfi \2 


dud 

dx 


4- 


( 'dv"Y 
\dy 


+ 


dw"Y 
dz 


(/du" 

dv"\ 

' J , /dv" 

did'\ 

2 (did 1 

did' M 

iU/ 

+ ~fa) 

+ Ydz 

+ dy) 

^ V dx 

+ ^)1 


.(274). 


The member on the light is essentially positive while the left member 
expresses the acceleration of the mean rate of the vis viva . q. e. d. 

188. The first term on the right, equation (274), expresses the accelera¬ 
tion of the rate of mean-energy of relative motion resulting from the 
inequalities of the dived space variations of the mean motion, including 






189] THE EXCHANGES BETWEEN THE MEAN- AND RELATIVE-SYSTEMS. 163 


both volumetric ancl distortional effects, while the second term expresses 
the acceleration of the rate of mean-energy in consequence of the tangential 
space variations of mean-motion. 

These accelerations are all positive, tending to produce a dispersive con¬ 
dition of relative-motion. 


The tendency, thus proved, of the effect of transformation from energy 
of mean-velocity to energy of relative-velocity, at each point, so to direct 
the signs of inequalities in relative vis viva as to cause dispersion of both 
energy of mean and energy of relative-velocity, and to render the effect 
of transformation, of mean-motion to energy of relative-motion, positive, 
is quite independent of all other actions or effects; and, although not 
hitherto analytically separated in the theory of mechanics, is now seen to 
be one of the most general kinematical principles—the prime principle 
which underlies those effects which have long been recognised from ex¬ 
perience and generalised as the Law of universal dissipation of energy. 

The analytical separation of this principle does not immediately explain 
universal dissipation . It accounts for the initial acceleration to the dispersive 
condition , but it does not , alone, account for irreversibility of the dissipation. 

The proof of this at once follows from equations (271), the general 
solution of which is 

J " =/ (+ \A V + P ( t-y) .(275), 

which expresses two reciprocal inequalities of mean motion proceeding in 
opposite directions uniformly at velocities 


\/ p "« 2 


0-G4 „ 
+ —V 

p a- 1 


If then u tl be everywhere reversed, the direction and the rate of propaga¬ 
tion of the reversed inequality remaining the same, will bring the state of 
the relative motion back to the initial condition. And this applies to all 
inequalities, so that if there were no other action than that of transformation 
including its effects on the mean and relative inequalities, these effects would 
be perfectly reversible. 


189. The conservation of the dispersive condition depends on the rates of 
redistribution of the relative motion. 

By equations (271) ancl (274) it appears that as long as the inequalities 
of relative-motion are zero while the inequalities in the mean motion are 
finite the signs of the acceleration to the dispersive condition are always 
positive. Therefore if those inequalities remain small as compared with the 
energy of relative motion, while the signs of the inequalities of the mean- 
motion are not changed, a dispersive condition is secured. From which it 

11—2 
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follows that any cause which maintains these inequalities small, compared 
with the relative energy, will render the dispersion irreversible by reversing 
the mean motion, no matter how great the acceleration to the dispersive 
condition arising from the prime tendency to the dispersive condition. 

Such actions exist in the angular and the linear dispersions, of the 
angular and linear inequalities of vis viva of relative motion, and rates of 
conduction through the grains, equations (195) and (205), Section XI., and 
(236), Section XII. 

From equation (266) it appears that the instantaneous reversal of the 
mean motion has no effect (instantaneous) on the relative motion; so that 
this is not simultaneously reversed. And thus it is not the resultant motion 
that is subject to reversal, but only the abstract mean motion, while the 
abstract relative motion continues as before to redistribute the reversed 
mean motion. 

This explanation of irreversibility of the mean motion and the irreversible 
dissipation of energy could not have been obtained until the analytical 
separation of the abstract mean motion from the relative motion had been 
accomplished. Ancl this fact fully explains the obscurity which has hitherto 
surrounded dissipation of energy. 

The general reasoning in this article, although sufficient to afford a 
general explanation, is, of necessity, supplemented by the definite analysis 
by which the inequalities in the vis viva of relative motion are determined in 
the next article. 

190. The determination , in terms of the quantities which define the con¬ 
dition of the medium , of the inequalities maintained in the vis viva of relative 
motion, and in the rates of conduction, by the combined actions of institution by 
transformation, and redistribution by relative relative-motion . 

In entering upon this undertaking it is in the first place necessary, in 
order to render the course of procedure intelligible, to point out that as far 
as mechanical analysis has as yet been developed, including the present 
research, it has not included such analysis as is necessary to express the 
means of the instantaneous transmission of accelerations, and thus wc are 
unable to deal definitely with continuous initiation from rest of continuous 
inequalities. This inability, which is generally recognised, was discussed 
in a paper read before Section A of the British Association at Southport, 
though not further published. In this paper it was suggested that such 
inability was evidence of some property in the constitution of the medium 
necessary for the instantaneous transmission of acceleration, and showed that 
if the medium consisted of rigid particles as in Maxwell's Kinetic Theory 
(1860), then since any acceleration at a point would, necessarily, extend 
through the thickness of the grain, it would therefore afford instantaneous 
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linear transmission of acceleration, and so render the necessary analysis for 
dealing with initiation possible. As wo are here dealing with a granular 
medium, this analysis, if fully developed, would remove the disability. But, 
having assurance of this, we may avoid the development of the analysis by 
following the method of 8token—considering only such inequalities as are 
steady or periodic when referred to moving axes. Under such conditions the 
determination of the inequalities maintained is practicable, and indicates 
the general form of the equations for the general inequalities. 

The incompleteness of the analysis for the expression of the linear 
instantaneous transmission of accelerations is not the only reason for con- 
lining the application of the analysis to steady or periodic inequalities. 

Putting aside uniform continuous strains and rotations in the case of 
a granular medium, of which the mean condition is uniform and indefinitely 
continuous, it is the properties of such a medium, of transmitting undulations, 
that first claim our attention. And as such undulations arc the only 
motions, in such a medium, that can extend to infinity throughout an infinites 
space, they must be considered as the principal form of mean motion. 

However, before proceeding to consider the undulations, it may he well 
to point out the several classes of mean motion which may be recognised at 
tins stage of the analysis. 

Other than undulations, the only possible mean motions, including mean 
strains, are such as involve some local disarrangement of tile medium, 
together with displacement of portions of the medium from their previous 
neighbourhood—as in the vortex ring—which may have a temporary 
existence when cr/X is small; or, of far greater interest, local disarrangement 
of the grains when so close together that diffusion is impossible, except at 
inclosed spaces or surfaces of disarrangement, depending, as already ex¬ 
plained, on the value of 0 being greater than (>/V2.tt. Under which con¬ 
dition it is possible that, about the local centres, there may he singular 
surfaces of freedom, which admit of their motion in any direction through 
the medium by propagation, combined with convection, together with strains 
throughout the medium which result from the local disarrangement, without 
any change in the mean arrangement of the grains about the local centres; 
the grains moving so as to preserve the mean arrangement. 

191. Hteadij continuous uniform strains or undulations extending/ Llirony li¬ 
on t the medium otherwise in normal condition. 

We have : 

(1) Equations for the angular inequalities maintained in the vis viva of 
relative motion. 
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(2) Equations for the angular inequalities maintained in the rates of 
conduction. 

(3) Equations for the component linear inequalities maintained in the 
mean vis viva. 

(4) Equations for the linear inequalities maintained in the rates of 
conduction. 

(5) Equations for the rates of increase of mean vis viva —« 3 /2—resulting 
from angular dispersion by convection. 

(6) Equations for the rates of increase of mean vis viva resulting from 
angular dispersion by conduction. 

(7) Equations for the rates of increase of mean vis viva by linear dis¬ 
placement resulting from inequalities in the mean vis viva . 

(8) Equations for the rates of increase of mean vis viva by linear dis¬ 
placements resulting from inequalities in the mean pressures. 

192. Theorem. To a first approximation the first four of these eight 
equations all have the same general form as long as the space and time 
variations of the mean motion are constant, simple harmonic , or logarithmic 
Junctions of time and space, in which case the constants of frequency and the 
hyperbolic variations are such as may be neglected as compared with cr/X 
and 1[X. And the same for the last four equations . 

It is to be noticed that the condition' in the theorem as to smallness 
of the constants is necessary when treating the variations of the mean 
motion as arbitrary, since the condition is, as shown in Section V., a necessity 
for the maintenance of the mean and relative systems. 

To prove the first part of the theorem : 

The equations for any one of the six -partial angular inequalities in vis viva 
of relative motion. 

Putting 

v 

I for the inequality in vis viva of relative motion. 

I" „ „ „ * „ „ in mean motion. 

A? for the coefficient b}> which I" is multiplied to represent the rate of 
institution. 

V 

A 2 2 for the coefficient by which I must be multiplied to express re¬ 
distribution. 


11)2] THIS EXCHANGES BETWEEN THE MEAN- AND RELATIVE-SYSTEMS. 1 (57 


-, g , ^, to represent distances in directions ic i y, z 7 which arc the 

parameters of the component harmonic inequalities in the mean motion; the 
equation for the maintenance of / becomes: 

Ojt O'j, 

n y f.(27(i). 

Jj + A.?I= 2 A?I" 

. v 

In this case where /" and I are component inequalities in the mcan- 
. motion, and in the vis viva of relative-motion, the coefficients A.?, 
are respectively, as in equation (203) Section XIII. and (105) Section 
XL: 


3 

4 T a 


.(277). 


Then if /" is as before, and 1 is taken for the inequality in conduction 
corresponding to the inequality in convection in the same direction, the 
equation will become the equation for the inequality in conduction. If 
./Jp, 11? are put for the coefficients of conduction corresponding to A? 
and 


n s — 0*32p //fl 

— 7T* j 


)• -/(VP 

l q. c *>IW(W)I 


.(278), 


as in equation (205) Section XL 

Also, if /" is taken to express the linear inequality in mean-motion in 
any direction, say that of in the rate of volumetric strain in the moan- 
motion, and ¥ is taken to express the linear inequality iu the mean vis viva 
of relative-motion, since (pl/dx*, &e, take the forms — a a /^., — b ,J f Vfn — c 2 I zz , 
whore 1 fa, I jb , 1/c are components of some constant parameter, the equation 
will become the equation for the linear inequality maintained iu direction x 
in the mean vis viva when \jcr is large. 

Putting G7 J and to correspond to Ai 3 and A./ in (277), 

/*._ 5 n a ' J n *a*- SaF ** 

2 9 2 Vtt ’ 


-cwl=-w£ a (b 


.(279). 


And /" being the linear inequality in the same direction iu the rate of 
volumetric strain of mean-motion; if I is taken to express the linear 
inequality in the rate of mean-conductivity (p"), equal in all directions, 
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the equation becomes the equation for the inequality in the mean-conduction 
if A a > « 2 A a correspond to A," and A.? in equation (277), 


A 2 


5 

3 


"a 


P 

a? 

P 2 


cADi = a 3 


4 a a G 
3 \ ly/ir 4 


(280), 


, V 

since, as in equation (279), a 2 1 = 



Thus as long as the inequalities in the mean-motion can be expressed 
as simple finite harmonic or logarithmic functions of time and displacement, 
the equations for the dispersive inequalities have the common form as in 
equation (276). 

The second part of the theorem follows as a consequence of the first 
for, since the equations for the dispersive inequalities have the same form, 
the general solution of this form of equation will apply to all the in¬ 
equalities. 

Then if such solution can be found for the dispersive inequalities, 
since the rate of increase of the mean vis viva at a point, at any instant, 
is the result of the action of the inequality on the space rate of variation 
of the mean strain which institutes the inequality, the rates of increase 
of the mean vis viva (a 3 /2) arc the products of the inequalities (7) by the 
corresponding inequalities (7") in the mean-motion. And these are ex¬ 
pressed in a general form. 


193. The ctpprovimate solution of the general differential equation for 
the inequalities in mean vis viva of relative-motion and rate of conduction 
resulting from steady or periodic inequalities in the mean-motion . 

In all probability the equation (276) does admit of complete solution. 
But the analysis is greatly simplified by recognising that any secondary 
effects, resulting from the existence of inequalities, to vary the mean vis 
viva of relative-motion (a 3 /2) by transformation from mean-motion, and thus 
to vary the coefficients A? and A.?, are proportional to a 2 /" And con¬ 
sequently, since by definition a 3 is finite, by taking 1” sufficiently small the 
secondary effects of 7" and a" may be rendered as small as we please, and 
the integral effects indefinitely small as compared with the finite value of ot 2 . 

In this way the coefficients Af and Af may be taken as constant, and 
there is no loss of generality in the solution ; while the expression for the 
rate of increase of a\ as determined by the approximate solution of the equa¬ 
tion of transformation, may be subsequently introduced as a small quantity. 


Solution to a first approximation, I N small . 

Since according to the theorem the space and time variations of I " are 
constant or periodic, we may transform the equation (276) by putting 
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f°r 4iho maximum values of 7" !MJ , &c., which arc constant. And 
r ^ u ' maximum value of w". Hence 

7 "a*. — 2^ «iu — oa?), 

where 2.V.U in constant in time and space. 

Wo then have for the angular inequalities and linear inoi|ualil.ies re¬ 
spectively : 


() y y ^ \ 

f)i *7) + ^7^ = -d l^/.t.'u sin (mi — rta;), &e. 

f) V V " 

(0 + ^ a 7j a 7 = sin {ml — cuv), &c. 


.(2S1). 


The introduction of the two forms is only a matter of convenience in 
keeping the partial constants distinct. 

Then if we. put I • ■ (!e* 1 and eliminate l>y diUbrentiation with respect to 
liimi', A i", A.? lx'.in^' count,anl, il» cun bo hIiowii 1,1ml for steady or periodic motion 


, V1 , ..Ac A(I ") 

(/I a) I ‘III: (It 

- n - • .(SH2), 

or 7=, y . ’ "?(!*-1 (/") 

fMy 4 + m J dl v 7 

and that this is the only solution if A./, &e, are constant. The 
analysis is somewhat long, lint if we recognise that all the terms in the 
equation (231) must have the same frequency m, the; same result is obtained 
by difforentinting both members of (281) ami substituting the result from 

A y y / — (/) — A 1 ^.,: [A./ sin {nit - <w) - m cos (mi — an :)\. ..(283), 

whence, since wlj()P — mil is of the same form as equation (282), 

v I 

/ d.fyrn I/l ., 3 MU (mt ~ ax) ~ Vi CA)H {'Hit — (M)} ...( 284 ), 

which will be. the general form on substituting 7i t a , III 2 for (!{*, and 

J);\ rt a /V lor A i' J , A.r, y. E. i>. 

The equation for the rate of increase of the mean vis viva (a a /2), 

Multiplying the expression for /, equation (284), by the corresponding 
expression for 7", it at once appears that I consists of two parts, 1.1 10 one 
being continuously positive and the other periodic. 

Thus : //" ~ ,, 1 . . A,*qAf Kin (mt ~ ax) 

Vi. + A./ 


, , Aft/ui csoh (mb — ax) 
ni* -I- A a * 


(‘285), 
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from which it appears thal. tlu*. dispersive im;i[uali(iy in equation (2<S4) is 
expressed by 

m* + AS A * q A * Si “ ~ WJ8); 


the remaining part of 1, 


' + 


Aptfia nos {vit • cm:), 


representing that part of the ii um| tutli(.y the elloet of which is purely 
ptn’iocUo, or noil-dispersive. Therefore the equation for the ml-is of increase 
of liho moan vis viva is 


lr. 


nr' 


*1 ff/yl./ sin (ml — ttill) .(28(1), 


which is a general form for all rains of dispersion of mean vis viva. 

Q. K. D. 


194, Havin'*, in Art. I!K), obtainod the general expression lor In la I 
inequalities maintained by relative-motion as (.ho result of iusliluliou by 
transformation and redistribution, as woll as (.ho general expressions for 
the dispersive and periodic components of llio inequalities, it appears thal 
liho analytical distinction between tlm corresponding inequalities in vis vim t 
and rates of conduction, may bo expressed by substitution for Af and 
&c,, the values of these constants as expressed 


for angular inequalities in 


convection, in equation (277), 
conduction, „ „ (278), 


for linear inequalities in 


(convention, ,, 
[conduction, „ 


ii 


(27!)), 

(2fS0), 


They arc, for angular iucqualiticH in convection: 

l .’l vV 


J (*{ y 7r , ) 

*“-■/•[ ~j^r y] <1 u >. a Hill (mi - (lot) - m com {ml - «.»;)[ ...(2H7); 

m '+Ux“j 


for angular inequalities in conduction: 


^ \p 

v/ 5 9 


y v 2 

""” W . + J 3 vir i -m) P v q 

1 [4 X a l + e -«u~/(f/)fl} 


■W-rr I -,/\n)p 


4 X 


t , ii mj\ ,- sm {ml —IUH) 

1 q, (> » II VUOpI v y 


m cos {ml — ax) 


...(288); 
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for linear inequalities in <x 3 /2 in convection: 


. , % , .1 , 
/nmay q j Vtt 8,11 ^ ~ ~ mco » M - «»)J • • .( 289 ); 

V Vvr' j 


lor linear inequalities in a a /2 in conduction : 


» />" a \ , 

o l a- 1 7 

W/ 


.. , / 4 <r- Cr „V J 

m + Uv-x a v‘-J 


4<r*a 0 


4"T~7 7y q |:i Vvr x 4 a ' si " (vd ~ ' w;) “ m 008 ( mt - “*> 


The equations for angular inequalities are general for all states of the 
medium. .Hull the expressions for the linear inequalities art? those to which 
liniiai* inequalities approximate according as X/a is hiss than the limit at 
which diffusion ceases, or is greater than that at which diffusion is general. 
[See Art, 1.4*5 and Art, 155, Section XI.] 


In considering periodic inequalities in a medium of unlimited extent, 
which is, except for the inequalities, uniform and isotropic, it will simplify 
the analysis to recognise, that mush inequalities as can he propagated through 
the medium, must have directions of propagation which are normal to con¬ 
tinuous .surfaces which arcs either spherical closed surfaces, or of such extent 
that their boundaries are at distances large compared with the periodic 
parameters. 


This in the lirst instance coniines our. attention to directions of propaga¬ 
tion everywhere normal to an infinite plant;, We notice that the classes of 
inequalities in the mean motion are reduced to two: those in which the 
mean motion is in the direction of propagation, and those in which the mean 
motion is normal to thiH direction. 


We also notice that these two resultant inequalities are to a first 
approximation independent) although they may have the same direction 
of propagation, and therefore may be dealt with separately. 


195. Impressions for the resultant institutions of inequalities of mean 
motion when the motion is in the direction of propagation, 

Putting ,rj and nf as the direction of propagation and motion for institu¬ 
tion of angular inequalities we lmvo, since 

\ dx r dy dz ) 
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is an invariant, for the. inequalities of mean motion for the inequalities 
('ItV, vd, tt/w') , &c. 

1 duf 1 
3 dy l ’ + 3 dz v ' 

Then, taking x {i y u z x as principal axes, l u m u as the direction cosines of 
tfj, y 1} z Y referred to any rectangular system y, z } the components are, 
since 

1 du/'^cW' dv /' ( dwf 
3 dx j da? A ctej 


rf/V' 1 /At/ 1 ( dv/' rZw/ \ 
rZ/t*! 3 V dx x dy x dz x J 


3 dvr,' 7 1 /rf«/ 7 dv/ 7 dw/V , da/' 

1 d&\ 3 V dcu\ ^ cliji dz y / _ 1?>/l cZa’i 

du " 

-n x l x “2 , &c., &c.(290 a). 

&c. &c. 


For lihcA linear inequality of mean motion, taking the principal axes the 
same as for the angular inequality, wc have 

duf di)y 7 cZ?v/ 7 \ 

dxi d iji dz x ) 7 

where 

dv, _ dwj _ 

dy x ~ dz x 

And transforming to the axes &■, y, 3 , we have for the components in directions 


liicprossionn for the resultant institutions of inequalities of mean motion 
‘When the direction of propagation is perpendicular to the direction of motion . 

If ,v 0 , 7/ 0 , are measured in the directions of propagation and mean motion 
respectively, the resultant rate of shear strain is expressed by 

_ dvf 
dx {) 


dio" 

dx 


+ 


dv" dw n 
dy dz 


, &c., &c. 



Then taking co u y,, z x for the principal axes, Z,, m i} n x for the direction- 
cosines of the principal axes referred to x Q , y 0) z Qi we have, revSolving for the 
principal strains, 


= Zjm, 


dv o 

dxQ 


dvf , dVy _ dw x 

•J - — til?? to , 1 — 1 : 


= 0. 


d«/ 

dx, 
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And since 


'U | — My — My — Oj ^1“ — £}" — V/i[“ — Wn~ = = —* LiMxj, — + 

du x jdx x = - clvifcloci = ± \d%!d(c 

and referring to auj r rectangular axes a;, j/, the partial inequalities are 


Uhi'* 

fdu!' dv' 

dw"\ 

l 1 ^ v " 

du"\ 

\ dx 

\cte dy 

+ n). 

J “ 2 { dx 

+ dy) 


Kti+*)■ fc \ &c . 


196. equations of motion of the mean system in terms of the quantities 
defining the state of the medium . 

Having obtained the four general expressions for: 

The total angular inequality in convection :—equation (287) 

„ „ linear „ „ „ „ (289) 

„ „ angular „ „ conduction „ (288) 

„ >, linear „ ,» „ „ (290) 

Adding the two first together wc have the total inc(piftlifcy in vis viva . 

And in the same way adding the last two together wo have the total 
inequality in conduction. 

Then again adding we have the total inequality. 

Thus reverting to the forms A* f Jif, &c,, for the respective constants, 
and introducing the actual expressions for the general expressions or the 
harmonic expressions p (mV), &e., for the inequalities, wo have, for angular 
and linear inequalities in vis viva , 


A a 

p (mV) = — • -, 1 . . 


A/- 


du" 1 fdu" dv" ^ dw" 
dx 3 V dx dy dz 


Of 

mr -b (a 6a)‘‘ 


a*C *- 


9 1 


’n j + 

, 

i 

1 

11 

"Ss 

< 2 - 

_ * 9 <_ 

1 (dvf du") 

2 (dx + dy | 

A 2 

p(w’u)=— „ ’ , 4 

1 v ‘ ?» a + il a 4 

1 i 

1 

l_ _* 

1 Ulw" du" 

2 | dx ^ dz , 


^' + l' + t : }' to - 4 “--< 29i >' 


, &C., &c.(292), 

, &c., &c.(293). 
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And for angular and linear inequalities in conductions 


'>"■ [ e+ w "jj. 

Sj, p 


R? - ~ 


3 ) f du" 1 /da" dv" , dio" 


+ T. + 


A 2 

m a + (a A) 


2 3£) [ dta 3 \ cZa; cZ?y d# /] 

( „ n , 3) f du" dv" dw") s . 

3itU + *, + £t &0 " &C ’ 


•(294), 




A*-vis 


91 1 fdu" da' 


TO- + AM 2 3«J 2 [daj cly 


&c., &c. ... (295), 


" _ B * 
p " " ms+jB/r 3 




and two corresponding equations hi directions y and z for convections and 
conductions. 


N.B. The linear inequalities which form the second member of equations 
(291) and (294), and the corresponding terms of the equations for directions 
y and z } do not include such linear inequalities in the vis viva and con¬ 
ductions as are instituted by dispersion of angular inequalities, since these, 
being secondary effects of the mean inequalities which arc themselves small, 
are altogether negligible. Aud thus equations (291) to (296) are the 
equations for the inequalities in vis viva of relative motion to a first 
approximation. Q. E. F. 

As to these inequalities it may be well at this stage to point out: 

(1) That if m® and a 2 , Z) 2 , c 2 , which express the frequencies in time and 
space are zero, the angular inequalities in the mean motion are severally 
conataiit, while the linear inequalities are zero. 

(2) If the direction of propagation is in the direction of motion, or is 
normal to a shearing motion, all the inequalities in mean motion are zero 
except that one, whether it be 


du du 
dx > dy 7 


du 
dz 7 


&c., &c., &c. 


But otherwise the inequalities of mean motion as expressed in equation (291) 
are partial. 


(3) The coefficients of these partial equations must be such as will, 
within the limits of apiDroximation, resolve into the resultant equations for 
the resultant inequalities. 


(4) The coefficients in the partial equations which express component 
angular inequalities satisfy the condition of resolution stated in (3) as a 
matter of form. 


(5) The coefficients in the partial equations which express component 
linear inequalities do not obviously, as a matter of form, satisfy the condition 
of resolution to a first approximation unless arG^jm^ is small. But treating 
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this quantity as small, it can be shown that they do satisfy the condition 
even to a second approximation. Thus omitting the square of ctfC^/m 2 as 
a first approximation, and putting (a 3 H-+ c 2 ) 2 the mean value of 

C6 4 0 2 2 , in the second approximation, the terms expressing component linear 
inequalities take the form 


Or 


vtf 


a ■ 


G;- 

t 0 \ 

fdu" 

civ" 

dw"' 

VI- 


\da: 

4—r 

dy 

dz , 

Br 


/du" 

dv" 

dw"' 

vi* 

\ (rJ) -'~di) 

[ dm 

h dy 

dz . 


I" 1 


1 


(ft 8 + l? 4* e 2 ) 9 C.f 
4m 2 

and these obviously satisfy the conditions of resolution for inequalities in 
both vis viva and conduction : 

(a® «f Zr + c 2 ) 2 CV| 

' a* 


, &c., &c....(297), 


, &c., &c....(298), 


){>- 


(a 2 + b" + c 9 ) 9 A 4 ) 


, &c., &c....(299), 


which satisfy the conditions of resolution, and the second approximation may 
be neglected. 


(6) The proof that these—tt a £7 a a /m 9 <—arc small, is not possible as long as 
vtf and a? are considered as arbitrary, and subject only to the conditions of 
being small as compared with a/\ and 1/X, since the proof depends on 
dynamical analysis which is effected in a subsequent article, in which it 
is shown that for any disturbance propagated through the medium these 
constants are extremely small. 

(7) Although small the second approximation is finite as long as the 
first approximation to the inequalities is finite. Beyond reminding us of 
this fact there is no object in retaining this second approximation. 


197. The equations of motion to a first approximation. 

Substituting in the equation of mean-motion (1.19) from equations (291) 
to (20G) for the inequalities in the relative vis viva and rate of conduction, 
these take the form: 


clu 1 ' 
P dt 


A* 


vr + A<* 


A 


dt 


/>? 


m 2 + Bi 


B>- 


dt 


+ &c. &c. 


m? + (aG,y 




+ 


A 3 


dt J rtf +(al).,y 


a 2 A 2 ~ 


1 d 

nlu" 

, dv" 

, d*r\\ 

6 dx 

\ dx 

+ <ly 

+ ~dl) j 

0 n 

~du" 

dv" 

dw"T\ 

" dt _ 

_ dx 

+ dy 

+ ^W 




.(300), 


with two similar partial equations for the rates of increase of dv'/dt and 
dw"/dt ) and the conditions 


dw 

cly 


civ o 

+ -J- + &C. : 

dz 


0 . 
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As explained in (7) in the last article the last factor in the second 
term on the right, which acids the second approximation, may be omitted 
within limits of a first approximation. 

Substituting for the coefficients A x ~, A< 2 2 , &c. their values in terms of 
the quantities which define the state of the medium, as given in equations 
(277) to (280) and (287) to (290), we have, to a first approximation, the 
equations of motion in the mean system in terms of the quantities, referred 
to axes moving with the mean-motion of the medium, the general ex¬ 
pressions for which are stated in equations (119). Q. E. F. 

From these partial equations (300), we get the partial equations for 
the component vis viva of mean-motion, in terms of the quantities which 
define the state of the medium, by multiplying the partial equations of 
motion hy u ‘", v" > w" respectively, as in equation (122), and these added 
together resolve into the several equations of vis viva in terms of the 
quantities the general expression for which is given in equations (125). 


198. The equations of the components of energy of the relative system 
in steady or periodic motion. 


It has already been shown, equation (285), that the rate at which the 
component of energy of relative motion is increasing, at a point moving 
with the mean-motion of the medium, is the product of the total partial 
component of the inequality in relative motion multiplied by the inequality 
of mean-motion in the general form: 


, 9 /*V 

^ 0£ \2,/ m a -f (a^l 2 ) 4 




Therefore, proceeding as in the last article to take account of all the 
inequalities angular and linear, since the constants are the same, and the 
linear inequalities a y h, c are the parameters of the valuations, the equations 
for the partial rates of increase of the energy of relative motion by trans¬ 
formation from the mean-motion become 


1 0 /a 2 \ 

2 P dt\2 ~ 


A? 

»i 2 + Ay 


A *_ 13' 

A ‘ J 2 dt 


+ 


B? 


m? - r By 


Bi 


1 3" 

2 3 1 


du 1 (du ^ dm ^ ^ 1 (dv + du'y + 1 (dw + duC\* 


dx :j \dx ~ r dy ~ r dz) J "** 4 \dx ' dyj ' 4 \dx ' dz 


+ 


+ 


+ 


in? + (aO,y 


1 3 


+ 


By 


m 3 + (aB. d y 


a?cy-^ ^ 
a? By - 


2 dt 

1 31 


2 dt 


'dur (By_ dw” 
dx dy dz 


.(301), 


with two corresponding equations for the directions y and z. 
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Thun substituting for the coefficients from equations (287) to (290) we 
have, to a first approximation, the partial equations for the vis viva of 
relative motion in terms of the quantities which define the state of the 
medium, terms for which the general expressions arc given in equations 

(123). 


Then considering the partial equations (298) we have for the resultant 
equation of relative vis vvmt ) the general expression for which is given by 
equation (12(>), 


1 d /3a 2 \ f AS 

2 p di\'2) 


+ 


«i 3 

■in? -i- Ji; 

1 /du 
3 


! 2 dt 

3 2 dt 


dm 


dvy /d,w" vi 
dy) + V dz 


/ du " dv " dw'\~ 

\ dm * dy * dz ) 


, 1 [(du” dv'\ , (dv" (hoy (dy day 
+ 2 (\ dy 1 dm ) \dz * dy ) \ dm d. 


as 

Vi 2 


6V (a? + 1) 3 + o' J ) - g | { 


+ 


/V 

m U 


/V (a 3 -I- -I- c' J ) ■ 


n ?)' 

2 <)i 


ci«" ^ du" ^ dw" 
dm r dt) dz 


And puliliing for liho right-hand moiuhur itn equivalent 

I. d a 

; dt 111 v<t T " T Ji ”* 2 


i [ P " («’“•++ w ' 3 )] - § fii ip" 0‘' 3 + y ' 3 + w ' 3 )]> 


.( 302 ). 


we. have. t#lic% expression which would constitute the first member of 
equation (L2(i), 

Therefore, we have, in the second member of equation (302), the ex¬ 
pression, to a first approximation, for the rate ol variation of: the energy 
of the relative system in terms of the quantities which define tho state 
of the medium, 

Thus equations (300), (301) and (302) are, to a first approximation, 
respectively the partial equation of momentum of moan-motion, the partial 
equation of energy of relative motion, and the resultant equation ol energy 
of the relative system. 

And it may he noticed that the equation of energy of mean-motion 
corresponding to equation (1.25) Section VI. is at once obtained by multi¬ 
plying equations (300) by u!\ v'\ to" respectively. 

And thus the dynamical theory of a purely mechanical medium is 
established and defined for periodic inequalities to a first approximation. 

q. K. ]>. 
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It is to be noticed here that the three equations (300) of momentum 
in the mean system, to a first approximation, when multiplied by the 
respective components of mean motion, become the component equations 
of energy of mean motion, and on being reduced and added together form 
the resultant equation of mean energy. 

And since, in a conservative system, such as that under consideration, 
the only exchanges between the two systems are between the energy of 
mean motion and the energy of relative motion, we should have as the sum 


+ ±£( u "> + v "* + tu ">) = 0 , 


if the approximation is complete; and this is the case. 


That is to say, the approximate expressions for energy of mean motion 
obtained from equation (128) become, on changing the sign, the equations 
for energy of relative motion. 

It thus appears that there is only one equation of energy although 
there may be two systems of partial equations for the energy of the 
components of mean and relative motion. 


There are, however, two systems of equations for momentum, one for 
momentum of mean motion, and the other for the mean momentum of 
relative motion, the second of which is expressed b.y 

OO"- °> (®T“0, (0" = o, 

while the first is the system expressed by equations (300). 

This affords a check on the method of approximation which only 
becomes apparent at this stage. 


199. The equations of motion to a second approximation . 

In proceeding to a second approximation, it is to be noticed that the 
rates of increase of a or a 2 , Bf, C 1 2 ) and Dj 2 , the coefficients in the first 
approximation, are the result of the irreversible dissipation from vis viva 
of mean motion in consequence of the inequalities in mean motion, as 
considered in the first approximation, tending to increase the value of a, 
and to institute linear inequalities in the value of a or a 2 ; such secondary 
inequalities are instituted both by angular and linear inequalities in the 
first approximation. 

But it is not in taking account of these secondary inequalities that the 
second approximation consists, fox', as will appear as we proceed, such 
secondaxy inequalities are of no account as compared with the first. 

The second approximation consists in taking account of the rate of 
irreversible dissipation of energy resulting from each of the several actions, 
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us expressed iii the first approximation, as cause logarithmic rates of 
diminution in the linear inequalities of moan motion. 


In this portion of the analysis, since the general expression for the 
o([nations to a Hrsb approximation has been effected, attention may bo 
confined to the two primary undulations, approximately simple harmonic, 
referred to axes in the direction of mean strain; taking the axis of x for 
that of propagation and the axis of y for that of shear, so that the 
inequalities ([") in mean motion are expressed by 


du" 

dx 


and 


dv" 

dx 


The equations for the undulations are obtained to a first approximation 
by taking all the rates of variation of the mean motion zero, except those 
which enter into the two expressions respectively in the equations (300), 
(301) and (302). 


200 . The deter initiation of ike mean approximate rales of logarithmic 
decrement 

To do this it is necessary to know two quantities:— 

(1) The ratio which the mean of the total undnlabory energy hears 
to the mean of the. energy of mean motion, including resilience, per 
unit volume, 

(2) The rate of irreversible dissipation per unit volume in berms of 
the energy of mean motion bo which it is proportional. 

Let It he the ratio of the total energy of undulation bo the total, 
including resilience.! per unit volume; 

T the. coefficient by which mean energy of moan motion must ho 
multiplied to express the rate of dissipation. 

Then, the bar indicating the mean, 

pR i (^±q±2^ m y* 

The logarithmic rate, of decrement is f .('W3). 

- 2 * 

vV* J + « e m 

The valueH of T are all to be obtained from equation (302) omitting 
the d/dt 

The values of It are a little moro complex. Bub as in the first 
* No commotion with r (tiLii)—tlia rate of propagation of light. 

12—2 












This last case, whatever other interest it may have, is of great interest 
in affording a check on the correctness of the approximation, since Stokes 
has obtained a complete solution of this case for a gas as well as any viscous 
fluid, and as cj\ is small in this case it enables us to compare this approxi¬ 
mation, and, as will appear, to show that the insults are identical In 
this Ctase total mean energy is the same as the energy of mean motion. 

The only values of R which are not included in the list above are the 
values of R for transverse waves for the region between the state of no 
diffusion and that at which diffusion becomes easy, and in this case the 
value of R varies, very rapidly at first, but at a diminishing rate, from 
2 to 1. 

201. The rates of decrement in a normal tuave. 

Taking x for the direction of propagation and motion, the motion 
harmonic and for the maximum value of w" 2 ; the mean value is it/' 2 /2, 
and the mean energy tq" 2 /4. 

The two rates of irreversible dissipation of energy by angular inequalities 
and linear inequalities are obtained by omitting the d/dt in the coefficients of 
both the terms of equation (302) and dividing by p. 

For convenience putting A for the sum of the coefficients for the angular 
inequalities, and L for the sum of the coefficients for the linear inequalities, 
resolving in direction x> we have for the respective rates of dissipation 


—qa+d 


.(304). 


And we have for the mean square of the inequality, mean energy of 
motion, and total energy, 

(f/ 2, q 2 /2a~ } and f/a 2 respectively. 

Thus R = 2 and ^ (\A + L) a?, 

_ = _(_4 + ^) a 2 .( 3 05 ) 

And the equation for the normal wave is 

= * sin (mt — ax) .(30G). 
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lu a similar maimer for the transverse wave 


0 /«"■ 




Lhe moan values of — (dri'/chi)^ (f/') 2 , ancl total energy arc, when cr/A is 
largo, and since there is no linear inequality, 

f iW 2 > <wd <ff&\ 

T=-Aa\ = 2, 

and the equation for the transverse wave becomes 

?/' = ^ o~ -i l sill (mi - ax) .(308). 


If <r/\ in small, R is I and 

»" = (J ux e~ Alfil Hin (ml — ax) .(309). 

Whim ajX is large. 1.1m initiation lor undulations in the direction of the 
propagation is 

u _J'!*» a.id ® V~ ^ Jt ^ a * 1 

U " ~ a " 2 <*?* * W ‘ m ‘ C0H («d - «*).(310), 

and the equation, for transverse undulations 

—a«).(311). 

In the same, way if <r/A is small the equation for the normal un¬ 
dulations is 

l/l p\ 5 Aa«a9\ a/ 

a" = -(TpMi vtt w ‘ M p vw^ cos — am) .(312), 


and for transverse undulations 


‘i) ,/ s=s ^ v* / cos (mtf — cuv) .(313). 


From equation (310) the coefficients A, B y L> are 

A 4 Aa n n ) 

A -3&- ®-°i 

, cr .. IB Aa % 3 

and for - small L = — % *->■ : 

A m J 2 > .(314), 

i cr . r f) « 9 4 cr ,J a (} „ 

l,,r X 

f 3 J 

We have thus obtained the complete equations for indefinitely small 
steady continuous undulations, including rates of decrement for normal and 
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transverse waves, in terms of the quantities a, X, a which deline the condition 
of the medium. 

Those equations are. I, Iiuh available fur ohtiuiiiii^ the rules uf propagation 
and the rates of decrement for normal ns well us transverse undulations for 
any specified values of a, X, <r. 

Also if tike rates of propagation together with the rates ol decrement for 
both the normal and transverse waves are known, the values of a, X, rr may 
ho found from the equations. 

At this stage of tin; analysis, however, we have not before us all the data 
necessary to make a complete determination of the values of X, tr % so that 
the equations would lie the equations of light, as this would require a know* 
ledge of actual rates of decrement us to which we have no eertuin knowledge, 
and further, these equations have been obtained by neglecting all scrumlarv 
actions (see note, Art. IDO). And thus these equations all uni m> evidence as 
to the limits of the possible magnitudes of the iimlulatiniiH. 

The conditions which limit the possible magnitudes of the undnlatory 
strains have been generally discussed in Art. 01, Section VII. I'Yom which 
discussion it appears that, when the medium in normal piling has relative 
motion, however small X/er may he, the medium yields in proportion to the. 
stress wlum subject to indefinitely small variations of stress; so that such 
stress is equal to the Hiram multiplied by a eoellieieut which is constant if 
the terms involving the. square and higher powers of (he strain are neglected 
as small compared with the first term; and in this case the medium has tint 
properties of an elastic solid within the limits of such strain. If has no 
finite stability and only such dilatation as would correspond to the elastic, 
solid as long as the terms involving the square, and higher powers of the 
strain are small. 

On account uf both these Oho further consideration of the undulations is 
continued in the section next but one to this -after the consideration of 
the possible strains, other than the undnlatory strains, which allbrd further 
evidence. 



SECTION XIV. 


Tir'IC CONSERVATION OF MHAN INEQUALITIES, AND THEIR 
MOTIONS A ROUT LOCAL CENTRES, IN THE MEAN MASS. 


202. In blui Iasi section wo obtained blui equations for continuous steady 
undulations, including bho rubes of decrement, for normal and transverse 
waves in borma of a!\ X" and <r } blio only quantity undo born lined being the 
superior limit, bo bho amplitude; while from bho same section ib is evident' 
that undulabory strains have ohameLuuiHbies which differentiate them from 
strains other than undulabory, and that they are essentially elastic strains 
maintained only by the inequalities of the mean motion, and independent of 
motion by propagation. It remains to effect such analysis of the strains 
other than undulabory, the possibility of which has been pointed out in 
Art, 100, Suction XLIX These are: 

(i) Some local disarrangement of the medium together with some dis¬ 
placement of portions of the medium from their previous neighbourhood, 
such as vortex rings, which may have a temporary existence if A/'/cr is large. 

(ii) Local abnormal arrangements of the grains when so close that 
diffusion is impossible oxoopb in spaces or at closed surfaces of disarrange¬ 
ment, depending, as already explained, on the value of G being greater than 
( i /^/2 7 T , under which conditions it is possible that, about the local conbros, 
there may be singular surfaces of freedom, which admit of their motion in 
any direction through the medium by propagation, combined with strains 
throughout the medium, which strains result from the local disarrange¬ 
ment without change in the mean arrangement of the grains about the 
local centres-—-the grains moving so as bo preserve bho similarity of the 
arrangement. 

203. The character of these two gonoml classes of strain must depend 
primarily on the state of the medium, where uniform, as indicated by the 
value of crjX". 

When crjX n is small there is no dilatation, and there is diffusion, hence 
there are no singular surfaces except such temporary surfaces as result from 
vortex motion. Therefore this class of strain may be considered as belonging 
to the undulabory class which does not concorn us in this section. 
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The second of these classes of local disturbance, in which cr/X is large, so 
that there is no diffusion except about centres of disturbance, includes all 
local disarrangement of the normal piling that can under any circumstances 
be permanent. 

(i) Such permanence belongs to all local disarrangements of the grains 
from the normal piling, which result from the absence of any particular 
number of grains at some one or more places in the medium which would 
otherwise be in normal piling. The centres of such local disturbance may be 
called centres of negative disturbance, or centres of negative inequalities in 
the mean density. 

(ii) We can also conceive disarrangement resulting from excess of grains 
in the otherwise uniform medium—a definite number of grains over and 
above the number which constitute the uniform piling, and such, whether or 
not capable of independent existence, will be called a positive disturbance. 

These positive and negative centres are the principal centres of distur¬ 
bance, as well as the simple centres of disturbance. 

There are other classes of disturbance which, although more or less com¬ 
plex, are to some extent permanent. 

(iii) If by any action on the medium in normal piling a number (n) 
grains were displaced from their previous neighbourhood when in normal 
piling, to some other neighbourhood previously in normal piling, the distur¬ 
bance would be reciprocal, and, if there were no further displacement, would 
be permanent if there were no further action. 

It should be noticed that such displacement might correspond exactly 
with that of a negative disturbance resulting from the absence of (n) grains, 
and a positive disturbance from introduction of (n) grains in positions corre¬ 
sponding to those from and to which the (?i) grains were displaced. 

It should be noticed however that, assuming the possibility of the 
displacement and that of the simultaneous existence of equal negative 
disturbances, this in no way proves the possibility of the existence of a 
solitary positive disturbance. 

(iv) Another class of possible local disarrangement of the normal piling 
in an otherwise uniform medium is that class which does not depend on the 
absence, presence, or linear displacement of grains, but does depend on the 
rotational displacement of the grains about some axis. 

If we conceive a finite spherical surface in the medium, and further 
conceive that for 30° on either side of a diametral plane the medium im¬ 
mediately external to this surface is, owing to rotational disarrangement, 
resisting positive rotation of the surface, while the medium immediately 
internal to the surface, that which extends from each of the poles to within 
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8(J ot the diametral plane, is resisting negative rotation, then it will appear, 
si nee owing to the volativo motion the medium is to some degree elastic, 
there will he positive rotational strains extending outwards in the external 
medium within 80 of the equator, and negative rotational strains extending 
outwards over both the surfaces from the poles to within 30° of the diametral 
plane. 

I hose represent a state ot polarisation in the strains of the medium, 
inside and outside, and it we had two such polarising surfaces with similar 
poles in contact tin*, strains would superimpose, while if the opposite poles 
were in contact the strains would cancel. 

204, With regard to the conservation of similarity in the arrangement 
of the grains within and without singular surfaces, we may prove the follow¬ 
ing theorem. 

Tjikohkm 1. When the condition of the 'medium is such that there is no 
diffusion except at a singular surface, where Q is greater than G/a/2 7 t as 
a result of the absence of n grains, the replacement of which would restore the 
unifur mil \f of the medium to that of unstrained 'normal piling, there will result 
inward strains extending from an infinite distance to some spherical surface 
within the singular surface; then whatsoever mag be the inward strains in 
the normal piling and the disarrangement of the grains, with the surface at 
which the strained normal piling ceased and abnormal piling commenced, the 
number of grains absent would be the same (n) and the strains in normal 
piling would be the same. 

To prove this we have only to consider that, owing to the pressure from 
the outside and the mobility of the grains due to the relative motion, a", 
however small, would secure that in the first instance the arrangement 
of the grains was such as to cause tho minimum dilatation, and hence 
would secure the maximum normal inward strain and thou would be in 
equilibrium. Then since there would he no outside disturbance, if there are 
to be any exchanges of neighbourhood owing to relative motion, these ex¬ 
changes must be such as do not entail any increase in the moan dilatation. 
Whence it follows either that all the grains within tho singular surface must 
maintain their neighbourhood, in which ease tho centre of disturbance 
would remain unchanged, following whatever uniform motion the medium 
might have, or tho arrangement of the grains immediately inside and 
outside the singular surface must be such that the dilatation caused by any 
influx of grains into the singular surface from one side would bo simul¬ 
taneously compensated by the contraction caused by the efflux of the same 
number of grains from the opposite side, in which case the centre of dis¬ 
turbance, together with its attendant strains extending from infinity bo the 
abnormal piling, would bo free to move in any direction and maintain the 
same minimum dilatation, q. e. J). 
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It is to be noticed that the second alternative requires conditions as to 
the possibility of which nothing has been affirmed in the proof of the theorem, 
while the first is general. 

Then again we have as a corollary to the last theorem: If two negative 
centres of disturbance exist within tuny finite distance of each other , the 
numbers of the grains absent in each of the centres would remain the same. 
But it does not follow, as a necessity, that the strains in the normal piling in 
the respective centres should he the same as if the other centre of disturbance 
was absent. 

Then again we have a theorem with respect to a more complex dis¬ 
turbance : 

Theorem 2. When the disturbance is such as would result from the 
removal of n grains from one place in a uniform medium and their introduc¬ 
tion to another place at any finite distance , which is the same thing as two 
equal centres of disturbance at a finite distance , one negative as the result of 
n grains being absent , and one positive as the result of n grains in excess . 
Then whatever may he the resulting strain or motion in and about the 
tioo centres, the number of grains absent in the negative disturbance must 
always be the same as the number of grains in excess in the positive dis¬ 
turbance hoivever this number may be changed by exchanges between the 
centres, 

This theorem being self-evident needs no demonstration. 

205. The dilatations which result from strains in the normal piling in 
the otherwise uniform continuous granular medium have been subjected to 
somewhat full discussion in Arts. 86 to 92, Section VII. This discussion 
includes the ideal case (a" = 0), in which there is no relative-motion, as well 
as that {a" finite) in which there is relative relative-motion. 

It is with the second of these eases that we are directly concerned, but 
it appears that the only process of effecting the analysis necessary foT 
determining the coefficients for the dilatations in the medium with relative 
motion is, in the first instance, to determine the coefficients of dilatation, 
when a" = 0, for small strains in the directions of the axes of distortion. 
Then by examining the effects of relative motion on these to anive at the 
general coefficients of dilatation for small strains in all directions in the 
medium with relative motion. 

206. In Art. 90, Section VII. it appears that in the uniform kinemabical 
medium (A = 0) there are six axes symmetrically placed, which are axes of 
no contraction, and bisect the middle points of the edges of the cube of 
reference, and all pass through the centre. Between these axes and at angles 
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of 45“ to them, that is in directions parallel to the axes of reference, or the 
edges of the cube, there arc three axes of possible symmetrical distortion; 
hence this medium under any moan stress p" y equal in all directions, has 
stability and crystalline properties. If however the stability resulting from 
uniform stvess is overcome, say by uniform superimposed stress in the 
direction of one of the axes of reference, the dilatation resulting from the 
initial small strain is positive, and can be shown to bo equal to the normal 
contraction, Lo, the result of the. normal contraction and lateral extensions 
is to increase the volume by a quantity equal to the small normal strain 
multiplied by the initial volume. Hence the coefficient is unity. 

As the strain increases the coefficient diminishes according to a definite 
law (which will be expressed) slowly at first, then more rapidly until maxi¬ 
mum dilatation is reached, when the eoollioient is zero, and frs=()/7r. The 
medium is 1,1 urn unstable, and under the mean pressure equal in all directions 
would revert to some, second state of normal piling. 


207. To prove the. statements in this 
last article as to tin 1 coefficients of the 
dilatations resulting from small strain in 
the direction of one*, of the axes of dila¬ 
tation in a kinomatical medium : 


bet OA y OH) ()(!-a i, h u c u respect 
he the principal axes of strain. 

Lot A B> AO y &i\ the. generating lines of 
the conical surface be the lines of. no con¬ 
traction. 

Put 

0 « OA //, cf) =* O/l 0, « AJ!> hr =» A(l 

Then 

a as h fl ('.os t) = h r COS (j) 


da 
c 16 


L n sin 6, ^ = — La sin cj b 



.( 310 ), 


V ~ ^ . a . b . o = . a , L, t L i} sin d sin cj> .(317), 

JL r t ~ - j. -f- cob 0 6 4* cot 0 c ft .(318). 

- da V 

Then, since dVjV is the. dilatation and - da/a the strain, the coefficient 
of dilatation is by equation (318) 

- a , c= — 1 -h cot 8 0 + ootr c )> .(31U). 

- da V 
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Whence it appears, since 8 = <£ and cot 6 diminishes as 8 increases, we have 
for the maximum coefficient 

cot 2 6 + cot 2 <£ — 1 = 1, 

and this is when the axes of no contraction are inclined to the axes of dis¬ 
tortion at 45°. 

Further, it appears that as 9 increases from 45°, cot 2 8 diminishes until 
dilatation is zero, when the condition of the medium is unstable. 

This may be demonstrated graphically. In Figs. 3 and 4 AA, BB and GO 
are the three axes of symmetrical distortion, and the full-line circles represent 
the spherical grains in contact. (See also Fig. 1, page 83.) 



Fig. 3 shows a loss 2AA' in height. Fig. 4 shows a gain ^AA' in plan. 
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r rhosc losses and gains arc taken on the three axes at right angles of 
which the dimensions are AA, BB , GG . 

The normal strain is 2 AA'/AA. 

The volumo is AA , BB , GO or (AA)\ 

The increase of volumo (AA)* . &AA' - (AA)*. 2 A A' -(AA)*. 2AA'. 
VVhouco wo Imvo the dilatation 

dV_(AA)*.3AA' 

V . (AAf 

And dividing by the strain ■— 2AA , /AA and changing the sign, we have for 
the ooefiieicmt of dilatation 

AA (AA )*. 2AA' _ 

2AA' ‘ 


207 A. Thon as regards tho inequalities of pressure p,. == = ^p" > 
resulting from such symmetrical distortion**,! strains in tho principal axes of 
strain, since thorn is no work done on the grains it follows directly, putting 
p ft for Lho mean pressure, /),. for the normal in tho direction of the strain, 
and p t for either one of tho tangential since theso are principal stresses 


p,.+ 2^ = 3p".(820), 

and since there is no work done on the grains, 

Pr^ipt .(321), 

whence by (820) 

Pr-W* th-W .(322), 


208. It is to bo noticed that contraction strains, such as that discussed 
in the last article, the strain being in tho direction of one of the axes of 
distortion, arc. the oidy symmetrical strains when a — 0, and it docs not follow 
that the eoellieiout of dilatation for small unsymmotrieal strains is unity. 
But it does follow from virtual velocities that if p” is the moan pressure in a 
kiuemalioal medium without limit, that the normal pressure resulting from 
a local disturbance cannot bo greater than 2p f and must bo greater than zero 
if p" is finite. 

From this we have tho proof of tho important theorem: 

That whatever the coefficient of dilatation may be } a disturbance such as 
might be caused by the removal of any number of grains from a space in an 
otherwise uniform medium , without relative motion , would be attended with 
inward radial displacement of the grains from infinity throughout the entire 
medium. 

For, as has just been shown, p r must be greater than zero; so that there 
can be no cavity greater than the space from which tho grains can exclude 
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other grains, and there can be no dilatation without the displacement of 
grains, so that as the ideal excavations proceeded the grains would follow 
inwards, and as there is no elasticity and the grains are all under pressure, 
each grain as it disappears must cause inward movement from infinity; for 
as the coefficient of dilatation cannot be infinite, the grains being smooth 
spheres without friction (so that any binding or jamming would be impos¬ 
sible) every grain would be under pressure. Q. E. d. 

Thus the relation between the tangential and normal pressures would 
depend upon nothing but the coefficients of dilatation, and if these were 
constant the normal and tangential pressures would be constant. But such 
constancy would depend on there being angular similarity in the arrange¬ 
ment of the grains about every axis through the centre of disturbance, 
which similarity docs not exist in the normal piling. It is therefore certain 
that the inward strains, although having six axes of similar arrangement 
symmetrically placed, would be influenced by the crystalline formation of the 
uniform piling; particularly at great distances from the centre of disturb¬ 
ance. For when the distances from the centre are large the strains would 
be so small that the crystalline characteristics of the uniform medium would 
have undergone very slight modification, whereas near the centre where the 
displacements are greatly larger the unsymmetrical characteristics would be 
greatly modified. 

On these grounds it appears certain that the coefficients of dilatation 
would be greatest at an infinite distance from the centre and would gradually 
diminish; in which case the tangential pressure would fall and the normal 
pressure rise gradually as they neared the centre, satisfying the conditions of 
virtual velocities and the condition for equilibrium, which latter requires 
that at any distance r from the centre p r -f 2p t — p". What the mean of 
such coefficients might be is doubtful, but it seems probable that they would 
not differ greatly from the coefficient unity, which is the smallest coefficient 
for symmetrical distortion. 

Whatever these coefficients may be it follows from the paragraph last 
but one, that the dilatation resulting from the inward strain must occupy 
the space from which the grains were absent, so that the sum of the normal 
and tangential stresses would be equal to the mean pressure of the medium, 
or p r + %Pi = 3 p". 


209. From the conditions of geometrical similarity in the ease of uniform 
continuous media it appears: 

(i) The size of the uniform grains has no effect on the dilatation or 
mean pressures resulting from continuous uniform distortions. Therefore 
similar and equal continuous finite distortional strains will produce similar 
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and equal dilatations whether the grains are indefinitely small or of any 
finite size. 

(ii) The size of the uniform grains in a continuous medium does affect 
the dilatations residting from strains other than continuous uniform distor- 
tional strains, 

To prove those theorems. 

If wo consider two finite media of which the parts are exactly similar in 
shape, number, and relative position, but in one of which the scale is A 
and the other B ) those modia will bo geometrically similar except as to scale. 

Thus whatever strains in proportion, to tho constant parameters, A and 
B respectively, these media may undergo, the proportional similarity will 
hold, and this extends to tho dilatations, the coefficients of which will be 
equal. Q. K. I). 

IT however instead of considering these similar actions within spaces 
proportional to the scales A and B, we consider these proportional actions 
within equal spaces, the principle of similarity disappears unless the positions 
and strains arc. such that there is perfect uniformity throughout the medium. 
This proves the first theorem. Portbet uniformity exists in the case of grains 
in uniform piling subject to equal distortional strains whatever the values of 
A and .//, provided the spaces are such that there is no sensible effect from 
the boundaries, q, k j>. 

It is thus proved that for other than equal uniform strain there cannot be 
similarity in the effects in equal spaces in media of which the scales of 
similarity A and B differ. 

Tims if the strains in the medium in which the scale is A are subject to 
variation on that sonic, while those on the scale .11 are subject to similar 
strains on that of B, then the effects of these variations taken over equal 
spaces will of necessity differ. q. K. J>. 

Then since tho dilatations resulting from parallel continuous strains are 
in no way dependent on tins size of the grains, even if those are infinitely 
small or have any Haile size, tho question arises as to what would bo tho 
difference in tho dilatations resulting from finite similar local disturbances 
about negative centres in two media in one of which the grains are infinitely 
small and in the other finite. 

In the first place it appears that as far as regards the dilatations resulting 
from uniform parallel distortional strain those would be independent of the 
size a , 

And it can bo shown that those aro tho only dilatations if cr is indefinitely 
small as compared with the reciprocal of the curvature. 
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For since cr is indefinitely small when the scale of disturbance is finite, 
if we conceive all dimensions including cr to be exaggerated so that a 
becomes finite, and the distances between the grains exaggerated on the 
same scale, then, since the mean strains before exaggeration vary continuously 
without crossing, so that in the strains the finite paths of two grains which 
were neighbours before the strain would still be neighbours after the finite 
strain although separated by any distance which is less than the finite 
distance cr, their two paths would still be parallel lines of infinite length 
and at any finite distance apart. 

It is thus shown that if the grains are indefinitely small as compared 
with the dimensions of the disturbance, the only dilatations would bo those 
resulting from uniform parallel distortional strains. Q. E. D. 

Again in the ease of the medium in which the grains are finite it has 
been shown, Art. 207, that when the grains are finite, however small as 
compared with the dimensions of the finite volume from which grains are 
absent, that the effects must differ from those resulting from uniform parallel 
distortion. 

And by the last theorem, putting 47n , 0 3 /3 for the volume the absent 
grains would occupy in normal piling, it appears, since <r/r 0 is indefinitely 
small, that the dilatations result solely from uniform parallel distortional 
strains. And hence whatever finite curvature may result from finite strains, 
this curvature does not, as curvature, produce any effect on the dilatation; so 
that there are no curvature effects. 

Then since it is shown that when a is finite, however small compared 
with the reciprocal of the curvature in the strained normal piling, the 
dilatation resulting from curvature depends solely on the existence of a 
finite value of the product of a multiplied by the curvature, the dilatation 
will equal cr multiplied by the curvature. 

Further, it follows that for any given strain, this dilatation resulting 
from curvature will be in excess of the dilatations resulting from uniform 
parallel strains. 

210, The analytical separation of the dilatation resulting from uniform 
strain and that resulting from the curvature would be perfectly general if cr 
might have any value as compared with the curvature. But, in that case, 
any analytical separation of the dilatation resulting from distortions from 
that resulting from the size of the grains would be different on account of 
the reaction of the dilatation resulting from the size of the grains on that 
resulting from distortion. But we are only concerned with cases in which 
a is such that cr multiplied by the curvature is so small that to a first 
approximation any reaction from the dilatation resulting from the curvature 
may be neglected. 
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Whence it appears that, to a first approximation the only curvature is 
that instituted l>y a uniform iliatovtional strain—as if a multiplied by the 
curvature wore indefinitely small—the dilatation resulting from small inward 
radial displacements about a centre being of necessity equal to the curvature 
at each point. It follows as a necessity that, taking A as the dilatation 
resulting from the uniform distortional strains, the dilatation resulting 
from curvature owing to the finite size of the grains at the same point is 
expressed by Atrj2r lt where i\ is the radius of the singular surface, whence 
wo have for the total dilatation 


211. (iranulav media with relative motion have this fundamental 
difference from media without relative motion, that when in normal piling 
the medium with relative motion is within certain limits perfectly elastic 
without crystalline properties, that without relative motion is perfectly rigid 
and crystalline. 

When the. media, are both under strain this difference is not so apparent, 
as the medium without relative motion is then also without rigidity, But 
the difference is still fundamental, and the fuiulamentality of the difference 
in no way depends upon the degree of relative motion. Jfor in the one the 
medium satisfies the condition of virtual velocities, while in the other state, 
owing to its elasticity, this condition cannot bo absolutely satisfied however 
near the approximation may bo. 

The crucial difference between the two states is virtually reduced to the 
existence of a state of absolute rigidity in the one, however limited, when 
the piling is normal, and the absence of such rigidity in the other however 
small may be the relative motion. 

Kor as has been shown in Art, 207 the medium without relative motion 
while satisfying the condition of virtual velocities when strained from the 
normal piling, will also satisfy the condition of equilibrium ■ that the sum 
of the normal and tangential pressures equals three times the mean pressure, 
or that 

1>, + 2|*«3*> W .(323). 

Another medium will also satisfy the conditions that the pressure between 
the grains cannot be negative, and that every grain is in contact with at 
least four grains, whence it follows (since the last three of the four preceding 
conditions are satisfied in the strained medium without relative motion they 
are of necessity satisfied by the strained or unstrained medium with relative 
motion) that if, as 1ms been shown, the condition of virtual velocities can be 
satisfied to any degree of approximation in the medium with relative motion, 
such medium has to any degree of approximation all the properties of the 
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medium without relative motion, except those depending on the limited 
stability on which the crystalline properties depend. 


It is thus shown that the necessary distinction between the two states is 
that of finite rigidity when there is no relative motion. 

In regard to this statement it is perhaps necessary to call attention to 
the fact already demonstrated, that in the case of a medium with relative 
motion, the relative motion as expressed by a in a steady state of strain 
must be constant, since any inequalities in a arc subject to redistribution, 
so that the mean enei/gy of every grain remains constant. Therefore the 
energy of the medium after the grain has been removed and the inward 
strain established would be constant, and there would be no change in the 

mean relative kinetic energy of the grains ~ 

the grains have been removed with which we are alone concerned. 


and it is the state after 


This although, for the purpose of analysis, an ideal action—that of 
removing grains from a medium iu otherwise uniform normal piling—such 
action has no existence. This appears from Theorem 1 in this section, from 
which it follows that whatever may be the volume occupied by the absent 
grains when in normal piling such accident is permanent. 


It has thus been shown that the inward strains resulting from the 
absence of grains which would occupy the volume 47 t?v i /3 in normal piling 
about any centre in the infinite, elastic medium, must cause dilatations 
extending-from an infinite distance to the singular surface about the centre 
of disturbance, which dilatations occupy a volume equal to 4n nv'A the 
volume from which the grains arc absent; and they are such as satisfy the 
conditions of equilibrium under the same mean pressures normal and tan¬ 
gential expressed by 

p r + 2p t = 2p'' .(324), 

p‘ being the mean pressure equal in all directions. 


212. It also follows from Art. 210 that these dilatations, notwithstanding 
the relative motion of the medium, admit of analytical separation into the 
two classes: 


(i) Dilatation resulting from uniform distortional strains such as would 
result if cr were indefinitely small. 

(ii) Dilatation which results from the finite value of a and the curvature 
induced by the uniform distortional strains. 


The relations of these dilatations arc those expressed in Art. 210 by 

A /i i ^ L (the total dilatation per unit) . . 

\ 2 rj ( of volume at the point j.' 1 
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for the only difference resulting from the relative motion is the absence of 
any limited stability, 

213. From the conclusions arrived at in Art. 211 it follows, if p” is 
constant, that the total dilatation resulting from the inward strains does not 
depend in any degree upon the coefficients of dilatation, nor upon the relative 
motion a, as long as <r/X is within the limits of no diffusion, whatever may be 
the value of a. 

It does not however follow from this that the distribution of the strains 
is independent of the variations in the coefficients of dilatation, since it has 
been shown (Art. 207) that if there is no relative motion the coefficients of 
dilatation must increase with the distance from the centre of disturbance. 

But in the absence of any limited stability as in the case of a being finite, 
since we need consider those cases only in which the coefficients of dilatation 
from small strains arc unity, the circumstances may be so chosen that the 
strains follow some regular law. 

However, before discussing these circumstances, we may with advantage 
consider what further conclusions as to the relation between the strains and 
dilatations, as well as the relation between the normal and tangential 
pressures, are afforded by the adoption of unity as the general coefficient 
of dilatation in the medium with relative motion. 

Since the coefficients are constant and equal to unity, the mean strains 
resulting from the absence of a volume of grains expressed both in magnitude 
and shape by the sphere 47 rr 0 :, / 3 J will bo rad ml and symmetrical. Then by 
the theorem of Art. 212, if a is small compared with since the strains 
must be everywhere very small, the relations between the inward strain and 
the dilatation will be such (if at any point we take a* for the principal 
strain in the direction of any radius and ,/3 and 7 for the principal strains 
tangential to the surface of tho sphere, since the strains are inwards /3 and 7 
are negative and equal) as are expressed by 

0 + 7 = - i«. or = - 1 .(326). 

Then adding (f3 + 7 ) tho negative or contraction strains to a the positive or 
expansion strain, we have the dilatation 

"^Hl 1 .(327). 

2(0 + 7)J 

Then we have from these equations the general relation that the dilatation 
resulting from tangential contraction — (/3 + 7 ) is equal to half, and can only 
be half, the normal elongation resulting from the tangential contraction, 
together with the dilatation caused by the contraction strain. 

* a, (■$, 7 aro hero used to express principal strains. 


13—2 
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The dilatation expressed by either member of* equation (327) is the total 
dilatation resulting from the uniform distortional strains, as well as that, 
resulting from the curvature on account of the finite size of the grains. And 
to complete the analysis of the relations between the dilatations and the 
strains it is necessary bo effect the analytical separation of these two 
dilatations, 


The separation of the dilatations follows at once from equation (324). 

By equation (327) wc have for the total dilatation per unit of volume at 
a point 

- (£+ y)- 

And from equation (325) the total dilatation is 

A (* + 2r] ■ 

-Q8 + y) 

l +~ 

2 t\ 

- (ft + y) 


Therefore 


A —■ 




A 


2r, 


1 + 


2 r, 


.(328). 


The first and second of equations (328) are respectively for the dilatations 
resulting from uniform strains and from the size of the grains. 

These involve the squares of cr/2?^; neglecting this term wc have as 
approximations : 

For the dilatations resulting from uniform strains 

- O + y) (f - 2^) • 

And for the dilatations resulting from the size of the grains 


O+y) 2^r • 


Adding these two last expressions we have 

-(ft+ y).(329), 

which expresses the total dilatation per unit of volume at a point in the 
medium. 


Then integrating the partial dilatations from oo to i\ over the medium, 
since the total integral dilatation is 47 rr 0 3 /3 wc have for the integral dilatation 
resulting from uniform distortion 


- (ft + 7 ) ( 1 ■“ 2V’ J * ,=S ( 1 


47T 

2r 3 ;T‘ 


.(330). 
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And for the dilatation resulting from the size of the grains 



1 ho relations between the strains and the resulting dilatations, as expressed 
in equations (32(i to It'll), an*, tin*, complete relations to a first approximation 
as long as there is no other disturbance, in the normal piling than the 
spherical disturbance which gives rise, to the radial inward strains. And they 
have been obtained by taking the coellicients of dilatation as unity. 

The relations between the principal stresses are such as satisfy the 
equation of equilibrium 

K+2 pl'^W .(332), 

and are also such as satisfy the condition of virtual velocities approximately, 
which on the. assumption that the. coellicients of dilatation are. unity, since 
the contraction strains are tangential, requires that 

IH'”W .(333). 

Therefore from (332) and (333) we have 

1h"~W .(334). 

liquations (332) and (333) express completely, to a first approximation, the 
relations between the conslant moan pressure, equal in all directions, and the 
constant meah tangential and normal principal stresses resulting from a 
negative spherical disturbance about an only centre on the supposition that 
the coefficients of dilatation are unity. 

214. Having in the last article effected the analysis of the relations 
between the dilatations and strains, ns well as between the mean tangential 
and normal principal stresses and the mean pressures, equal in all directions, 
about an only negative centre, on the supposition that the coollicumtH of 
dilatation arc unity, it remains to consider that choice pointed out (Art. 213) 
of the. circumstances under which this condition can bo realised. 

The dolinition of a negative local disturbance (Theorem (i), Art. 203) in¬ 
volves the. absence of a certain number of grains, which if present in normal 
piling would render the piling in the medium normal, reverse the strains, 
and ho obliterate all trace of disturbance about the centre. 

There is nothing in the definition of such local centres that defines bho 
moan distance from the local centre at which the grains may be absent, nor 
is there any obligation that the space from which the grains arc absent shall 
hi 5 continuous, as long as there is some symmetry about the centre. 

It is th ore loro open for us to consider such arrangement of the position 
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aboufe the centre from which the grains are absent as will result in the least 
analytical complexity. 

It would seem at first sight that the greatest simplicity would be secured 
by assuming that the grains were removed from a spherical space. But in 
that case it at once appears that the inward radial displacement would 
extend to the centre of the sphere. And it also appears (Art. 207) that 
the contraction stoains as the centre was approached would be such that 
instability would come in, and the arrangement near the centre would revert 
to some more nearly normal piling, forming a nucleus of grains in normal 
piling without dilatation. In this case the dilatation would commence in the 
grains outside the spherical nucleus, there being a spherical shell of grains in 
abnormal piling constituting a broken joint between the nucleus and the 
medium outside, which, although strained inwards, would still be such that 
the grains had not changed their neighbourhood. Thus it appears that the 
abstraction of grains from a spherical space would not entail that this 
strained normal piling would reach the centre. 


The arrangement instituted as & result of this abstraction from a 
spherical space seems most natural and, with a little modification, such 
arrangement presents the least analytical difficulty. 


If we adopt the nucleus in an exaggerated form and the spherical shell 
of grains in abnormal piling, no matter how thin, also take ?** for the radius of 
the singular surface which is somewhere within the spherical shell of grains 
in abnormal piling, since the volume of grains absent is which volume 

as a spherical shell of radius would have a thickness .approximating to 
?' 0 8 /3?t 2 , wc have as an expression for the inward radial displacement of the 
grains in strained normal piling which are adjacent to the singular surface 


Sr,® 


(335). 


Then since this is the greatest possible radial displacement, and being 
adjacent to the singular surface is independent of dilatation, the contraction 
strain, owing to the displacement, would be the largest contraction strain 
possible. Whence, if this is small, all the contraction strains will be very 
small, and as the dilatations aro equal to the contraction strains, though 
of opposite sign, the dilatation would be very small, and by Art. 207 the 
coefficients of dilatation would approximate to unity. 


In order to show that the contraction strains at the singular surface 
resulting from radial displacement 



would be very small; let the outer circle (Fig. 4a) represent a section 
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through the centre of disturbance before the volume 47 rr^/S is removed, 
and this inner circle represent the section through the centre after the 



Fig. 4 a. 

volume! is removed. Thou if the inner circle is taken to represent the 
section of the singular surface through the cenfcro of disturbance, since the 
radial displacement \a= — 2 (j3 4 * 7 )] of the grains at that surface has been 
shown to lie (equation 33 fi) vv'/'bVk the contraction at the singular surface is 


{>•'!'- 

iM 


Then since r iX jr y is small, according In powers of r„/r,, wo got a rapidly 
converging series, the first term ol which is 




.(337). 


Then by equation (327) we liavo as a first approximation to the dilatation 
resulting from the. contraction at the singular surface And as this is, 

approximately, the greatest possible dilatation, it follows that under the 
conditions as stated above the radial displacement and inward strains lire 
such that the cocllicients of dilatation would to a first approximation be 
unity. 

It is thus shown that the conditions assumed in the present article arc 
not only possible hut are also the most probable. 

216. In order to complete the analysis for an only negative centre it 
remains to obtain the expressions for the contraction strains and dilatations 
at any distance from the singular surface corresponding to those found in 
l # he lust article fur the contraction strains and dilatations at the singular 
surface. 

This problem differs essentially from that of determining the strains at 
the singular surface; this difference appears at once when we realise, as 
already pointed out, that the radial displacement which the grains at the 
singular surface have undergone is definitely expressed by since 

it, in subject to no displacement from dilatation, whereas the radial displace¬ 
ment which the grains at an arbitrary distance r from the centre have 
undergone depends on the dilatation between v and i\. 
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There are however two definite conditions that the radial displacements 
must satisfy to a first approximation. 

(1) The condition (Art. 207) that whatever the radial displacement may 
be it must be such that the integral of the dilatations taken from r, to oo 
shall be equal to the volume from which the grains are absent. 

(2) Thai; the radial displacement must be such that at any distance 
greater than the resulting tangential contractions will cause dilatation 
which, integrated over the volume of the spherical shell 47 r — r/)/3 s will 
express when divided by ?y’ radial displacements corresponding to those 
assumed. 


If instead of taking — r 0 8 /3r 3 or -‘V l r 0 3 jSr l r" we take 

Sr* 

for the radial displacement, we have for the contraction strains, since they are 
negative and only half the total elongation, 

3 \ 2 

L +r ) _ r * 


From which to a first approximation we have for the contraction strain 

1 ?V’o 8 
3 r 4 



Then changing the sign, multiplying by rr and integrating from r, to r 

47r7V J 47r 

~3 3 r" . 






.(338). 


The result arrived at in equation (338) admits of more general proof, 
from which it appears that this result is the only result possible. 


Putting X for the radial displacement; since the dilatation is expressed 
by Xjr we have to obtain the expression for X satisfying the condition 


47T 


whence it appears that 


_ v 6 


TT ?V 


.(339), 

.(340). 


Also dividing the last term in equation (338) by r 2 we have for the radial 
displacement at a distance r 

~ 3t r> 


which is the same expression for the radial displacement as that assumed. 
So that both conditions are completely satisfied. 
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216. In this section it is assumed that there is no diffusion. Having in 
the previous articles in this section effected the analysis of the inward strains 
and the consecjuent dilatations for only negative spherical disturbances 
resulting from the absence of grains, before proceeding to consider the corre¬ 
sponding analysis for the other inequalities in the density of mean matter, 
it seems convenient to proceed with the analysis necessary to determine the 
effects such negative disturbances may have on each other when existing 
within finite distances of each other. 

Any such action must depend on the interference of the strains outside 
the respective singular surfaces, and any attraction of the centres resulting 
from such interference must be a function of the distance between the 
centres. 

From Arts. 209 and 212 we have perfect similarity in the strain 
resulting from uniform distortions, from which it follows that such strains 
from different negative centres superimpose without affecting their respective 
dilatations, and hence can in no way interfere or attract one another. 

In the case of the strains resulting from finite values of cr owing bo the 
curvature resulting from distortions, the strains from different negative centres 
at any finite distance must interfere. 

This appears in Arts. 209 and 212, in which it is shown that for other 
than equal uniform strains there cannot be geometrical similarity in the 
effects in equal spaces, in media of which the scales are different. 

For, applying this to the case in hand, since the diameter of the grains, 
cr, say, is common to all the grains, while the number of grains absent as well 
as the radii of the singular surfaces may differ in almost any degree, the 
dissimilarity at once appears. 

For the sake of clearness wo may consider in the first place two cases in 
both of which the a has the value <r u and the singular surfaces both of radii r,, 

but in one of which the volume of the grains absent is ^ r a *, and in the 
other ^ 

Then by equation (331) we have for the dilatation at a distance r for 
the centre a 






and for the centre b 
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and neglecting cr ] /2?* 1 for tlm present, as small, multiplying l»y r*dr and 
integrating from ?*, to r= oo wo have ldr the dilalalion, talcing co to express it, 




4irr tt a o’t's 

» V, 

'Wr** (r x 
l) V 


.(341). 


From the nx])mssions in the procoding paragraph lor tlm total dilatation 
resulting respectively from the two centres considered as if each wore the 
only eculrc within an infinite distance, it appears in the. first place, that the 
dilatation resulting from the product cr into the curvature* is directly propor¬ 
tional to the volume occupied in normal piling by the grains absent. And 
in the second piano from the form of the expressions obtained, that tin* total 
dilatation is inversely as the radius of tin* singular surface. 

It is this fact, that whatever may be the volume occupied by tin* absent 
grains in normal piling, the dilatation will bo inversely as the radius of the. 
singular surface, which proves the effect of dissimilarity between tin* constant 
value of <r and the different values of r,, namely that Ibr any particular 
volume of grains absent the dilatation resulting from the small centre will be 
greater than that resulting from the large centre in the inverse ratio el* the 
radii of the centres, 

So far wo have only considered tin*, effect of dissimilarity in <rji\ on the 
supposition that each centre is the only centre within Unite distance. 

We may now proceed lo prove that negative centres at Unite distances 
attract each other, 

'Faking w to express the total dilatation from r, to r - ■/> resulting from a 
single negative centre, then as has just been shown 


ra | 


47ny l cr 


.12*42). 


Then the number of such singular surfaces which would occupy an 
empty spherical shell of radius r lt when arranged in closest order would he 
approximately 


N i ^ 0715r /( « 




And by equation (341) the total dilatation of each of (Jm N' surfaces outside 
the surface 47rr 0 a is 

47r?v a 


f o & 

3 r., 


(JM4). 
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Multiplying ay and co Jt by N* wo lnivo for tho respective total dilatations 


and 



.(345) 

. 

3 r, 


~ . 


.i r„ 


Hub blue, Ling liliosu equiUioiiH an they Kbaud wo have 

. 

.(847). 


Tin'll I Vo in liquation (347) it follows that tho dilatation resulting from 
any nmnbor of negative similar disturbances (if the singular surfaces are at 
an infinite distance, from each other) will he 


M 


, 47rri, :i o' 


3 r, 1 

while if these surfaces are arranged in eloseHl. order the dilatation will he 

j^'brvy 1 tr 

"3 ri/ 


Whence, since r n is greater than r, it is shown that, no matter how 
accomplished, the. dilatation resulting from negative, centres diminishos in 
the ratio 

V| 

as the centres of the singular surfaces approach until they are arranged in 
closest order, 


This proves tho diminution of the dilatation owing to tho diminution of 
the variations of strain as the centres approach—or the diminution of the 
dilatation owing to the diminution of the curvature of the normal piling in 
the medium due to dissimilarity, q. K I). 

Kroin the proof of the foregoing theorem it also appears how it is that 
the dilatations resulting from distortion do not interfere however much they 
superimpose, for since the dilatations resulting from distortion in no way 
depend on tho curvature, in tho medium, as curvature, they depend only on 
the strain, whereas the diminution is in the variations of the strain. 

In order to prove the attraction of the negative centres it is necessary to 
consider the ellocts of the. pressures in tho medium. These have already 
been discussed in Art. 213, equations (332) to (334), in which it is shown 
that the dilatations resulting from curvature arc subject to the mean 
pressure p" and satisfy the condition of virtual velocities. In dealing with 
attraction it might seem necessary first to prove or assume that the singular 
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surfaces are also surfaces of freedom which can be propagated in any 
direction through the medium, for as the medium is elastic in consequence 
of the finite relative motion, if we can find the variation of the work done 
by the external media on the singular surfaces owing to variation of their 
distances, it becomes possible to separate the active effort from the passive 
resistance. 

Multiplying the member on the right of equation (847) by p" we have 

4^/ £ _5_ 

J 3 v i r fi 

as the expression for the difference of the energies in the media when the 
N' singular surfaces of radius are at an infinite distance from each other, 
and when the N' singular surfaces of radius are arranged in closest order 
within the surface r n . 

This difference in the energy proves the existence of attractions what¬ 
ever may be the passive resistance owing to Availt of mobility of the singular 
surfaces. 

These attractions as obtained by neglecting cr~ are the only attractions 
between negative centres of disturbance which arc small compared with their 
distances apart, as follows from the fact already proved that* the aggregate 
dilatation resulting from disfcortional strains depends only on the volume of 
the absent grains. 

217. The law of the attraction of negative centres appears at once from 
the analysis. 

If instead of taking the total dilatation from v J} to r~ co, as in equation 
(846), avg take the dilatation from r n to r, Avhere r is greater than r Jit the 
dilatation from the N ' singular surfaces in closest order is 

3 \r B r 

Then if there is another singular surface of radius r, in which the volume 
of grains absent is 47r < r 0 3 /3 at the distance r the variations of the strains of 
the outside singular surfaces interfere with those from the centre r n ; and 
multiplying the dilatation outside v n less the dilatation outside r by minus 
the volume of the grains absent in the outside centre, we have the expression 



and differentiating this expression with respect to r we have 

, /477T 0 8 \ a 











218] CONSERVATION <)E MEAN INECJIJAU.TIKS AND TUlfillt MOTIONS. 205 


whence multiplying by p\ since <rj\ is largo so Unit the densiby within the 
singular surfaces is unity, we have ibr the acceleration 


l«7rr u : *\- d fa- 


dr \r„ r 


This expresses the space rate of variation in the work, or energy in the 
system, with the distance, that is the effort to bring the centres together 
whatever may be the passive resistance. 


It is thus shown that the law of attraction, that is the effort to bring the 
surfaces together, whatever may hi; (.lie passive resistance, is the product of 
Liu; masses of the grains absent multiplied by a and again by minus the 
reciprocal of the square of the distance. 


This law of attraction, which satisfies all the conditions of gravitation, is 
now shown by definite analysis to result from negative local inequalities in 
an otherwise uniform granular medium under a mean pressure equal in all 
directions, us a consequence of the property of dilatancy in such media 
when tin; grains are so close, that thorn is no diffusion and infinite relative 
motion ; and further it is shown to he the only attraction which satisfies the 
conditions of gravitation in a purely mechanical system. 


The mechanical actions on which this attraction depends are completely 
exposed in the foregoing analysis, and oiler a complete explanation of the 
cause of gravitation. 


In this explanation of the cause of gravitation there are some things 
which are at variance with previous conceptions, besides the fundamental 
facts, (i) that the attraction of the singular surface which corresponds to 
that of gravitation is not the effect of masses present but of masses absent, 
which has already been revealed in the previous analysis, and (ii) that the 
volume enclosed within tin* singular surfaces, which is the volume from 
which the singular surfaces shut each other out, has no proportional relation 
to the number of grains absent, but, as will at a later stage appear, depends 
on the possibility of some one delimit; arrangement of the grains absent, out 
of a finite number of possible different arrangements. 


218 . in the analyses of Newton, Laplace, Poisson, and Uroon, for defining 
the consequence which would result if distant masses attracted each other 
according to the product of the; masses divided by tin; squares of the distances, 
the attraction is taken as inherent in the masses. This assumption assumed 
that there was something that was not force, hub which varied with the 
distance from a solitary mass, and this something after various names is now 
generally called the potential. That any of the philosophers named believed 
in force at a distance is more than doubtful, us Hooko and Newton and 
Faraday repudiated any such idea. Maxwell wont a stage further and 
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showed that, such attractions might lm a result ol a certain law ol wuyiug 
KbimsiJH in a medium as to this hr writes, “ It must hr carefully home in 
miiul wo have* made only one- step in t hr theory ol thr medium. \\ r have 
supposed it to hr in a stair of stress, hut we havr nut in any way ureoiiuled 

lor thr stress or explained how it ronhl hr maintained. I hn\r not hrrli 

able to make Mm next step, namely to urrotmt by niechauieul roiisiilrrations 
for thr. stresses in the. dielectric*.' 


Maxwell is Imre writing of electricity, whieli is not (hr same tiling as 
gravitation, as will presently appear. 


This second slop, namely that of accounting by mechanical eoiisideral imiH 
for Mm stresses in the medium, lias now been oveivomr; as we have the 
mechanical interpretation of the potential as (he prodtmt til the uiiilorin 
pressure, p" multiplied hy the. integral of the dilatation over the hum limn 
r, f to 7* n or 


1 d \r n rj 


I I 


or, omitting the eons! nuts, 


N'inri'J 


tan oi. 


This is entirely rational and when multiplied hy \n r/*„•*/d and differ- 

ontialed gives us the attraction hitherto expressed by It ‘|\ 

Ami it Mms appears that the thing to whieh the name potential lms been 
applied is Mm prod net of p” mu U iplitul by the total dihiluliou between (hr 
surface of radius r n and the surfaee of radius r (greater than r ti ), 

It is to bo noticed that in so far as we are concerned with the effort of 
attraction and not with acceleration, it is only the volume of the spare from 
which the grains are absent, and not the mass within the spare, that we 
have to lake into account, 

And it is for this reason that in the foregoing analysis, in this seetion, 
p has not boon introduced. But since, in states of the medium under 
consideration, in our present notation p is, to a lirst approximation, equal to 
unity, it would have made no difference, if we lmd taken it into account 
(whim we have to consider the displacement of mass owing to the effort, thr 
fact that p f is unity is of primary importance), since whatever the effort to 
acceleration, the acceleration is inversely proportional to the density—and 
this will appear at a later stage. 

In order to render the expression for attraction intelligible it should hero 
be noticed that strains, and consequent dilatations in the medium, which have 


* tilcc.tricily and ilfajiuctimn, Vnl. r. Arts. 110 ami 111, 
t This U Iuih tui comuuitum with Urn It urn'll iu AiIh, 200 iiiul 201. 
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no dimension, and which arc the only actions, arc outside the singular 
surfaces; ho that, wo are not. dealing with two or more independent masses, 
lmt with the variations in the displacements in the entire medium, all the 
mechanism, so to speak, being in elastic connection controlled by the pressures, 
as conditioned by the positions of negative, inequalities in the mean nuiss 
represented by *hrnv , /IJ t 

There is no complete, freedom of inequalities as long as there arc other 
inequalities within a Unite distance, 

Thus it appears that the singular surfaces arc virtually the handles of 
the mechanical train. 

219. 1 hiving effected the. analysis for the attractions and the potential, 

we. may now return to the. ineiiualitics in mass as mentioned in the schedule. 
Art. 21)3. 

The second inequality in the mean mass in that schedule is that which 
may be conceived to result from an excess of grains, instituting a positive 
centre, 

The analysis fur the effects of such positive centres is precisely similar 
to that already effected for the negative centre, except that in the case of 
the. positive centre the curvature would be reversed, the. curvature being 
away from instead of towards the centre. 

The effect of this appears to be. b> cause positive centres to repel instead 
of attract, each other. Such repulsions would as in the ease of negative 
centres depend on the product <r multiplied by the curvature, which is of 
opposite sign to that for positive centres, and thus the, effort of repulsion 
between two positive centres would bn expressed by 



The coefficient of dilatation is the same—-unity. Thorn is thus no 
necessity to repeal, tint analysis. This concludes the approximate analysis of 
the. actions between centres having similar signs. 

It may however lit* remarked that there are reasons why it is probable 
that positive centres slum hi exist, as will appear at a later stage. 

220. 'flic first of the class of complex local iuoqualitios ((iii). Art. 20!}) is 
that which would be. instituted if by action on the medium in normal piling 
a number of grains (n) were displaced from their previous neighbourhood 
when in normal idling to some other neighbourhood previously in normal 
piling. 

Such complex inequalities arc only second in importance to groups of 
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negative inequalities at finite distances, such as have already been discussed. 
In the case of complex inequalities there is no difficulty in conceiving that 
owing to the mean pressure there would be an effort to reverse the displace¬ 
ment, as nothing would seem more natural if we have an absence of grains in 
one place and an excess in another, under pressure, than that there should 
be strains from the place of excess to the place in which the grains are absent, 
and vice versa. 

It also appears at once as pointed out in Art. 203 that the case is identi¬ 
cal with that which would result from the existence at finite distance of equal 
positive and negative centres, having the same number of grains absent and 
present respectively. 

This identity indicates the direction of the analysis necessary in order to 
obtain the expressions for the effort to reverse the displacement. 

We have already obtained the expressions for the dilatations per unit of 
volume at any point distant r from a negative centre resulting both from 
the distortional strain and from the curvature owing to the finite size of the 
grain 

47r?v* 7\ , 477T 0 ;) <t 

3 r l 3 r 4 

And it has also been shown that there is no diminution in the dilatations in 
the former as the centres approach. 


It has also been shown, Art. 217, that multiplying the dilatations at a 
point resulting from a negative centre by p'Vdr and integrating from r x 
to r, we have the equation 


P 


// 



a 


r^clr — p" 


47r?Y 

3~ 



(351), 


the second member of which expresses the potential of attraction between 
the two equal negative centres. This multiplied by a second negative 
inequality and differentiated with respect to the distance between the centres 
expresses the effort of attraction of the centres as 


R = -p" 



,(352). 


And again, although not previously noticed, it appears at once from equation 
(351) that, if instead of the limits of integration being from to ?*, they are 
taken from r to r ~ <x>, we have 


f/ 4j7t?' 0 a t 47rr 0 3 a 

V ,. r-dr = p — 5 - . — 

1 3 J y r* L 3 r 


(353). 


This integral must have some significance as a potential. And it appears 
on multiplying equation (353) by 47rr 0 :{ /3, which is an expression for a positive 
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inequality equal to the negative inequality, aiul differentiating with respect 
to the distance between the centres, when the equation becomes: 


d 

dr 


'■mi. 




.( 854 ). 


The second member expresses an attraction between the positive and 
negative centres. 


221. The significance of the two integrals' 

In Art. 21() from equation (840) it is shown that negative centres 
attract, thoreioro it there, were a choice of two general integrals of the dilata¬ 
tion from a negative (uuii.ro., from ones of which in the case of negative centres 
there would result a repulsion, while the other would result in attraction, it 
is certain that the integration which would result in the attraction is the 
only one between negative contras whatever might be the significance of the 
other integration. And this is what actually occurs. 


If instead of the limits from r, to r as in equation (Hoi) the limits are 
taken from r to x> as in equation (858), then taking aeenuut of a second 
negative! singular surface we should have for the complete potential: 


~V 


n 


‘l'7rr„ s \ a 

. 3 ) r * 


which with I’csjK-cst. Lor in: 


V 


N 


/ 4 m'n\ (r 
\ 3 Jr*' 


which expresses a repulsion. I fence this cannot ho the integral for the 
attraction of one negative centre for another. 


As already remarked this form of integral of the dilatation from a 
negative centre must have a significance!, and significance appears when wo 
substitute a positive! inequality *1*7r/'^/H in place of the negative inequality 
— 47rr ( / i /8 in the last expression for the attraction, which becomes 


/4)7rr ( A 

V 3 Jr* 


Thus wo have the expression for the attraction of equal positive and 
negative centres resulting from the finite size of the grains. 


222. The intensity of the all ruction x of equal positive and negative 
inequalities. 

Ju the first place it is to bo noticed that the intensity of the attraction 
between equal positive and negative inequalities as in the last expression 

14 


u. 
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(Art. 221) is as a to ?\ of the total intensity of attraction between positive 
and negative surfaces. Indeed the expressions last but one and last (Art, 
221) only indicate the significance of the two integral potentials. And 
such intensity as they express in no way depends on the curvature. 

This becomes clear if we recognise that in the case of a displacement of 
n grains the strains from the negative centres arc negative and extend to 
infinity, while the strains resulting from the positive centres are positive and 
extend to infinity. The components of the negative strains cancel with the 
components of the positive strains with which they are parallel; hence the 
diminution of the dilatation as the displacement diminishes in no way 
depends on the curvature hut wholly on the cancelling of the distortional 
strains. 

It thus appears that in order to express the effort to restore the normal 
piling in the medium, we have only to substitute the radius of the singular 
surface in the place of <s in the last expression (Art. 221). 

Thus for the total effort, in the complex inequality resulting from the 
displacement of a volume of grains ^rrrJ/% through a distance r, to restore 
the normal piling we have 



Q. E. F. 


223. It may he noticed that in obtaining equation (355) no use has 
been made of the potential of attraction. This is because the inequality 
caused by a displacement of a volume of graius under the pressure p'\ 
which has the dimensions ML*T* } is essentially one displacement, not two 
equal and opposite displacements as in the case of two equal negative 
centres, in which the relative displacements of energy have no effect on the 
mean position of energy in the medium. 


This may he shown by subjecting the expressions for the effort of 
attraction between negative centres, and the effort to reverse the displace¬ 
ment in the case of complex inequality, respectively, to further analysis. 


Taking the effort of attraction of two equal negative centres, as in 
equation (354), to be : 

„ 4t rr 0 8 a 
p 3 ' r*’ 


and the effort to reverse the displacement in the complex inequality, as in * 
equation (355), to be: 



and then integrating each of these expressions from to oo, we have as 
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the energies resulting from the dilatation from outside the singular surfaces 
of radius r u 


p <7 


'4*irrf\* 1 
, 3 ) n 


and 


-P 


/47t?v‘ V 1 

\ 8 h\ 


Then to obtain the expressions for the potential of attraction for either 
of these respective energies, the factor 1 jr must be separated into two factors 
proportional to two inequalities of the same or opposite sign in accordance 
with the sign of the product of the inequalities. Then multiplying the 
factor winch has the positive sign by 1/r we have the potential, while the 
other factor is numerical and represents the attraction of the centres. 

In the case, of two negative centres, taken as equal for simplicity, as the 
signs of the inequalities are the same wo have for the potential: 



and for the attrac.fion : 



And in the ease of the complex centre, since the. product of the centres is 
negative, we have for the potential : 


and for the attraction : 



Whence it appears that in the complex inequality both flu*, potential and 
the attraction are irrational. Whence it is proved, since the effort is real, 
that the absolute displacement of energy is one displacement and not two. 


224. The electrostatic unit of electricity is defined as the quantity of 
positive (deetrinity which will attract an equal quantity of negative 
electricity at unit distance with unit effort. This unit as is shown in 
Art. 223 is irrational. An expression for the unit corresponding to the 
electrostatic unit is obtained from oither of the last two expressions in 
Art. 223. 


Thus from the first of those, putting i\ « r„ and ?• — 1, we get: 
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And from this, since all the quantities under the radical are positive, we 
have the condition 

v" (jf) r » ? = 1 .( 356 )> 

from which if p f/ is known r c may be found. 


225. From the analysis in Art. 223 it is easily realised that thei’e is a 
fundamental difference in attractions between two negative centres, and the 
attraction, of two equal centres one positive and one negative. It has been 
shown (Art. 217), that the attraction of two negative centres corresponds, in 
every particular, to the attraction of gravitation as derived from experience. 
And it now appears that the alteration from a positive to a negative 
inequality correspond to the statical attraction of the positive for the 
negative electricity. Not only then has the step at which Maxwell was 
arrested—that of accounting by mechanical considerations for the stresses 
in the dielectric—been achieved, and a moot point of historical interest 
settled, but as now appears a definite error as to the actual attractions has 
been revealed. 

This error is in the general assumption that electrified bodies repel each 
other. As this may not be at ouce obvious it will be discussed in the next 
article. 

226. To show that positively electrified bodies do not repel. 

It has been shown in Art. 225, neglecting the small attractions of two 
positive or two negative centres, that the efforts of attraction between equal 
positive and negative centres, at any distance r } are equal and opposite. 

If then in the same line we have two equal complex inequalities arranged 
so that their displacements are opposite, the negative centres being outwards 

as H-h, the effort of attraction of one of these complex inequalities would 

nob in the least be affected by the other complex centre. 

Hence there is no attraction between two positive centres, the only effort 
to separation of the two positive centres being between those of the two 
complex inequalities, the effort in either being the same as if the other was 
not there. Hence the only efforts are those of attraction, q.e.d. 

It should be noticed that these attractions arc quite apart from the 
repulsions resulting from two positive centres owing to the curvature and 
finite size of the grains as in gravitation, and further that, other things 
being the same, the ratio of the attractions between positive and negative 
and the repulsions between positive centres is as rj/cr, and hence the 
repulsion may be neglected as compared with the attraction. 

227. In the analysis for the effort of attraction of negative inequalities 
and that to reverse the displacement of a complex inequality the terms in 
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the. expressions for Liu* contraction strains which involve powers of a — 
the ratio of tin* volume of grains absent; divided by the volume enclosed by 
the singular surface -have been neglected (Art 214, equation (337)) and it 
is this simplification only which renders the law of attraction—as the inverse 
Hi|iinro the law of attraction of the singular surface at a distance, 

lluti this in no way limits the variation ol the. stresses over those portions 
of the space in and between the parts of the two singular surfaces which arc 
within indefinitely small distance of each other. Such limits can only bo de¬ 
termined by taking into account the higher terms which have been neglected. 

This analysis I have not attempted. Hut it seems to me very important 
to notice this omission, as it, appears that the attractions or repulsions ex¬ 
pressed by the higher powers of l/r, when the surfaces are indefinitely near, 
must he of great, intensity, so that owing to sudden variations the work 
done in separating the surface's must he extremely small 

These chiiraeteristicM are those of cohesion and surface tension and they 
promise to account by mechanical considerations for the hitherto obscure, 
cohesion between the molecules as belonging to the attractions resulting 
from the finite value of the diameter of the molecules divided by the 
curvature, resulting from distortion, or, we might say the complement of 
gravitation. 

228. The fourth and last (‘lass of possible local disarrangements causing 
strain in the normal piling, with some degree of permanence, in the schedule 
(Art. 203), is that whic.lt does not depend on the absence, presence, or linear 
displacement, of grains, but does depend on local rotational displacement of 
grains about some axis, 

Then since there are no resultant rotational stresses or rotational strains 
in the medium, or rotation of the medium, the rotational inequalities must 
be arranged ho as to balance. 

Any such rotation of a portion of the medium would he attended with 
dilatations, lint it, does not follow that the dilatations would in all cases bo 
so small that the eocllieieut would be unity. 

Then uoling that the medium in virtue of relative motion of the grains is 
in some degree elastic, if we conceive that by two opposite couples about 
parallel axes fit a Unite distance two equal spheres of grains in normal piling 
having their centres on the respective axes, could be caused to turn about 
tlmir axes through opposite but equal angles 6 and — the actions would be 
reciprocal, and supposing the. actions to start from the medium in normal 
piling, when tlm angles were ho small that at the surfaces fchoro was no 
change of neighbours, the only effects would he strains attended by dilatation 
about the axes, which on removal of the couples would revert, restoring the 
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unstrained medium. And in this case the coefficient of dilatation would be 
unity. 

Then if the angles were increased the strains would he such that over the 
equators of the spheres the grains would change neighbours, diminishing the 
dilatation; so that on the couples being removed the spheres would not 
revert and would not restore the unstrained medium, nor would the angles 0 
and — 6 be zero. 

Those portions of the surfaces of the spheres nearer the axes, where the 
strains had not been sufficient to cause a change of neighbouring grains, 
would be subject to stress tending to diminish the angles 9 and — while 
in those portions where the grains had changed their neighbours the stresses 
would be resisting this change, so that the result would be a balance of 
strains and stresses, leaving the system in equilibrium under the relative 
rotational strains and stresses and dilatations extending outwards from the 
surfaces of each till they vanish at an indefinite distance. 

The strains and stresses extending from the sphere of which the residual 
angle was 9 , since the axes are at 'a finite distance, could not in any way 
affect strains of shear having the angle — 9. But if the shears were in a 
plane perpendicular to the axes and at a finite distance from each other, the 
strains and stresses being opposite would cancel, and the dilatations would 
diminish in such manner and proportions that there would be efforts to 
approach proportional to the inverse square of the distance. Or, if, other 
things being the same, the spheres wore at finite distances on the same axes, 
they would still be under efforts to approach, owing to the cancelling of the 
strains and diminution of the dilatation. And in either case, other things 
being the same, if one of the poles at the axis of either one of the spheres 
were reversed the result would be an effort of repulsion. Q.E.F. 

Thus efforts of attraction correspond exactly with those of fixed magnets, 
and thus we have been able to account by mechanical considerations 
for the magnetism which has any degree of permanence. 

229. Having in the foregoing articles of this section accomplished the 
analysis necessary for the determination of the attraction of negative centres 
of disturbance, the efforts to reverse the displacement in the complex 
inequalities, discussed the probability of cohesion as the result of the terms 
neglected in the analysis for the efforts of the negative centres, and effected 
the analysis for the efforts of attraction resulting from opposite rotational 
strains about parallel axes at a distance; it remains to complete the section 
by effecting the analysis for determining the mobility of the singular surfaces, 

230. From Theorems 1 and 2, Art. 204, and more particularly in Art. 214, 
we have defined the effects of local inequalities in the mean mass, when aj\ 
is large, on the arrangement of the grains and the distribution of the strains 
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in till! mi'.ilium nlxiuti lmt.li nngutivo. and positive centres. Thus it has been 
-shewn in the ease of a negative centre that the inward strains would be such 
that tile resulting dilatation would pass the point of stability and reform, 
causing a nucleus of grains in normal piling which might increase until it 
was stopped by meoling the inward strained, and consequently dilated, 
normal piling. 

This mooting of Urn two closed Hurfac.es, the outer .surface of the nucleus 
in normal piling with (,1m innor surface of tlm inwardly strained normal 
piling, affords (ho first duo to the possibility of a surface of freedom. For, 
dimo tlm grains arc uniform equal Hphoros, there can be no fit between the 
grains in normal piling at tlm turn surface and tlm grains in strained normal 
piling at tlm other. To use a mechanical expression tlm grains cannot pitch, 
and consequently there is a spherical shell of grains in abnormal piling which 
constitutes the* singular surface a surface of weakness if not a surface of 
freedom. 'Plum by Theorem I it follows, whatever may he tlm arrangement 
of the grains and whatever the exchange, (here can l>e no change in tlm 
arrangement or number of the grains. Therefore these surfaces of misfit arc 
fundamental to all inequalities in the mean mass. 

231, Since there is no regular lit in the shell of abnormal piling at tlm 
singular Hurfuee, say of a negative centre, and each of the grains is in a state 
of relative motion, each of I lie grains is in a state of mean elastic equilibrium 
Hindi that half the grains are on the verge of instability one way and half in 
another. If, as by the existence of another negative centre at finite distance 
there is an effort of attraction, however small, it, would, since there is no 
finite stability, in tlm first instance cause change of neighbours, and if 
sufficiently strong it would entirely break down the stability and cause ono 
or both tlm centres to approach at rates increasing according to tlm inverse 
square of the distance, since* as by Theorem I there would he no change in 
the. mean arrangement of the grains and the viscosity may be neglected. 

232. This brings us face, to face with questions as to the mode of dis¬ 
placement of the singular surfaces, as well as the. manner of motion of tho 
inequalities in the mean mass which constitutes the centre, which have not 
as yet been discussed. 

In the first place, it appears at once, however strange it may seem, that 
in the. case, of a negative inequality, to secure similarity in tho arrangement 
of the infinite medium the. mass must move in the opposite direction to tho 
inequality, otherwise there would he no displacement. And further tho 
opposite, displacements of tlm positive and negative masses must bo equal, 
subject to the condition that for every indefinitely small displacement of tho 
negative inequality there should be an equal and opposite and exactly similar 
and similarly placed displacement of positive mass. 
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233. Then, apart from vortex rings which cannot exist in a medium in 
which a/X is so large that there is no diffusion of the grains, it appears that 
the only way in which the conditions in tho last paragraph are realised is 
by propagation. This admits of definite proof. 

If we conceive a singular surface about a negative centre to be moving 
upwards through the medium, as it rises the upper surface will be con¬ 
tinuously meeting fresh grains. Then if the motion continues one of two 
things must happen. The grains must be shoved out of the wa.y, in which 
case all similarity of the arrangement would be destroyed, or the grains must 
cross into the singular surface. If this were all we should again have the 
similarity upset, as the singular surface must increase to accommodate grains 
coming in. But if at the same time as the grains enter the singular surface 
from above grains cross out of the siugular surface in exactly the same 
numbers and vertically under the grains which enter from above, the motion 
of the singular surface would not disturb the similarity of the arrangement 
beyond such limits as the elasticity of the medium admits. 

This manner of progress of a singular surface is that which has several 
times been referred to as propagation. It is strictly propagation. For if 
there is no general uniform mean motion the grains within the singular 
surface are at rest, while if the medium has such mean motion it would not 
affect the motion of tho singular surface though it would affect the rate of 
propagation since that would include the propagation through the moving 
medium. 

This then is the only mode of displacement of a singular surface—the 
propagation. 

N.B, This law of propagation would not prevent strains in the singular 
surfaces such as might be caused by undulations in the medium corresponding 
to those of light. 

234. It may seem that displacement by propagation does not of necessity 
entail displacement of mass; nor would it if there could be propagation 
without local inequalities in the mean density of the medium. But in a 
uniform medium, without inequalities, there can be no propagation as there 
is nothing to propagate. 

Thus it is that the inequality in density, the integral of which is the 
volume of the grains, the replacement of which would restore the uniformity 
of the medium, obliterating the inequality, constitutes the mass propagated. 
And as this, for a negative centre, is negative, its propagation requires 
the displacement of an equivalent positive mass in the opposite direction 
to that of propagation of the negative inequality. 

235. It thus appears that the distribution of the density of the positive 
moving mass is at all points the same as the distribution of the density of 
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the negative inequality, and as this on changing the sign is the same as the 
dilatation at all points, the density of the positive moving mass is equal to 
the dilatation. 

The dilatation at any point in the medium resulting from a negative 
centre is expressed by : 

4 tttuv 1 

a r 4 ' 

iii which r is greater than r x% while r lt /r is small 

It thus appears that, since the density of the medium is unity, the motions 
of the medium of unit density necessary to equal the displacements of the 
positive mass at density 47nvv’/.V 1 , which can under no circumstances be 
greater than 47nv , /. , l/ , , !l arc almost indefinitely small. 

236. Taking U H as the velocity of the singular surface and u" as the 
vulocily of the medium at any point outside the singular surface, since there 
is no mean motion of tlm grains within the singular surface, a" is everywhere 
small compared with lf H * 

Of course this does not affect the integral displacement of mass integrated 
over the medium from )\ to co. Jlut it does affect the displacement of the 
apparent energy of the motion of the inequality which is taken Lo bo 47 rrffil, 
For if we integrate a' /y over the medium it is small compared with 


This apparent paradox, however, is explained on recognising that the grains 
being uniform, since crjX is very large, the conduction of energy is nearly 
perfect; so that the rate of displacement of momentum does not depend only 
on the convections of the order a" 3 p but depends also on the conductions 

tr „ 

X au p> 

since those actions urn llm direct result of the propagation of the singular 
surface through the medium, so that there is no change in tlm strains, 
dilatations, or the mean arrangement within or about the singular surface 
for an infinite distance. It is easy to realise the way in which the strains at 
any fixed point contract and expand as the singular surface moves away from 
or approaches the point, 

237, In tin*, foregoing reasoning in this section no account has boon 
taken of the. possibility or impossibility of any lateral motions of the grains 
which might bo necessary to maintain the arrangement. That such lateral 
motions of the individual grains would bo necessary is certain; but it 
does not follow as a matter of course that they would be possible without 
creating temporary strains which would in fcho first instance require a certain 
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acceleration to start them. But once started the action, since it involves 
a certain definite rate of displacement of mass, would proceed at a uniform 
rate, supposing no viscosity, and the medium unstrained by other centres. 

That the necessary acceleration to effect the start must depend on the 
particular arrangements inside and outside the singular surfaces, is clear. 
And from this it may be definitely inferred that the number of definite 
primary arrangements in which the stability to be overcome by acceleration 
is within finite limits, is finite. 

Whence it follows that the number of singular surfaces having different 
numbers of grains absent, in which the limits of stability are within finite 
limits, is finite ; and these would be the only surfaces of freedom, q.e.d. 

It should be noticed that the expression “ primary arrangements ** is here 
used to distinguish those singular surfaces which do not admit of separation 
into two or more singular surfaces of freedom. 

It is thus shown that singular surfaces about negative inequalities admit 
of motion in all directions, by a process of propagation, without any mean 
motion of the grains within the singular surfaces, while the motion of the mass 
outside the singular surfaces, when there is no other inequality within finite 
distance, is such as to maintain the similarity in the arrangement about the 
centre entailing the displacement of the mass (4irr 0 8 /3) in the direction 
opposite to that in which the singular surface is displaced by propagation. 


238. We have thus effected the analysis for the determination of the 
mobility of solitary negative centres. And it may be taken that the analysis 
for positive centres would follow on the same lines with the exception of the 
sign of the inequalities. 

There still remains to consider the possibility of the combination of 
primary singular surfaces, forming singular surfaces with limited stability 
in which the grains absent or present are the sum of the grains, the absence 
or presence of which constitutes the inequalities of the primary singular 
surfaces combined. 

It has been shown by neglecting certain terms (equation 337) that 
negative inequalities attract according to the inverse square of the distance 
and in Art. 227 it has been pointed out that the terms neglected are such 
as would indicate cohesion or repulsion between the singular surfaces when 
closest; and in such conditions there would be a connected singular surface 
however many were the primary singular surfaces cohering, so that mobility 
of the whole group would be secured. 

In the case of two primary negative inequalities in which the numbers of 
grains absent are different, although neither of these admit of separation into 
two or more separate inequalities, there does not appear any impossibility, 
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except such as results from their limited stability, why thoy should not 
combine if their velum ties are. sullieient to break down the limited stability. 

In such east', it seems that one or other of two results must happen; 
either the breakdown would be temporary, the two centres immediately 
reforming as by the rebound, sotting up a disturbance in the media in which 
would be propagated through the medium, or they would reform into a single 
negative centre, in which the volume inside the reformed singular surface 
would bo less than that of the sum of the volumes within the two singular 
surfac.es of the two primary inequalities, or ill some other way manage to 
diminish the dilatation; and in this ease, also there would be a disturbance, 
in the medium. 

239. I t is certain that when negative, inequalities are. arranged in their 
closest order, there is cohesion holweon the adjacent singular surfaces which 
resists the separation of the adjacent singular surfaces but does not cause 
attraction between the singular surfaces when these are at a distance which 
is greater than stum*, small fraction of the radius (r L ) of lhe singular surface 
(Art. 227). It is also certain that, when under the conditions stated, the 
singular surftte.es would still attract one another at a distance—us in 
equation (U48): 



And thus if we consider A r -—the number of such negative centres within a 
distance r y to he indefinitely large as compared with r u since thoy arc in 
closest order the centres would be in stable equilibrium under normal and 
tangential pressure, uh in the case of gravitation. 

240. If the number of grains absent about each of the centres which 
constitute the total negative inequality is the sumo, and by some shearing 
stress tin', inequality is subject to a shearing strain, there would result 
dilatation, doing work on the medium outside, which would be maintained 
as long as the shearing stress; but since all the centres arc equal, whatever 
arrangements of the grains under the stress take place between tho centres, 
there would be. no absolute displacement of mass. 

And the result would be the same whatever might bo the number of 
grains absent in the primary inequality. 

241, Tims wo may consider what the action would be if wo bad two 
such total inequalities A and B differing in respect to tho number of grains 
absent in their primary inequalities—say that the! number of grains absent is 
greatest in A, 

If these total inequalities are brought together by their attractions the 
grains in abnormal piling which separate tho two total inequalities A and B 
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may be, for simplicity, taken parallel to a plane which is a plane of weakness in 
the medium. If, then, there are shearing strains parallel to this plane such 
as cause grains from the inequality A to pass to the inequality B in the 
abnormal piling in the plane of weakness, so that in this piling the arrange¬ 
ment, instead of the two primary inequalities in which the numbers of grains 
absent are A and B y is two equal negative inequalities in each of which the 
number of grains absent is: 

A+B A+B 

2 ’ 2 > 

and one complex inequality in which the numbers of grains absent in the 
positive and negative centres are : 

A-B B — A 
2 9 2 * 


in this case it at once appears that besides the attraction correspond¬ 
ing to gravitation and cohesion, the effect of the rotational strain would be 
to cause absolute displacements of mass, which, by Art. 225, would cause 
efforts of reinstitution between the strained aggregate inequalities, correspond¬ 
ing to electric attractions. But as the attraction would be normal to the 
surface of weakness, while for reinetitution the action must be tangential, 
the rotational strain might be stable, and the attraction might hold when 
the strained aggregate inequalities were forced apart. If the rotational 
strains were sufficient the normal attractions might overcome the normal 
stability of the complex inequalities, and in that case there would be a 
sudden tangential reversion, which, as there is absolute displacement of mass, 
would in the recoil reverse the complex inequality and so on, oscillating until 
the energy was exhausted in setting up undulations in the medium which 
would be propagated through the medium at the velocities of the normal or 
transverse waves as in light. 


If we have two aggregate inequalities in one of which the primary 
inequalities are not combined, while in the other the different primary 
inequalities are combined, we should have three total inequalities A, A/2, G f /2 


in the arrangement: 


. B C . B C 

A+ 2 + 2 ^ + 2 + 2 


2 ’ 2 


and two complex inequalities : 


ft A 

12 + 2 . 


B G , 
- — A 


Then if the strains were sufficient the normal attraction might overcome 
the normal stability of the complex inequalities, causing a reversion. In this 
case however it does not follow that the reversion would be complete and so 
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roinstitutu A, ttj'li 0/2 ; for since the work done by the strains might be 
su (Helen b to overcome the msistanee to combination of J5/2 and Gj% the recoil 
from the breakdown would cause a total or partial combination of Ji/2, (7/2, 
instituting // the aggregate. inequality and so diminishing the onergy available 
lor undulations, thus affording an explanation by mechanical considerations of 
Mm part electricity plays in instituting the combination of molecules into 
compound molecules with limited stability. 

It is to bo noticed that the effects of rotational strain between the 
aggregate negative inequalities which differ as t;o the number of grains 
in the primary inequalities, correspond to the effects produced when resin is 
rubbed by silk or frictional electricity—and thus the so-called separation of 
1,1m two electricities by friction is accounted for by mechanical considerations. 

Having shown that negative inequalities may not only attract, but may 
also cohere when in contact, wo may return to the consideration of the 
significance of the fuel, mentioned in Art. 217, that the attractions correspond¬ 
ing l.o gravitation us well as cohesion depend solely on the numbers of grains 
absent, while, the volume within the singular surfaces, which determines 
the volume from which one centre excludes other centres, depends on the 
possibility of some arrangement between the grains in abnormal piling and 
those, in strained normal piling (Art. 214), 

241 A. It is shown in Art. 217 that Ibr any displacement of a negative 
inequality there must he a corresponding displacement of positive mass in 
tin*, same plane and in the opposite direction. From this it follows that 
as two negative centres approach under their mutual attractions the mass in 
the medium recedes, which is an inversion of the preconceived ideas. Such 
action however is not outside experience, since every bubble which ascends 
from the bottom in a glass of soda-water involves the same action. The 
mutter in the bubble having the density of the air requires the descent 
of an equal volume of water at a density MOO times greater than that of tho 
air. It is (he negative inequality in the density of matter which under 
Mm varying pressure of the water causes tlm negative or downward displace¬ 
ment of tin* material medium —water—and the positive) or upward displace¬ 
ment of the negative inequality in the density within the singular surface, 

In order to recognise the significance of the parallel drawn in the last para¬ 
graph it must he noticed that in this research we have adopted a definition 
of mass, which, although satisfying the laws of motion and tho conservation 
of energy, is independent of any other definition of matter. Hence it is open 
to us to suppose that what we cull matter may be such, that if expressed in 
the notation so far used in this research, would represent local negative 
inequalities in the. mean density of the medium. 

Then since, as bus already been shown, and will be confirmed in what is 
to follow, tile definition of matter as representing negative local inequalities 
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in the mean density of the granular medium completes the inversion and 
removes all paradox, this] definition of matter is adopted as the only possible 
definition. 

We then have for the negative inequality: 

4tt?Y „ 

~ ~aT • p * 

where //' = !. 

And for the volume from which one negative inequality excludes other 
similar inequalities, when in closest order, we have by equation (343): 


Then dividing the negative inequality by the volume from which other 
centres are excluded we have as the expression for the mean density of the 
negative inequalities when in closest order: 


5 ?>■ 

4 4 ?V* 


= n 


(357). 


Then again dividing p u the density of the uniform medium by fl, the 
mean density of the inequality, we have in the ratio of the two densities a 
number without dimensions as expressed by 

p"_ 4 n 3 

II 3 n a . 


.(358). 


In equations (357) and (358) IT is used to express the mean density of 
the negative centres when in closest order. Thus II is the maximum mean 
density of the negative centres for any particular negative centres. 

It docs not however follow that fl expresses the maximum mean density 
of negative inequalities for all negative inequalities when in closest order. 
For as pointed out there is no proportional relation between the number of 
grains absent and the volume within the singular surfaces for inequalities 
which differ. 


But it does follow, from the fact that the number of centres which have 
surfaces of freedom is finite, that there must be some negative inequality of 
which the mean density is a maximum. And from this it again follows that 
p'yil must have a minimum value. 

Then taking fl to express the minimum value which, whatever it may be } 
is constant and without dimensions, we may express the densities of all the 
other negative inequalities in terms of fl, making use. of any system of units. 

Then if, as before, the density of the medium is unity, the maximum 
density of negative inequalities is : 


1 _ 

fl 
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and if l-ln* mean dt'nsil.y nf uu iut'tjualil.y is n times loss than the maximum 
inequality it in expressed by: 


nil' 

And again, if, changing Urn unit nf density, tho density of tho medium 
becomes nil, (lit 1 maximum dfunity of negative inequalities in expressed by w. 

Tin* prmif that tin* quotient 11 of the* density of tho uniform medium 
divided by the maximum mean density of the. negative, inequalities is a 
muueriea) constant, independent nf units, giving us, as it were, the gauge by 
whieh we run eompare the quantities, as obtained, in this and tho previous 
seel ions, with the evidenre derived from actual experience, completes tho 
consideration of the puHsiblo strains other than the undulatory strains (con¬ 
sidered in Section XIII.) resulting from the conservation of inequalities in 
the mean mass, which formed the subject of this section. 





SECTION XY. 


THE DETERMINATION OF THE RELATIVE QUANTITIES a", A", <r, G, 
WHICH DEFINE THE CONDITION OF THE GRANULAR MEDIUM 
BY THE RESULTS OF EXPERIENCE. THE GENERAL INTEGRA¬ 
TION OF THE EQUATIONS. 

242. In the last paragraph of Section XIII. it was noticed that, up to 
that stage, it was not possible, for want of evidence as to the actual rates of 
degradation of light, to complete the determination of the values of a", cr , 
And further, that as the equations (310—313) have been obtained by neglect¬ 
ing all secondary inequalities, they afford no evidence as to the limits imposed 
by dilatation on the shearing and normal strains. These disabilities have not 
as yet been altogether removed. But wc have, in the last section, obtained 
expressions, in terms of jp", a", a, A", for the attraction of negative centres, 
which correspond to those of gravitation. Also in the last article it is shown 
that wlmb is known as “ matter " corresponds with the inequality in the 
medium resulting from absence of grains. Also it is proved that there must 
be a finite maximum mean density for negative inequalities when in close 
order, which corresponds to the mean of the heaviest matter. And further, 
it is shown that the mean density of the uniform granular medium, divided 
by the maximum density of negative inequalities, is a number without 
dimensions—expressed by 12—whence we are enabled to measure the density 
of any inequalities in closest order, in any system of units. We are thus 
in a very different position, as regards evidence, from what we were at the 
end of Section XIII. 

243. By the last article of Section XIV., talcing 22 as expressing in c.g.s. 
units the density of the matter platinum, which is approximately the densest 
form of matter, we have unity for the density of the matter water in C.G.S. 
units. 

Then for the density of the granular medium in C.G.S. units we have 

22ft, 

where the constant number ft has still to be determined. 
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The change of uniLs of density, from that in which the density of the 
medium was taken us unify, to the density as measured in units of matter, 
has thus boon etlocted. 

244. from the last article if follows that, measured in e.G.s. units of 
matter, tdic. mean pressure in the medium, equal in all directions, becomes 

.(359). 

Also the mean density of the. medium p n or unity bocomos 

/J = 22 Up" .(360). 

Ami, if in o.o.s. units of matter, p expresses the mean density of any 
negative, inequalities in elosesf order, however complex, such as tho mean 
density of the earth .V(i7, the corresponding expression, when p" is taken 
as unify, is 

B’«7 

i>~ mi .( 301 )- 

245. Krom equation (35!)) we may now proceed to find an expression for 
the mean pressure in terms of the rate of degradation in the transverse 
undulations when rr/X" is large. 

Krom equation (311) the rate of degradation of transverse waves is 
expressed by 

1 < l »" 2 X"a" a 

I v* . ( 

Then if// is the time taken to reduce v n ,f to v { 

i 1 " 

where V\ , 

.< 808 ), 

2 </, J k 

which gives one equation between the three quantities a", A" and ti, 

A second equation is obtained from the dynamical condition ol undulation 

.(864), 

a V p 

,UKl 11 J H / '- k b,,i,, K (a^.") -r-\ . (:}cr,) ' 

Therefore, reducing, 

. (306> ' 

S-**.. 

15 


K. 
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Then, L being the wave-length, if we put 

n«. cr = L 


27r 

substituting — for a in equation (367), 


= V3 

a." 4 ' ctn Q r 


Then eliminating a" from equations (367) and (368) to find 

V'= .(360), 

the value of the constant coefficient being 

a/2 7tt 

5l ’~ 8tt n r - 

Then substituting from equation (369) in equation (367) 
n i 3 \jir f v t 1 

« -r- U 7 

s l * O' H /QH7A\ 


«" =«»(«*<<)* • r 
H 


ct" 2 s 2 a 


T -y(«A)a 


The equations (369) and (371) define the values of the constants X" and a" 
which enter into the expression p" in equation (159) in terms of a, r, and 
it which define the wave-length and rate of propagation for any particular 
rate of degradation. 

Thus substituting in the equation (159) which is 


„ \/2 cr 

p = T -^-p 


' 2 ^U , 7 ’ 


and which, under the condition <r/\" large, is, taking the density of the 
medium as unity, 

P 3 X" 2 4V2 7T . 


the equation becomes 


„ V2 Z 'Jihtt sj 1 6 


..(373). 


Then transforming we have 


1 /n 2 

4tt s x V 


.(374), 
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II l.ht! coiihLiuiIs .s' ( nuil s* aiv I,alum bn cnrrospmul with bho rake of propa- 
gabinn of light, ami wibh bho wavo-longlli of blui ulbm-violob light in the C.u.s. 
units 

*,•- 9-700J5 x 10- M 
a*u I'07:18 x 10 3 , 

from which subsliluling in oijuttlioim (309) and (:57l) 


X" -• !)'7(Klf> x 10~“. 


a" « 1-0738 


* io V’i 


'. ■r>7r,r> x io»| 


•'(‘175). 


And sitin' bho wavo-longlli /, is 3-933 x It)" 5 wo have, dividing by s, and 
substituting in blm soeond expression lnr p" 9 


)" (I*H074 x ID 11 1 


which becomes in t\,s 4 imits of matter (by oipmbion !>/>!)) 


22i2//'^22ii x hsr>74x io», 


(An* oonvouionee the expression fur <x"\ f * may bo hove included: 


a"A"« i*0418 x 10 10 . 

k 


24G. Having elfeeled l.lu* translation of units and obtained an expression 
for bho moan pressure in bho uniform medium in terms of n u /t t , wo now 
proceed bo bho evidence as bo i.lu^ absolute density, or, what in bho name 
biting, bho value of {.ho number expressed by XL 

The density of bho luminiferous ether, thus far, baa boon an unknown 
ipinntity, Such views hm have boon expressed ranges from a density in- 
definitely greater blian blrnb of bho hoavioHb material*—lfoolco—to a density 
imlHiuiboly smaller than bhab of bho lightest solid nmborial—Sir Gabriel 
Stokes mid herd Kelvin, 

Hub an pointed oub in Arb. 242 wo have now bho two sources of evidence— 
bhab arising from bho known law of gravitation, which includes bho existence 
of permanent negative inorpialities, or molecules wibli surfaces of freedom, 
and bhab resulting from bho limits to the intensity of waves of light; besides 
such evidence as may necnm from bho determination made by Lord Kelvin as 
bo bho dimensions of the moloeiiles, and such evidence as has been obtained as 
to the rates of degradation of the transverse and normal waves, 


15—2 
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The equations (376) and (377) define the pressure in terms of 

or 22n3 } 

H H 

according to whether the density of the uniform medium is taken as unity, or 
is expressed in c.o.s. units of matter. 

247. As measured in c.G.s. units, the matter in the earth, assuming 
Baily’s value, 5*07, for the mean density, is 

6 X4 x 1(F, 

the mean radius is 0*3702 x 10 s and the attraction of the earth on a unit of 
matter at the surface is 

<7 = 981 .(379). 

To compare with this evidence we have the expressions for the correspond¬ 
ing quantities as obtained from equations (348) for corresponding conditions 
when translated into the same units. 

In the general expression for the attraction of negative centres in closest 
order, equation (348), where p" = 1 : 


whore 


i r = '15 py and r = r j; ; 
\rj 


substiliuting, tlu! cxpivHHion for tile! atbraebion of unit mass becomes, if the 

r„ 3 4 r>*{;7 . . 

ra-fo - ? = g X m when p-J, 


// fr 9 \* 


Then, supposing that is a maximum, wo have from ofpuition (3158) 

£-756 . 

And as the density of the moan negative inequality is 5*67/22 of the 
maximum inequality, we have for the attraction 

„ /r o y 5’(>7 


r * 22 > 

which becomes, on substituting from equation (380) and reducing, 

4 „ 4 „ 5*67 

5^ <r — 

Then transforming so that the density of the medium is 22fi, since r# is 
6*37 x 1() 8 , wo have for g 

981 = 22%/V ~ 7r . 6*37 x 10 8 .(881). 
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Then substituting (.ho value of 2212/' in equation (,‘377) wo have 

7ri)’()7 x 0*37 x ll) H x I *8/174 x l() u x & =981.(382). 

'Hum, cancelling and mincing the numerical Iadova, since 

cr (n,/i t )i ^ 

wo have 

081- 1,103 Xl(r 

■ .(383). 

whence \/uJ t 58 H20 x 10/ 

And thus wo, have obtained [Jut value of 

which satisfies t»ln* cuhkI i(.ion iy r:j),s|. 


248. Tlu* ovidonoo afforded hy lJu* limits of the intensity of light and 
hunt does nidi appear t.o have hitherto demanded much attention. I3ut it 
now appears that, if wo cun iimI a fair estimate of tlm maximum intensity of 
transverse undulations, it would afford important ovidonoo, 

Kor the ral.o of displacement of energy hy (Jut transverse waves in the 
uniform medium wc have, faking // for the rate at; which energy numb he 
supplied to maintain bite waves, and r for the mbit of propagation: since the 
velocity of light is independent of the wave-length, the maximum energy of 
mean mol ion over a unit Hiirfaee 


is, hy equation (308), the mean energy of (Jut undulation; and 

ami .(384). 

Jt must, ho noticed that in these expressions for U and v° no account is 
taken of the secondary elleels impimed hy tho dilatation in the granular 
medium. This was noticed in the last paragraph, Section XIII,, an showing 
that there is a limit to the intensity of harmonic institutions, 


Pul- definitely, the condition to he satisfied for harmonic undulations is 
that, taking ,r and if for the directions of propagation and mean motion 
respect ively, 

K ^ H,ua II as eompared with p\ 


Thus if the amplitude of the transverse motions is considerable, tho 
notion will not he confined to Lhu institution of simple harmonic waves, 
hut will include compound harmonic waves, and probably normal waves, 
which would proceed faster than the simple transverse harmonic waves, 
until, by divergence or degradation, their intensity was reduced. 
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Evidence from which we may form an estimate of the limit to the 
amplitude at which the waves cease to be sensibly harmonic may, it appears, 
be found. The greatest intensity of transverse waves is obtained from the 
carbons of the electric arc. If then we assume that U y the work expended 
in producing the light, is all spent in radiation of heat and light from the 
carbons, we have only to measure the radiation area of the carbons to obtain 
an outside estimate of the mean value of v". 


Thus if 27 per sq. cm. is 2*29 x 10° ergs 

2*29 x 10” = £pV' 2 . t (t — 3 x 10 10 ) 

whence we have 

1*52 

v" 2 = -x lO' 1 in o.G.s. units. 

P 

where p is 22Hp" and where p" is unity. 


.(385), 

,(386), 


249. From this value of v” we may obtain the exjDressions for y the 
amplitude of the undulations, and for a. 

Taking r as an arbitrary amplitude 

y = r cos 6 and dy/dt = - r sin 6 . dOjdt. 

Then since the periodic time is Zir/m, differentiating 8 with respect to 
time dO/dt — on, and 

v° = — mv sin 9 and v" is a maximum when 


r/2. 


* m 


v x a 
y = — cos 6. 
J m 


and 



• dy~ n d y--„ v ±. 

•' dw d8~ m 


sin 8 = 


T 


,(387). 


Then multiplying this by n or pr 2 we have for the shearing stress 

.<w> 

and these are in gravitation units. 

Then from equation (386) we have, for the maximum value of the 
transverse velocity v” } 

•'-SB. {m) ‘ 

and multiplying by 2211 we have for the maximum shearing stress 

p . v{' . t = 1172 x 10 10 x V22H .(390). 
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Taking ft (= 10~ s ) ns the mollieiunt of iho limit within which 22X1 . 3 k/ 8 
may approach 22 Lip", wo have, substituting the expression on the right of 
captation (377) lor 22Xl/>", 

22X1 x I •Sf>74 x 10" - V22X1 x 11.72 x 10", 

whence follows : 


\om 


hh\ k _ <»'3i . 

UJ Vasa’ 

(390), 

•8000 - log V22X2 . 

....(391), 

a/w^-I'ISAxIO”.. 

• (384), 

•On 17 + 14. 

.,..(392), 

7-108 x 10" 

)i»= , 

V22X1 


•8517+ 14 — log V 22X1 

. ...(393), 

^ = 1-785 x 10“ x V22XI, 


•2517 + 13 4- log V22X1 ,. .(394), 

cr — 6*1534 X 10 2,1 x V22X1. 

.(372), 

•7430 -20 + log V22U ...(395), 

/; (i-777 x 10“ 

a - . . 

V 22X2 

,.(370), 

•8310 + 3 — log V22X11 

....(300). 

x"-8-(>i2 x io » . 

•(37 o), 

•9351 - 28 

j 



260, Ho liir wo have nlihunocl llio oxpivHHiiniM for fclio limiting values of 
a \ X", cr and tho logarithmic drrivniohls (or bnuisvorHn and normal waves 
in berms of tho ooiistiuit oiiollioioiit which tailors as u factor into the 
expressions for tho density of I ho iiitnliuiti and tho potential of attraction, 

Substituting from tho oquutioiiN (11)1 11)1) in equation (*175) wo have 


„ (i'777 x 10“ 

V22X1 

\"<=> H lJ 12 x 10 «. 

cr i- 5'534 x 10" x 722X1 


(397), 

,(398), 

.(399). 


Then for logarithmic. domv.ukcut of the transverse undulations, <rj\" largo, 
substituting in opuutiuii (311) the vulnes as given above for ct" ami X" wo huvo 
as in wpiatiou (3(>2), X, being the time reipiired to reduce v from v ( > to v<,/e, 


It 


3 y+r 
2 X"«"«*” 


1-7H4 x LO 13 V22X1 


...(400), 


N.11. This result cheek* the calculation, since this value corresponds 
with equation (394) in the first three significant ligures, which is tho limit 
of tlio arithmetical approximation attempted, 

Tho value of t t thus found in terms of the coefficient a/ 220 expresses tlio 
times the transverse waves would travel before their amplitude was reduced 
in the ratio from I to 1 je, or Limit* energy in tho ratio i/e a . 
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The values of a", X", er cannot be defined except by further evidence. Such 
might be obtained if we could completely solve the dilatation problem and 
so obtain the value of fl. Failing this, however, there remains one source of 
evidence from which we may obtain a close approximation to the value of the 
ratio V22 fl, 

251. The conclusions to he draiun from the absence of evidence of any 
nomad waves in the medium of space until very recent times. 

From equations (310) and (311) it appears that in a granular medium 
normal as well as tangential waves may exist, the only difference being iu 
their rates of propagation and in their rates of degradation. 

From this it would seem that, if the medium of space is purely mechanical, 
either such waves did not exist for lack of incitement or the normal waves had 
no effect upon our senses or on the physical properties of matter. The recent 
remarkable discovery of fibntgen that under certain intense electrical actions 
a system of waves which have the properties of normal waves in a uniform 
medium subject neither to refraction nor reflection, can be produced, has 
opened the door to different conclusions. The first suggestion by Rontgen 
was that these were normal waves. And although various special explana¬ 
tions have been attempted to avoid the admission of their being normal 
waves, every one of these explanations involves normal action. 

It appears, from the definite analysis of the granular medium, that when 
the uniform medium is in the state to propagate transverse waves the degra¬ 
dation of which is such that the diminution from loss of energy by degradation 
in some millions of years is in the ratio 1/e 2 , the rate of degradation of the 
normal wave is such as would occupy something less than the millionth (10~°) 
part of a second to reduce it in the same ratio; so that the normal wave 
would lose nine-tenths of its energy before it had traversed some thousands 
of metres, say x metres, and this affords crucial evidence of the purely 
mechanical granular structure of the medium of space. The coincidence 
is such, that in the absence of any definite proof to the contrary, it should 
carry conviction notwithstanding those things which cannot be defined for 
want of evidence. 

252. Without attempting any general discussion of X-rays there are 
several very significant characteristics which afford evidence besides that 
of not being subject to refraction or reflection. In the first place the rays 
in their production are attended with very intense light, that is they are 
attended with transverse waves. In the second place, after the light waves 
have been filtered out, they can again be transformed into visible transverse 
waves by their passage through certain earthy substances. And in the third 
place, in passing through any matter they are subjected to rapid degradation 
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which is proportional l.o I.I 10 density and thickness of the matter through 
which they pass. 

Thus it has been ho far impossible to study these rays except by their 
passage through matter, while it is shown that in two ways their passage 
through matter is attemh'il by degradation other than the degradation of 

the normal waves in mono. 

» 

Any estimate ns to wluit might he. tlie rate, of degradation of these waves 
■in vacuo is at best very d illicit It. Hut the fact that those waves, which arc 
subject to divergence as well as the three sources of degradation, havo 
sullioieiil. range to permit of experiment through a distance of some metros, 
hIiows that, if t hey are normal waves their rate of degradation in vacuo would 
lie much less llmu it appears to he in the experiments. It thus appears that 
u\ the distance the waves must travel in vacuo to reduce the energy in the 
ratio I/<•“, cannot, be less than some thousand odd metres. 


263. To jintl lliu rate of iliviTniriit of 1,1m normal wave under the limits 
tlt'Jinril hi1 rtjiml ions (2211 to (2241 in tenon if the ratio 1/V22U. 

Krutn ei|uation (3111) we have, neglecting as small the first term in tho 
index, ami substituting (!/\/2?r for (I, 


1 / fi JiL •' ,ra " 0 J 1 * ' 

;! ( a ir !l X ' Jir «/ii ‘I ir )/l 8 

I ,ln" i \ l‘ :! 

u" ' (It 


,(401). 


The index in the right member of this agnation represents the logarithmic 
rate of decrement of the normal wave. 


Transforming this index and substituting the values of a, X and a as defined 
in equations (221) to (22.1) for the transverse wave, and of m and a for tho 
normal wave, taking the lime lVei|»eiicy in to have tho same value as for the 
transverse wave and the linear Ircipioitey a to ho a']±W where a' is tho same 
as for the transverse wave |2'3M7 being V/l* l-4m/3u]. Then taking A as 
expressing I lie numerical constant in tho expression lor the decrement, wo 
find OH the values ol I.he several lactorrt and their logarithms, 


A IT.II7 x ID ’ log •11)52-2 

T * • ■ Mil X 10 “ „ 1)467-21 

a> . 2-553 x It)"' „ •40(58 -I-10 

1 : :H02x10 3 „ *41) 10 — 2 ’ ".(402). 

t)-37ti x ID " 3 x (22ft) 3 „ -1)720-82 +log(22ft) 8 
a"' ■ 3'113 x It) 11 x (22ft) 3 „ -44)30 +11+ lug(22ft) - * 

X" 3 ~ (1-387 x lO'" „ •8053 + 80 
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The logarithm of this product being 

■4076 + 3 + J log (220).(403), 

log decrement log (log decrement) 

- 2*5 5 6 x 10 3 x V22X2, - [*4076 + 3 + £ log (2211)] .(404). 

Then if t n is the time to reduce u"* in the ratio 1/e 2 we have 

£ n = 3*923 x 10~yV22fi, log t n = *5924 -4 .(4Q5). 


The product of the time tn multiplied by the rate of propagation of the 
normal wave is the linear distance which the normal wave must travel so 
that the energy is reduced in the ratio 1/e 2 . 

The rate of normal propagation is 2*387 x 3 x 10 10 as above. 


Therefore taking x as the distance the normal wave must travel to 
diminish the energy in the ratio 1/e 2 we have 

1 .(406). 


0 = 2’801 x 10 7 x 


V22U 


Q. E. F. 


254. Then to find the inferior limit to the value of the ratio ex¬ 
pressed by 

From the evidence furnished by Rontgen rays wc have in Art. 253 
defined this ratio to be such that the value of x (in c,G.S. units) shall nob 
be less than some thousand odd metres. And from the absence of any 
evidence of normal waves other than Rontgen it follows that there must 
be a superior limit; but this depends on the value of XI and cannot be 
defined without further evidence. 

To find the superior limit of 12, putting for simplicity 

x = 2*801 x lO 7 -*.(407), 

we have by equation (406) from the evidence of Rontgen rays 
V22n = 10 9 where q is nob less than 2, 
whence we have for the value of X2, 

SI = 1 ~ = 4'54C x 10 2 ?- 1 .(408), 

and for the density of the uniform medium 

22(2 = 10*3.(409). 

255. It is pointed out (Art. 254) that the superior limit bo the value 
of XI cannot be obtained except on further evidence; evidence which has 
as yet not been taken into account, and is exactly to the point, is 
available. 

This is the evidence as determined by Lord Kelvin (and confirmed by 
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the observation iih l.<> (.Id* arm over wliioli a definite volume of oil would 
destroy the ripple caused by a moderate wind on t,ho surface of water), that 
lilu* diameters of the molecules i>r singular surfaces nru of i,Uo order of the 
ratio of l.lto wave-lengths of (-In* ultraviolet light. multiplied by some ton 
thousandths, say *t x 10 w , and this evidence comes in as directly bearing 
on the value of 7 . 

Although thorn is a degree of uncertainty about the relative values of the 
“atomic.’volumes 1 ' of the elementary molecules, it appears curtain that there 
is no great dillerenco, that is to say, no difference greater than from 1 to 10 
in the relative volume of t he molecules, and for our purpose it is HuHieiont 
to consider that, assuming the relative volumes equal, the greatest difference 
of the grains absent, is from l to 1 / 200 , 

It has been shown (Art. 230) that the probable■. arrangement of the grains 
in a negative local inequality, which has a surface of freedom, in that of 
a nucleus in normal piling, that is to nay, a permanent nucleus on which 
the inward strained normal piling reaches, forming a broken joint in 
abnormal piling, whence if appears, in order that the singular surface may 
be a surface of freedom, the maximum inward strain, that is, the inward 
strain at the singular surface, must lie greater than c r the diameter of a grain, 
and probably some live limes a. 

In this way we have a limit to lbe diameter of the singular surface, 

4 x 10 » 


and by the last paragraph, taking 10 to be the inferior limit to tins maximum 
inward strain, wo can Ibid a value for 7 which is quite independent of any 
evidence already adduced, 

Taking 2211 ^ UP' for the density of the medium, 

r,n 2 x 10 ,M for the radius of the singular surface, 

'I \>irr*jl\ volume of grains absent. 


Hy equation (OHO) 


I'33 _ 

io* • r ' 


...(440). 


Then since by equation (300) 

cr a (fr/hWpx 10 

and vjtr n a l2 , also rjar nj*2 .(411), 

P'")* - anti li ( 2 yj »(I <«,)•.(412), 



( 413 ). 
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Equation (413) expresses the number of diameters of a grain which would 
measure the inward strain at the singular surface of the maximum inequality 
as of platinum or 22. 

Theu reducing 

1-602 xlOi-* .(414). 

For the minimum inequality, n t remains tho same, and n„ s is divided by 
200, and we have from equation (414), 

\ x 10- 

—^—=8-013 x 10“— 3 5 .(415). 

Then if we take the number of the diameters of a grain which measure 
the inward strain at the singular surface of the minimum inequality to be 

8*013, 

q = 2 .( 416 ). 

We have thus found the superior limit of the square root of the density 
of the uniform medium to be 

V22fl - 100. 


256. Comparing the inferior limit of V22f l in Art. 254, obtained from 
the evidence of Rontgen rays, with the superior limit in Art 255 obtained 
from the evidence as to the size of tho molecules, we see they are identical. 

Too much weight must not be attached to this identity since the 
estimates on which they arc based are somewhat wide approximations, so 
that they must be considered as relating rather to the order of the quantities 
than the actual numbers. Yet considering that the evidence of the size 
of the molecule, and that of the Rontgen rays, are perfectly independent, 
the result, which, taken as a wide approximation, would be almost infinitely 
improbable as a mere coincidence, when substituted in the equations (390) 
and (396), and (402) and (409) enables us to obtain, in C.G.s, units, the values 
of all the arbitrary constants which define the condition of the purely 
mechanical medium, and they are such as correspond with the experience— 
as to the rates of propagation and as to their rates of decrement—of both 
transverse arid normal waves; they also correspond with experience as to 
the existence of molecules and gravitation, the limit of the intensity of the 
energy of light and radiant heat, besides the absence of normal waves, and 
the evidence of Rontgen rays. 

The numerical values of these constants are for convenience given in the 
following table. 
























238 ON THE SUB-MECHANICS OF THE UNIVERSE. [257 

It is thus shown by definite analysis that an infinite, purely mechanical, 
medium consisting of uniform spherical grains, in relative motion, the grains 
being in normal piling, except for local inequalities in the mean density, and 
so close that there is no diffusion, affords a complete account by purely 
mechanical considerations of potential energy, the propagation of transverse 
waves of light and the apparent absence of any rate of degradation, the 
lack of evidence of normal waves, the gravitation of matter and electricity, 
as the result of the dilatation which follows from the strains caused by local 
inequalities in the density of the medium. 

It is also shown, by definite analysis, that this is the only explanation 
possible by purely mechanical considerations. 

257. Havings arrived at the conclusion stated in Art. 256 we might 
make this the end of this research, having every confidence that the evidence 
which has not already been adduced would confirm that which dias been 
adduced. It is not, however, the sole puqiose in undertaking this research 
merely to show that there is a mechanical explanation of such parb9 of the 
universe as shall render the mechanical structure of the remainder in¬ 
definitely probable, but also to obtain as much light as may accrue from the 
purely mechanical analysis. The analysis is therefore continued so far as it 
relates to effects in the medium, that is to say, it does not include electro¬ 
dynamics or clectro-magnetics, since the institution of complex centres, that 
is, the magnetic conditions, is not a primary effect, for it results in separating 
the molecules, after combination, the reunion of which results in electric 
currents. 

258. The blackness of the sky on a clear dark night would be explained 
if the light waves were subject to viscosity however small, or nearly so. 
It has been so far a moot question whether there is such viscosity. But 
it now appears from the rate of decrement of the transverse waves, Art. 256 
(5*603 x 10~ 10 ), that the time taken to reduce the energy of the wave in 
the ratio 1/e*, or 1 /8, would be more than fifty-six million years. This rate 
of decrement, although affording an ample account by mechanical considera¬ 
tions of the absence of uniform brilliance in the sky, such as would result 
in an infinite space from an infinite number of stars, however sparsely 
scattered, if there were no rate of decrement as the result of viscosity, is 
such as has baffled all attempts to obtain any evidence of decrement by 
observation. 

259. The dissipation of the inequalities in the mean energy of the 
medium resulting from the rates of decrement of transverse and normal 
waves which, as shown in Art. 256, affords a complete mechanical explanation 
of the blackness of the sky, differs fundamentally from that dissipation which 
results in the increase of energy of the molecules, or singular surfaces. This 
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is at once apparent since the degradation of the energy of the normal and 
transverse waves can only be a dissipation from the energy of the molecules, 
or mean motion, to increase the irreversible energy of the mean relative 
motion of the medium. 

It thus appears that the dissipation of the mean motions of matter, such 
as the motions of the sun and planets, or vortices in fluids, until all motion 
ceases, does not complete the dissipation of energy, for this would go on 
until the only energy was irreversible relabivo motion of the grains, which is 
expressed by a!'-. 

260. The electrostatic unit, or more correctly the unit corresponding to 
the electrostatic unit, is defined (Art. 224) by the condition 

p" (if)**- 1 .( 417 )' 

This definition is on the supposition that tho density of bho medium 
is taken as unity. 

Thus if the density is taken as 22fi, wo have as the condition 

22%)" = l.(418). 

Then reducing the member on the left by the table (Art. 256) it is found 
that the complex inequality in which the number of grains is displaced is 

1*615 x 10 4C , 

and in which the displacement is unity; the effort to institute the normal 
piling is unity and thus corresponds to tho electrostatic unit. 

Comparing the effort to revert to the effort of attraction between two 
negative centres, each having the number of grains as above, since tho radius 
of the shell which would contain the grains is 

?’ 0 = 6*493 x 10~ a .(419), 

the ratio of the effort to reinstituto tho normal piling, to tho effort of 
attraction between gravitating mass, is approximately 

1*2 x 10 l ». 

Thus the effort of attraction between tho two gravitating masses, the 
grains absent in each of which are the same as the grains which constitute 
the electrostatic unit, is eighty-one thousand billion times less than unity. 

261. The conclusion arrived at in Art. 256, as to tho density of the 
medium, does not exhaust the conclusions to be drawn from tho size of 
the molecules. Coupled with the evidence afforded by tho effects in dis¬ 
sociating certain compound molecules, possessed by the transverse waves 
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of shorter length and greater frequency, it appears that there must exist 
certain coincidences of periods between the possible internal vibration periods 
of compound molecules and the periods of the shorter waves. 

262. From the evidence, Art. 261, it follows that the compound mole¬ 
cules which are dissociated by the waves of light must have been in a state 
of limited stability : so that 

(1) by the breakdown the total potential energy is reduced, 

(2) a sudden disturbance in the medium is produced causing waves, 
which are of undefined length, in the medium. 

263. Comparing the evidences as to the effects of waves of greater 
frequency in dissociating certain compound molecules, adduced in Arts. 
253, 254, with the conclusions arrived at in Arts. 238—241 as to the 
effects of collisions between compound singular surfaces, rotational strains, 
and the institution of complex inequalities corresponding to electrostatic 
induction, it appears that the latter account for the former by mechanical 
considerations as will appear in the following articles. 

264. Accepting the statement in Art. 263, we find ourselves face to face 
with the question, What is the source of light? 

From the mechanical analysis it follows, Art. 238, that undulations in 
the medium can arise from nothing else than the relative motion of the 
singular surfaces. The collisions of these surfaces would set up disturbances 
which would be propagated through the medium with the velocity of light, 
and which would correspond to the waves of heat. But from Arts. 238—241 
it appears that there is another effect than that of simple collision, by which 
undulations may be instituted. 

In Art. 241 it appears that when two aggregate inequalities, separated by 
a surface of weakness, in which the numbers of grains absent in the primary 
inequalities differ, are subjected to rotational strain, parallel to the surface 
of weakness, the strata will cause the total aggregate inequalities to reform, 
instituting two fresh aggregate inequalities with limited stability, which, as 
the strain is gradually reduced, do not gradually reverb but, owing to the 
limited stability, are maintained until the strain has been relaxed sufficiently 
to overcome the limited stability and then break down under the nearly 
full effort of the complex inequality; which, by Art. 260, is more than two 
hundred billion times greater than what would be the effort of attraction 
of the two equal negative inequalities at the same distance. 

Such a transverse reversion as that considered would not result merely 
in reinstituting the normal piling. But, as it involves the absolute displace¬ 
ment of mass, the recoil by reversing the strain would institute a complex 
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inequality of the opposite sign; and this would be repeated, in a gradually 
diminishing degree, until all the energy was spent in setting up undulations 
which would be transverse. 

We have thus two, more or less distinct, sources of undulations; and 
from the evidence it ‘appeal's that, whatever undulations result from the 
collisions of singular surfaces, the undulations corresponding to those of 
polarised light are those caused by the reversion of the complex inequalities. 

265. Since, from Art. 264, it appears that the institution of light 
depends on the existence, in the medium, of compound molecules with 
limited stability, and it also appears that these compound molecules dis¬ 
sociate in the production of light, it follows that either the source of 
light must be continually diminishing or that there must exist some action 
which results in thus 1 'eassociatiug the primary inequalities, and as the 
first alternative is contrary to experience we must accept the second as 
a fact. 

The reassociation of the primary molecules which, when associated, form 
compound molecules with limited stability, receives its explanation from 
the mechanical analysis on the same lines as that of their dissociation. 

Thus if we have two aggregate inequalities in one of which the primary 
inequalities are not combined the differing primary inequalities are combined. 
These may be analysed by putting 

a •+• a* for the combined total aggregate inequality, and 
6 4 Z/ for the total aggregate inequality uncombined, then 

ct 4 of 4 b 4 b' ct 4 of 4 b 4 5 
2 ’ 2 ’ 

a + a '-(b + V) b+b'-(a + af) 

2 5 ’ 2 ““ ’ 

These if added together constitute the total aggregate inequalities; they 
express two equal total negative aggregates together with one complex 
aggregate inequality. 

Thus putting a 4 a,'— A the total aggregate inequality in which the 
primary inequalities are combined, we have 

A 4 b 4 V i + i4i ; 

2 9 2 

A-ih + b*) &4 V-A 

~2 2 

Then if the strains were sufficient the normal attraction might overcome 
the normal stability, i,e. the stability in the direction of the normal, of the 
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complex inequality, causing a reversion. In this case, however, it does not 
follow that the reversion would be complete and so reinstitutc A, b and b\ 
for since the work done by the strains might be sufficient to overcome the 
resistance to combination of b and b\ the recoil from the breakdown would 
cause a total or partial combination of b and b\ thus instituting B , the total 
aggregate inequality, and so diminish the energy available for the institution 
of undulations. 

We have thus an explanation by mechanical considerations of the part 
played by electricity in instituting the combinations of molecules which 
differ into compound molecules with limited stability. 

266. The absorption of the waves of light, let us say by lamp-black, 
presents a problem, the explanation of which, by the assumption that the 
molecules are capable of internal vibrations in various periods, is altogether 
sufficient. Thus, supposing the molecules in the lamp-black are so various 
that there are molecules the internal vibrations of which coincide with 
all periods of the incident wave, they would be set in periodic motion 
and absorb the energy of the waves; but this is not all. For supposing 
the absorption of the light continuous, the energy in the molecules would 
continually increase, and this is not in accordance with experience. There 
must therefore be some means by which the energy absorbed by the 
molecules may escape. This cannot be by radiation, since in that case 
it would only escape as light, which it does not. It is mechanically 
impossible that it should escape by radiation in the form of the long 
dark waves. Ancl the only other mode of escape for the energy is by 
transmission—by convection and conduction through the molecules to the 
surface of the lamp-black. Nor does this altogether solve the problem—for in 
such an experiment as we are considering, it may be possible that the lamp¬ 
black is in vacuo; in which, having reached the surface, it would be arrested. 
And the absorption continuing the energy of the molecules would con¬ 
tinually increase indefinitely. Since any such indefinite increase of the 
absorbed energy is outside experience it follows that within the limits of 
experience such perfect vacuum as contains no free molecules is impossible. 

The evidence which follows from the theoretical explanation of Sir William 
Crookes’ radiometer* at once illustrates the fact mentioned above, for when 
the light is turned on the receiver which contains the vanes, the latter 
almost instantly acquire a steady speed which shows that the lainp-bluckcd 
surfaces as well as the opposite surfaces, which are white, have acquired 
a steady difference of temperature, so that there is no further increase of 
temperature from the absorption of the light; the energy received from the 
light wave by the black surfaces of the vaues, taking the form of energy 

* ** Certain dimensional properties of matter in tlio gaseous state.” Phil, Trans, 11, S. 1879, 

p. 828, 
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of vibmliion of tho molecules, is transmitted to the surface beyond Avhich 
tho vibrating molecules do not pass, but, as the molecules at the vsurface 
are vibrating, the energy of this vibration is communicated by contact to 
any free molecules whose paths bring them in contact with tho molecules 
at tho surfaces of the vanes, causing reaction and conveying tho energy to 
the inner surface of the receiver. 

Thus if there were no free molecules there would be no motion imparted 
to the vanes, and as the stage of exhaustion at which the vanes do not 
revolve in unlimited light has not yet been attained, it follows that on the 
assumption tlml the waves of light are capable of communicating energy 
to the molecules in the mode of internal vibration, tho production of an 
unlimited intensity of energy by tho absorption of light is outside 
experience, 

267. Tho assumption on which the absorption of light is based, Art. 2GG, 
1ms not as yet been subjected to the further analysis necessary for a 
mechanical explanation of tins actions involved. 

it therefore remains to show that, in spaces where negative inequalities 
exist, the state of the granular medium is ho far affected by those in- 
equalities that it no longer transmits waves which pass through the medium 
at the same velocity as when there are no inequalities, undisturbed, other¬ 
wise than by divergence. 

To show this: 

We have (Art, 230) the fundamental misfit between the nucleus in tho 
singular surface with the grains in strained normal piling, instituting in the 
medium a shell of grains in abnormal piling which constitutes a shell about 
each singular surface which oilers little or no resistance to strains tangential 
to the singular surface, 

We have also (Art, 25/5) tlm diameter of tho singular surfaco some ten 
thousand times less than the wave-length. Thus wo have a Iron singular 
surface through which the medium is free to move by propagation, the 
diameter of which is l ()()()() times less than the transverse wave, but which 
is still subject to the multi lately motion of the medium corresponding to tho 
light waves. 

('(insider next what must happen from the existence of a single negative 
inequality in a space through which transverse waves arc passing: 

In the first place, since tho surface of Lius inequality is a surface of 
freedom there would be a certain small area of the surface about an axis 
through the centre of the inequality which presents a nearly piano surface 
perpendicular to the direction of propagation, and this small surface, owing 
to the freedom of tho inequality, offers no resistance to tho transverse wave, 

16—2 
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This area of freedom would relieve the stress in the medium in the plane 
normal to the direction of propagation, and so cause an increase of the 
undulatory motion at the small surface, the recoil from which would reverse 
the direction of propagation over the small area, thus instituting a partial 
reflection. (N.B. The amount of this reflection would admit of quantitative 
determination, bub the analysis is long and it does not appear to be 
necessary.) 

The reflection considered docs not constitute the entire reflection which 
would result, for there would be similar reflections at the opposite surface of 
the inequality, and besides the reflections on the small surfaces nearly plane, 
there would be reflections resulting from the relaxation of the components 
of the transverse stress all over the surface of the inequality, causing re¬ 
flections in all directions except in planes normal to the direction of 
propagation. So that there would be a general but varying scattering of the 
transverse wave in all directions greater than 7 t/ 2 from the direction of 
propagation, varying from a maximum at 7 r to nothing at 7 t/ 2 . 

The proportion of undulations within a distance of the axis in the 
direction of propagation scattered by the passage of a wave by a single 
inequality is extremely small, for, although the small surfaces of freedom do 
relax, to some extent, the stresses consequent on the undulations in the 
medium, a singular surface is so small as compared with the wave-length, 
that they follow the motions of undulation, and are subject to nearly tho 
same stresses as if there were no inequalities. 

Then if we consider a space, through which the waves are passing, to 
be occupied with negative inequalities in somewhat close order it does 
not appear that the rate of propagation would be greatly altered owing to 
relaxation of the elasticity of the medium. 

But the rates of propagation do not, as it seems, depend solely on the 
elasticity ; for the singular surfaces, owing to their cohesion, introduce 
another system of possible vibrations—the internal vibrations of tho negative 
inequalities. 

That the vibrations possible in the inequalities may be instituted as 
the result of undulatory stresses requires only a coincidence in the periods 
of the waves and the vibrations of the inequalities. Then since the evidence 
of the existence of a considerable number of periods of vibration in all 
inequalities is according to evidence, and it has been shown that however 
small the effects of the undulations solitary grains do cause a certain dis¬ 
turbance in the negative inequalities, it follows that the passage of a wave 
through a space in which the inequalities are somewhat close will result, 
if continued for a sufficient time, in imparting periodic motions to the 
inequalities having periods coiuciding with the wave periods. 
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Then supposing the regular undulation to cease, the vibrations of the 
inequalities would institute waves of the same period until their energy was 
exhausted. Whence it follows that in the case in which waves are passing 
steadily into and through a space occupied by inequalities in somewhat close 
order, they will maintain the vibration of the molecules and at the same 
time pass through the medium, and then the energy of the waves and the 
vibration of the inequalities together would be greater than that of the 
inequalities alone in the ratio 

energy of wa ve motion + energy of inequalities 
energy of wave 

Then supposing a steady state to have been reached, if either of these 
actions were diminished it would receive assistance from the other; and 
from this it follows directly that, while the energy in a wave-length before 
entering tho space containing the inequalities is the only energy of the 
undulation, the energy in a wave-length in the space would be the energy 
of the undulation before passing plus the energy of the inequalities. 

Then again if the mean rate of the motion of the energy of both 
undulation and inequality were that of the undulation, there would be more 
energy passing out of the space than that entering, and the state could 
not be maintained steady. But if, on the other hand, after entering the 
space with inequalities, the rate of passage of the total energy was that 
given by 

_ energy of wave 

energy of wave-p energy of inequalities J 

the 8bate would be steady, and the rate of propagation diminished in the 
same ratio. 

It has thus been shown that ill the granular medium waves corresponding 
to light waves are capable of communicating energy to the negative 
inequalities corresponding to molecules, which was the object in this some¬ 
what long article. 

268. Refraction of waves in the granular medium, when passing from 
one space to another which differs as to the closeness of the arrangement, 
follows directly from the paragraph last but one, Art. 267, in which it is 
shown that the waves pass from a space in which there are no inequalities 
into a space in which the inequalities are in some close order; the ratio 
of the rate in the space without inequalities to the rate in the space with 
inequalities is as 

energy of propagation + energy of inequalities 
energy of propagation 

and this is the expression which corresponds with the index of re¬ 
fraction. 
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It also appears that in the main the cause of refraction is coincidence 
in the wave period with the period of vibration in the inequalities. The 
relaxation of the elasticity of the medium by the freedom of the centres 
must cause diminution in the velocity of propagation, but it would seem to be 
indefinitely small. 

269. The effect which, in a granular medium, corresponds to the dis¬ 
persion of the rays in the spectroscope, at once receives its mechanical 
explanation from the explanation (Art. 268) of the effects which correspond 
to refraction together with the evidence (Art. 261) that as the waves become 
shorter their effects in dissociating the compound molecules increase. The 
mechanical explanation is that there are more coincidences in period in 
the case of short waves than in the longer. And this refraction increases as 
the length of the wave decreases, or, the shorter the waves the higher the 
index of refraction. 

270. The reflection of the wave of light which results when the light 
passing from a space in which there are no inequalities into a space in which 
the inequalities are in somewhat close order, depends, when the direction of 
propagation is not perpendicular to the reflecting surface, oh the direction 
of the transverse motion in the wave front. Thus, supposing the direction 
of propagation is parallel to the paper and across the page, if the motion 
in the Avave front is parallel to the paper and the reflecting surface is 
a plane perpendicular to the paper and inclined to the direction of propaga¬ 
tion, there may be, at the same time, motion in the wave front perpendicular 
to the paper, which motion is independent of the normal to the paper as 
illustrated in the figure below : 


Fia. 5. Fig. G. 

F L D F 



AB direction of propagation, 

CD trace of plane of reflection perpendicular to the paper, 

GH direction of motion parallel to plane of reflection turned at 90°, 

EF direction of motion perpendicular to propagation. 

The general motion of the medium thus indicated may be realised by 
imagining a sheet of paper to be moving with a point revolving steadily with 
a radius equal to half the amplitude of the wave, without turning the paper 
in its plane, which must he perpendicular to the paper. The two motions 
EF and GH may he considered as analytically distinct. 
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The vertical harmonic motions, in the medium EF in planes parallel to 
the paper, in varying phases, without any motion in the direction of propa¬ 
gation, which constitute the undulations, must as the undulations arrive 
at the inclined reflecting surface of the space enclosing the inequalities, 
undergo partial reflection in the direction KL on account of the relaxation 
at the surface caused by the inequalities. This relaxation is proportional, 
other things being the same, to the number of singular surfaces in unit 
volume. 

Ihe angle of incidence on the surface of the space enclosing the in¬ 
equalities at which the reflection is a maximum is of necessity such that 
the reflected and refracted rays are at right angles in the plane of incidence, 
and in this case the motions in the medium which are reflected are parallel 
to the plane of incidence and thus correspond to light polarised in the plane 
of incidence. 

Then again, the portion of the waves in which the motion of the medium 
is perpendicular to the plane of incidence, although subject to the same 
refraction as that in which the motion of the medium is parallel to the 
plane of incidence, undergoes no reflection at the surface CD. 

The waves in the granular medium are a consequence of the motions 
in the medium which are transverse to the direction of propagation; these 
may be auything perpendicular to the direction of propagation. But they 
admit of being resolved in any two directions at right angles to each other 
and perpendicular to the direction of propagation, and when so resolved 
are analytically independent, that is to say, if the components of the trans¬ 
verse motions of the medium in one direction ceased to exist the motions of 
the other component would not be affected. 

Thus if transverse motions in the medium were confined to one direction, 
and that in a plane parallel to the plane of the paper, the shearing stresses 
would be all parallel to the paper iu jjlanes at right angles to the direction 
of propagation: hence these stresses would propagate transverse motions 
parallel to the paper but would not propagate motions normal to the paper; 
and on the other hand transverse motions in the medium normal to the 
paper would cause transverse shearing stresses normal to the paper which 
would propagate motions normal to the paper but would not propagate 
motions parallel to the paper. 

It therefore follows that the transverse waves in which the motion is 
parallel to the paper can, in a granular medium, be instituted only by 
rotational stress in which the rotation is parallel to the paper. And such 
transverse waves will propagate parallel to the paper in the direction to 
which these planes are normal. And further, on arriving at a surface the 
normal to which is parallel to the paper, beyond which surface there are 
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inequalities, the wave will be reflected according to the laws of reflection, 
such reflection being strictly parallel to the paper. 

On the other hand, it follows that the transverse waves in which the 
motion is normal to the paper can, in a granular medium, be instituted only 
by rotational stress in which the rotation is normal to the paper; such waves 
propagate parallel to the paper in the direction to which their planes are 
normal, and are not subject to reflection at an inclined surface perpendicular 
to the paper, as shown in Fig. 5, since the motion in these transverse waves 
is entirely normal to the paper, as is shown by the line GH, turned 
through 90° in Fig. 6. Thus it is seen that the only reflection resulting 
from both components of the motion in the medium when the waves pass 
from a space without inequalities into a space with inequalities is the 
reflection resulting from the inclination of the surface parallel to the plane 
of incidence, as shown in Fig. 5. 

It may ajipcar from what precedes that there is a difference besides that 
of the motion of one of the rays being parallel and the other normal to 
the paper, since so far no mention has been made of any reflection of the 
ray in which the motion is perpendicular to the paper. This apparent 
difference disappears, however, since if the reflecting surface in the plane 
of incidence were removed and replaced by a surface normal to the paper 
inclined at a corresponding angle to the direction of propagation, then 
the reflection would be from the waves perpendicular to the plane of 
incidence, and there would he no reflection from the plane of incidence. 

It is thus shown that in the granular medium when the transverse stresses 
in the medium arc equal in all directions normal to the direction of propa¬ 
gation, when waves proceed from a space in which there are no inequalities 
into a space in which there are inequalities, if the separating surface is 
inclined to the direction of propagation there will be reflection in the plane 
of incidence of that component of the wave which is in the plane of incidence, 
in a degree depending on the closeness of the inequalities and the angle of 
incidence, while the other component of the wave-motion will not be subject 
to any reflection resulting from the inclination. And as this applies whatever 
the direction of propagation may be, it affords a definite proof that the 
motion in the medium which is reflected is in the plane of incidence. 

This result in the granular medium corresponds in every particular with 
the experiences of polarisation except that heretofore it seems to have been 
a moot question whether or not the motion in the ether which is polarised by 
reflection was parallel or jierpendicular to the plane of the medium*. 

* “In the theories of Fresnel and Cauchy the vibrations are assumed to be perpendicular to the 
plane of polarisation—in those of MacOuIIagh and Neumann to bo parallel to it. Stokes arrived 
at the conclusion that they are parallel, while by a similar oxjjeriment Holtzman arrived at the 
opposite conclusion.” Lloyd, Wave Theory of Light, 1857. 
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Thus nob only docs liho analysis of the granular medium account by purely 
mechanical considerations for the phenomena of polarisation, but also removes 
all doubt, if the explanation is mechanical, as to the fundamental necessity 
that the motion in the medium that can be reflected must be in a plane 
parallel to the plane of incidence. 

The foregoing proof that that component of the motion of the medium 
which is reflected is that parallel to tho plane of incidence has been based on 
the relaxation of the mean coefficient of rotational elasticity owing to the 
presence of negative inequalities, as discussed in Art. 2G7. This was all 
that was required, as the relaxation in translucent matter is comparatively 
very small. When, however, wo come to metallic reflection, which in tho 
ease of mercury at perpendicular incidence is IHKiG as against 0*0018 for 
water, it appears that the relaxation is altogether of another order than in 
t ran si nee n L s u 1 >s tunees. 

In the mechanical medium such difference is accounted for by the 
extremely small size of the singular surfaces, the. radii of which are about 
2 x 10 10 or 2 x 10 " B of the length of the shorter waves. These singular 
surfaces as long as their arrangement is in open order will cause relaxation 
which is small hut which increases somewhat proportionally to tho number of 
such surfaces in unit space, each surface being, as it wore, independent, so that 
the abnormal pilings which embrace every grain will only moot at a low 
points, lint as the inequalities approach the closest order the rate of 
decrease of the relaxation increases very rapidly until the normal piling 
of the singular surface becomes nearly continuous. Thu surface of tho space 
enclosing tho inequalities then becomes a singular surface of tho aggregation 
of inequalities outside of which the piling is abnormal. 

To realise the evenness of such a boundary surface embracing tho whole 
or any part of tho aggregate inequalities it is only necessary to remember 
that the radii of the singular surfaces are less than one ton-thousandth of tho 
wave-length, whence the. roughness which wotdd be loss than J. x I0~° cm. and 
thus would bo smoother than any artificial polish which can bo imparted to 
metal, and bonce could only compare with the surface of mercury. 

It is thus shown that the granular medium not only affords an explana¬ 
tion of the polarisation of light but also affords an explanation of metallic 
reflection. And these explanations being accomplished it appears that tho 
mechanical explanation of the rest of the phenomena of light must of 
necessity follow. 

271. The aberration of light admits of an explanation so simple and tho 
coincidence of the value of the velocity of light thence deduced with that 
derived from the observations of tho eclipses of Jupiter's satellites is so re¬ 
markable} oh to leave no doubt in the mind as to tho truth of the explanation. 
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But when the aberration is subjected to closer examination the explana¬ 
tion is found to rest on the heretofore unexplained absence of any resistance 
to the motion of the ether through matter; for notwithstanding the efforts 
made to rest the explanation on another basis this has not been completely 
accomplished. 

The difficulties in conceiving the free motion of the ether through matter 
do not present themselves in the analysis of the properties of the granular 
medium as now accomplished. This follows from the analysis which has been 
effected in this and the previous section. 

It is shown:— 

(1) That the motions of the singular surfaces are independent of the 
mean-motion of the grains in the medium (Art. 233). 

(2) That the institution of undulations depends oil the varying strains 
resulting from relative motion of the singular surfaces (Art. 264). 

(3) That the energy of the wave is absorbed by the singular surfaces, 
and that the energy thus absorbed is conducted and conveyed through the 
aggregate singular surfaces (Art. 266). 

Whence it follows that the singular surfaces which correspond to matter 
are free to move in any direction through the medium without resistance, and 
vice versd the medium is free to move in any direction through the siugular 
surfaces without resistance. And that the waves corresponding to those of 
light are instituted and absorbed by the singular surfaces only. So that after 
institution at the place where the singular surfaces are, the motion of the 
waves depends solely on the mean motion of the medium, and the rate of 
propagation is equal in all directions until they again come to singular 
surfaces. Thus all paradox is removed and the explanation of aberration 
is established on the basis of the absence of any appreciable resistance to 
the medium in passing through matter. 

Thus besides the explanations by definite analysis of: 
the potential energy, 

the propagation of transverse waves of light, 

the apparent absence of any rate of degradation of light, 

the lack of evidence of normal waves, 

the gravitation of matter, 

electricity, 

which explanations render the purely mechanical substructure of the universe 
indefinitely probable, we have by further analysis obtained:— 
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Lho explanation ot the blackness of the sky on a clear night. (Art. 258.) 

1 lU’ definite proof ot the fundamental dissipation of the energy of the 
waves ot light and the relative energy of the molecules to increase the mean 
irreversible relative motion of the grains; which dissipation is independent 
ot that which tends to the equalisation of the mean energy of the molecules. 
(Art. 25!).) 

Tho number of grains, tlui displacement of which through a unit distance 
represents the electrostatic unit. (Art. 200.) 

The proof of the. coincidences between the periods of vibration of the 
molecules and tho periods of the waves. (Art. 261.) 

Proof that dissociation of compound molecules proves the previous state 
to have, boon one of limited stability. (Art. 262.) 

"Proof that light is produced by the reversion of complex inequalities. 
(Arts. 2(i;)™26b) 

Proof that the. reuHsociation of compound molecules results from the 
reversion of complex inequalities. (Art. 265.) 

Proof of the absorption of the energy of light by inequalities. (Art. 266.) 

Proof that negative inequalities affect the waves passing through. 
(Art, 267.) 

Proof that rufraction is caused by the vibrations of tho inequalities having 
the same periods us the waves. (Art. 268.) 

Proof that dispersion results from the greater number of coincidences as 
the waves got shorter. (Art. 2(iil.) 

Proof that the polarisation of light by reflection is caused only by that 
component of the transverse motion in the medium which is in the plane of 
incidence, and results from the passage of the light from a space without 
inequalities through a surface into a space in which there are inequalities. 
(Art, 270.) 

Proof that metal lie reflection results from tho relative smallness of tho 
dimensions of tho molecules compared with tho wave-length, and the closo- 
noss of their piling, when tho waves pass from a space without inequalities 
across the surface beyond which tho inequalities arc in closest order. 
(Art. 270.) 

Proof that tho aberration of light results from tho absence of any 
appreciable resistance to the motion of the medium when passing through 
matter. (Art, 271.) 
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